Department of Mathematics
MTL 145: Number Theory
PROBLEMS ON QUADRATIC RESIDUES

These problems are taken from An Introduction to the Theory of Numbers by NIVEN, ZUCKERMAN
& MONTGOMERY with minor changes.
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Let p be an odd prime, and let g be a primitive root modulo p. Prove that the quadratic
residues are congruent to g2, g%, ¢% ...,¢""! modulo p, and that the quadratic nonresidues
are congruent to g, ¢>,¢°, ..., ¢" 2 modulo p.

. Let m > 2. Prove that if 7 is a quadratic residue modulo m, then 7*(™/2 =1 (mod m).

. Let p be a prime, p > 3. Prove that the sum of all quadratic residues modulo p is divisible

by p.

. Let m > 1. Show that if a is a quadratic residue modulo m and ab =1 (mod m), then b is

also a quadratic residue modulo m. Deduce that, if p is an odd prime, then the product of all
quadratic residues modulo p is congruent to +1 or —1 according as p =3 (mod 4) or p =1
(mod 4).

. Let p = 4k + 3 is a prime, and m is the number of quadratic residues less than p/2, then

1-3:5---(p—2)= (=)™ (modp), 2-4-6---(p—1)=(=1)™" (mod p).

. For all primes p, prove that 28 = 16 (mod p) is solvable.

Let p be an odd prime. Prove that if there is an integer x such that

e p| (22 +1), then p=1 (mod 4).

e p| (2% —2), then p=+1 (mod 8).

e p|(22+2), then p=1 (mod 8) or p =3 (mod 8).
e p|(z*+1), then p=1 (mod 8).

Show that there are infinitely many primes of each of the forms 8k + 1, 8k + 3, 8k +5, 8k + 7.

. Show that if p and 2p+1 are primes and 0 < m < /2p + 2, then m is a primitive root modulo

p if and only if it is a quadratic nonresidue modulo p.

. Show that if p is an odd prime, ged(a,p) = 1 and a € N, then 22 = a (mod p®) has exactly

14 (%) solutions modulo p®.
Which of the following congruences are solvable:
=5 (mod 227), z*= -7 (mod 1009).
Let p be an odd prime. Prove that Zi;} (%) =0.
Let ¢ = 4k + 3 be a prime. Prove that z? = —% (mod ¢) is not solvable.

Find all primes ¢ such that (%) =—1.

Prove that there are infinitely many primes of the form 3k + 1 and 3k — 1.
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Let ¢ = 4™ + 1, n € N. Prove that ¢ is a prime if and only if 30¢~1/2 = —1 (mod ¢).
Prove that if 19a% = b? (mod 7), then 19a? = b? (mod 7?).

Show that X is never an integer when x and y are integers.

2 2+3

Show that if 3  x, then 422 + 3 has at least one prime factor of the form 12k + 7. Deduce
that there are infinitely many primes of the form 12k 4 7.

Let p be an odd prime, and let a,b € Z such that p t ab. Show that the number of solutions
(z,y) of the congruence az? + by? =1 (mod p) is p — (77‘”’).

Determine all n € N such that there exist integers x and y coprime to n with n | (22 + y?).

Let p = 4k + 1 be a prime, and let p = a? + b?, with a odd and positive. Show that (%) =1.

Let p be a prime, p > 5. Show that (%) = (%‘1) =1 for at least one n € {1,2,3,...,9}.

Let p be an odd prime, and a,b € Z such that p { a. Prove that P _, (an+b) 0.

Let p be an odd prime. Define
nn+a
s(ap) =3 (MR,
n=1 p

(a) Show that s(0,p) =p — 1.
(b) Show that >-F_; s(a,p) = 0.
(c) If pta, prove that s(a,p) = s(1,p). Deduce that s(a,p) = —1if p1a.

Let p be an odd prime, a € Z such that p t a. Prove that

é(n +a> _




