
CONCEPT OF MECHANICAL IMPEDANCE
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𝐹 = 𝐹 𝑒

𝑥

Response: Displacement

𝑥 = 𝑥 𝑒

    = 𝑥 𝑒 𝑒

    = �̅� 𝑒

Phase lag of 
displacement w.r.t 

force

Include phase 
information

Harmonic Response: �̇� = 𝑗𝜔𝑥 = 𝜔𝑥𝑒

�̈� = −𝜔 𝑥 =  𝜔 𝑥𝑒

Velocity leads displacement by & acceleration leads velocity by 

Equation of motion: 𝑚�̈� + 𝑐�̇� + 𝑘𝑥 = 𝐹 = 𝐹 𝑒

−𝑚𝜔 + 𝑗𝜔𝐶 + 𝑘 𝑥 = 𝐹

Effective dynamic stiffness:
𝐹

𝑥
= −𝑚𝜔 + 𝑗𝜔𝐶 + 𝑘
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Special case: Negligible inertial force 𝑘 = 𝑘 + 𝑗𝜔𝐶

                = 𝑘 + 𝑘∗𝑗

= 𝛾 + 𝛾∗𝑗

𝐹 = 𝐹 𝑒

Area, A

L

Define 𝜂 =
∗

Mechanical loss factor 𝑘 =
𝐴𝛾

𝐿
1 + 𝜂𝑗

Complex Young Modulus �̅� = 𝛾 1 + 𝜂𝑗

Under dynamic conditions 𝛾 = 𝛾 1 + 𝜂 > 𝛾



Exact relation between :
𝑘 + 𝑗𝜔𝐶 ≡ 𝑘 + 𝑘𝜂𝑗

𝜔𝐶 = 𝑘𝜂

𝜂 =
𝐶

𝑘
𝜔

𝐶 =
𝑁𝑠

𝑚
𝑘 =

𝑁

𝑚

Note: 𝜔 = 𝜔

𝜔 =
𝑘

𝑚

𝐶 = 2𝑚𝜔 𝜉

𝐶 = 𝐶𝑟𝑡𝑖𝑐𝑎𝑙 𝑑𝑎𝑚𝑝𝑖𝑛𝑔

On Solving 𝜼 = 𝟐𝝃

𝐹 = −𝑚𝜔 + 𝑗𝜔𝐶 + 𝑘 𝑥

𝐹 = 𝐹 𝑒

𝑥 = 𝑥 𝑒

𝜔𝑡
𝜑

𝐹, 𝑥

If force, 𝐹 = 𝐹 𝑒

Displacement, 𝑥 = 𝑥 𝑒

If no damping, 𝜑 = 0



Rayleigh Damping

𝐶 = 𝛼  𝑚 + 𝛽  𝑘

Stiffness MultiplierMass multiplier 

How 𝛼 & 𝛽 related to 𝜉 & 𝜂 ?

Solution 1:

Solution 2:    Preferred in case of frequency range

𝐶 = 𝛼𝑚 + 𝛽𝑘 =
𝑘𝜂

𝜔

⇒ 𝛼 = 0, 𝛽 =
𝜂

𝜔
=

2𝜉

𝜔
=

𝜉

𝜋𝑓

𝛼𝑚 + 𝛽𝑘 = 𝐶 = 2𝑚𝑤𝜉

Divide both sides by 2𝑚𝜔

Infinite solutions

𝛼𝑚

2𝑚𝜔
+

𝛽 𝑚𝜔

2𝑚𝜔
= 𝜉

𝛼

2𝜔
+

𝛽𝜔

2
= 𝜉



𝛼

4𝜋𝑓
+ 𝛽𝜋𝑓 = 𝜉

Let frequency range be 𝑓 , 𝑓

Two possible equations
𝛼

4𝜋𝑓
+ 𝛽𝜋𝑓 = 𝜉         … 1

𝛼

4𝜋𝑓
+ 𝛽𝜋𝑓 = 𝜉         … 2

Solve these 2 equations to get 𝛼, 𝛽 → Representation of range 𝑓 , 𝑓



∈=
𝜎

𝛾
𝑒        

Area, A

𝜎 = 𝜎 𝑒

    = 𝜎 cos 𝜔𝑡 + 𝑗 𝑠𝑖𝑛 𝜔𝑡

𝜎

𝑡 = 0

𝑡 = 𝑡

𝜎  cos 𝜔𝑡

𝜎  sin 𝜔𝑡

𝜔𝑡

Either of the real or the imaginary component may be chosen

𝑆𝑡𝑟𝑎𝑖𝑛,    ∈=
𝜎

�̅�
=

𝜎 𝑒

𝛾 1 + 𝜂𝑗

Phase lag

×
1 − 𝜂𝑗

1 − 𝜂𝑗
           𝜼 ≪ 𝟏

=
𝜎 1 − 𝜂𝑗 𝑒

𝛾 1 + 𝜂

≈
𝜎

𝛾
𝑒 𝑒



If 𝜎 = 𝜎 cos 𝜔𝑡     →    Projection in X axis

Then 𝜖 = 𝜖 cos 𝜔𝑡 − 𝜂

Alternatively, if 𝜎 = 𝜎 sin 𝜔𝑡 ,    𝜖 = 𝜖 sin 𝜔𝑡 − 𝜂

𝜎

𝛾 1 + 𝜂
≈

𝜎

𝛾
If 𝜂 = 0, 𝜎 & 𝜖 in phase:

∈=
𝜎

𝛾
𝑒

   =
𝜎

𝛾
𝑒 𝑒

= 𝜖 , + 𝜖 ,  𝑒

Phase information included 
in the magnitude part



Mechanical Impedance

𝑖 𝑗

𝐹

𝑥̇

𝒁𝒊𝒋 =
𝑭𝒊

�̇�𝒋

Measuring response

Ratio of force to velocity

If 𝑖 = 𝑗 then 𝑍 =
𝐹

�̇�

Ratio of force applied at one point in the structure to the 
resulting velocity at same point in the direction of force.

𝑓 Anti-resonance

𝑓 Resonance

𝑍

𝜔

Similar to FRF



k
𝐹 = 𝐹 𝑒

C
𝐹 = 𝐹 𝑒

m 𝐹 = 𝐹 𝑒

𝐹 = 𝐶�̇�

𝐹 = 𝑘𝑥 =
𝑘�̇�

𝑗𝜔
=

𝑘

𝑗𝜔
�̇� = −

𝑘

𝜔
𝑗 �̇�

𝐹 = 𝑚�̈� = 𝑚𝑗𝜔 �̇�

𝑍 = 𝐶

𝑍 = −
𝑘

𝜔
𝑗

𝑍 = 𝑚𝑗𝜔
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𝐹 = 𝐹 𝑒

�̇� = �̇� 𝑒

Free Body Diagram

𝐹 = 𝑍 �̇� = 𝐶�̇�

𝐹 = 𝑍 �̇� = −𝑗
𝑘

𝜔
�̇� = 𝑒

𝑘

𝜔
�̇�

𝐹 = 𝑍 �̇� = 𝑚𝜔𝑗�̇� = 𝑒 𝑚𝜔�̇�

Lags �̇� by 

Leads �̇� by 
𝐹𝐹

𝐹

𝐹



𝑃ℎ𝑎𝑠𝑒 𝐿𝑎𝑔 = 𝜑 = 𝑡𝑎 𝑛
𝑚𝜔 −

𝑘
𝜔

𝐶

𝐹 = 𝐹 + 𝐹 − 𝐹

                    = 𝐶 + 𝑚𝜔 −
𝑘

𝜔
�̇�

tan 𝜑 =
𝐹 − 𝐹

𝐹

              =
𝑚𝜔 −

𝑘
𝜔

𝐶

𝐹

𝐹

𝐹

𝐹 − 𝐹

𝐹

�̇�
𝜑

𝑍 = 𝑍 = 𝐶 + 𝑚𝜔 −
𝑘

𝜔

�̇� =
𝐹

𝑍
𝑒

Single term representation of mass, stiffness and damping



𝑍

𝑍
𝐹

𝑍 𝐹

𝑍 𝐹

In parallel: 

𝑍 = 𝑍 + 𝑍 + ⋯ + 𝑍 = 𝑍

In series

1

𝑍
=

1

𝑍
+

1

𝑍
+ ⋯ +

1

𝑍
=

1

𝑍

𝐹 = 𝐹 + 𝐹 = 𝑍 �̇� + Z �̇� = 𝑍 + 𝑍 �̇�

�̇� = �̇� + �̇� =
𝐹

𝑍
+

𝐹

𝑍
= 𝐹

1

𝑍
+

1

𝑍

𝐹 = 𝐹 = 𝐹

𝐹 = 𝐹 + 𝐹

�̇� = �̇� + �̇�

�̇� = �̇� = �̇�

𝑍 𝑍 𝐹



Classical mechanics representations
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𝐹 = 𝐹 𝑒

𝑥

Impedance mechanics

�̇� is same for all elements

k

C

m

𝐹 = 𝐹 𝑒

�̇� = �̇� 𝑒

For a pure damper 𝐶 𝑘 = 𝑚 = 0 ,  𝜑 = 0 No phase Lag

𝑍 = 𝑍 = 𝐶 + 𝑚𝜔𝑗 −
𝑘

𝜔
𝑗

𝑍 = 𝐶 + 𝑚𝜔 −
𝑘

𝜔
𝑗

𝑍 = 𝑋 + 𝑌𝑗

Equivalent to 𝑍 , 𝜑 form

𝑍 = 𝐶 + 𝑚𝜔 −
𝑘

𝜔

𝜑 = 𝑡𝑎 𝑛
𝑚𝜔 −

𝑘
𝜔

𝐶

𝐹 = 𝑚�̈� + 𝑐�̇� + 𝑘𝑥 𝐹 = 𝑍 �̇� = 𝐶 + 𝑚𝜔 −
𝑘

𝜔
𝑗 �̇�



Example:

k

C

𝐹 = 𝐹 𝑒m

𝑍 𝑍 𝐹
𝑍 = 𝑚𝜔𝑗

𝑍 = 𝐶 −
𝑘

𝜔
𝑗

Solving differential equation eliminated. Hence computationally simpler.

𝑍 =
𝑍 𝑍

𝑍 + 𝑍
  → Find out



Complex Electric Permittivity

Youngs modulus Electric permittivity

�̅� = 𝛾 1 + 𝜂𝑗

𝜎 = 𝜎 𝑒

𝜖 =
𝜎

𝛾
𝑒

𝜖 = 𝜖 1 − 𝛿𝑗
Electric Loss tangent 
(Electrical damping)

Electrical changes lag behind the field
Area, A

𝜎 = 𝜎 𝑒

𝜖 =
𝜎

𝛾
𝑒

+ + + + + + +

- - - - - - - - -
𝜎 𝐸

𝐷 = 𝜖 𝐸 + 𝑑 𝑇

𝐷 = 𝜖 1 − 𝛿𝑗 𝐸 𝑒

= 𝜖 𝐸 𝑒    

= 𝐷 𝑒        

Zero stress

𝑒  𝑓𝑜𝑟 𝛿 ≪ 1



Analogy
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𝐹 = 𝐹 𝑒

�̇� = �̇� 𝑒

Mechanical System Electrical System

Equivalent:                𝑉 ⇔ 𝐹 �̇� ⇔ 𝐼

Equivalent:                𝐶 ⇔ 𝑅 (Dissipative) 

𝑚 ⇔ 𝐿

𝑘 ⇔ 𝐶
(Non- Dissipative) 

If 𝑚, 𝑘 = 0 or 𝐿, 𝐶 = 0 ⟹ No phase lag

𝑍 = 𝐶 + 𝑗 𝑚𝜔 −
𝑘

𝜔
𝑍 = 𝑅 + 𝑗 𝐿𝜔 −

1

𝐶 𝜔

𝑅 𝐶𝐿

𝜎

𝑉 = 𝑉 𝑒

𝐼 = 𝐼 𝑒


