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Abstract
Let m, a, b be positive integers, with gcdða; bÞ ¼ 1. The disjunctive Rado number

for the pair of equations y� x ¼ ma, y� x ¼ mb, is the least positive integer

R ¼ Rdðma;mbÞ, if it exists, such that every 2-coloring v of the integers in

f1; . . .;Rg admits a solution to at least one of vðxÞ ¼ vðxþ maÞ, vðxÞ ¼ vðxþ mbÞ.
We show that Rdðma;mbÞ exists if and only if ab is even, and that it equals

mðaþ b� 1Þ þ 1 in this case. We also show that there are exactly 2m valid 2-

colorings of ½1;mðaþ b� 1Þ� for the equations y� x ¼ ma and y� x ¼ mb, and

use this to obtain another proof of the formula for Rdðma;mbÞ.
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1 Introduction

In 1916, Schur [12] showed that for every positive integer r, there exists a least

positive integer s ¼ sðrÞ such that for every r-coloring of the integers in the interval

[1, s], there exists a monochromatic solution to xþ y ¼ z in [1, s]. Schur’s

Theorem was generalized in a series of results in the 1930’s by Rado leading to a

complete resolution to the following problem: characterize systems of linear

homogeneous equations with integral coefficients S such that for a given positive

integer r, there exists a least positive integer n ¼ RðS; rÞ such that every r-coloring

of the integers in the interval [1, n] yields a monochromatic solution to the system

S. There has been a growing interest in the determination of the Rado numbers

RðS; rÞ, particularly when S is a single equation and r ¼ 2; for instance, see

[1–6, 8].

The problem of disjunctive Rado numbers was introduced by Johnson and Schaal

in [7]. The 2-color disjunctive Rado number for the set of equations E1; . . .;Ek is the

least positive integer N such that any 2-coloring of f1; . . .;Ng admits a

monochromatic solution to at least one of the equations E1; . . .;Ek. Johnson and

Schaal gave necessary and sufficient conditions for the existence of the 2-color

disjunctive Rado number for the equations x1 � x2 ¼ a and x1 � x2 ¼ b for all pairs

of distinct positive integers a, b, and also determined exact values when it exists.

They also determined exact values for the pair of equations ax1 ¼ x2 and bx1 ¼ x2

whenever a, b are distinct positive integers. Lane-Harvard and Schaal [10]

determined exact values of 2-color disjunctive Rado number for the pair of

equations ax1 þ x2 ¼ x3 and bx1 þ x2 ¼ x3 for all distinct positive integers a, b.

Sabo, Schaal and Tokaz [11] determined exact values of 2-color disjunctive Rado

number for x1 þ x2 � x3 ¼ c1 and x1 þ x2 � x3 ¼ c2 whenever c1; c2 are distinct

positive integers. Kosek and Schaal [9] determined the exact value of 2-color

disjunctive Rado number for the equations x1 þ � � � þ xm�1 ¼ xm and x1 þ � � � þ
xn�1 ¼ xn for all pairs of distinct positive integers m, n.

Let a, b be distinct positive integers. We denote by Rdða; bÞ the 2-color

disjunctive Rado number for the equations x1 � x2 ¼ a and x1 � x2 ¼ b. Conditions

for existence of Rdða; bÞ, as also the exact value of Rdða; bÞ, were determined in

[7].

Throughout this paper, we work with the equations y� x ¼ ma, y� x ¼ mb
instead of x1 � x2 ¼ a, x1 � x2 ¼ b, and assume that a, b, m are positive integers,

with gcdða; bÞ ¼ 1.

We first record in Proposition 1 that the disjunctive Rado number Rdðma;mbÞ
does not exist when ab is odd. When ab is even, we characterize all valid 2-

colorings of ½1;mðaþ b� 1Þ � 1� for the pair of equations y� x ¼ ma and

y� x ¼ mb, and also show that there are exactly 2m such 2-colorings; see

Theorem 1. We use this characterization to show that all 2-colorings of ½1;mðaþ
b� 1Þ þ 1� admit a monochromatic solution to at least one of the equations

y� x ¼ ma, y� x ¼ mb, resulting in a new proof of the formula for Rdðma;mbÞ;
see Theorem 2. Thus, these two theorems together result in a characterization of all

valid 2-colorings of ½1;Rdðma;mbÞ � 1�. We believe this approach adds a new
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dimension to proofs involving the exact determination of Rado numbers.

Furthermore, in Theorem 3 we give another proof of the formula for Rdðma;mbÞ
by explicitly providing a valid 2-coloring of the interval ½1;Rdðma;mbÞ � 1� and

showing that every 2-coloring of ½1;Rdðma;mbÞ� admits a monochromatic solution

to at least one of the equations y� x ¼ ma, y� x ¼ mb. Our proof is significantly

shorter than the proof in [7], and also more explicit in its description of a valid 2-

coloring of the interval ½1;Rdðma;mbÞ � 1� for an arbitrary m� 1, in terms of

integer linear representations t ¼ kta� ltb for t 2 ½1; a�. We make this more precise

at the end of the paper to support our claim.

2 Main Results

Proposition 1 Let m, a, b be positive integers, with a 6¼ b, ab odd and
gcdða; bÞ ¼ 1. Then the disjunctive Rado number Rdðma;mbÞ for the pair of
equations y� x ¼ ma, y� x ¼ mb does not exist.

Proof Without loss of generality, we assume a\b throughout this proof. Suppose

ab is odd. Define D : N ! f0; 1g by

DðxÞ ¼ x

m

l m
ðmod 2Þ:

Then, for each x 2 N, both xþma
m

� �
� x

m

� �
¼ a and xþmb

m

� �
� x

m

� �
¼ b are odd. Hence,

Dðxþ maÞ 6¼ DðxÞ and Dðxþ mbÞ 6¼ DðxÞ for each x 2 N, so D provides a valid 2-

coloring on N for the pair of equations y� x ¼ ma, y� x ¼ mb. Thus, Rdðma;mbÞ
does not exist if ab is odd. h

Note that ab is even if and only if exactly one of a, b is even, since gcdða; bÞ ¼ 1,

and so if and only if aþ b is odd. Henceforth, we assume ab is even, and therefore

that aþ b is odd. In Theorem 1, we characterize all valid colorings of ½1;mðaþ
b� 1Þ� for the pair of equations y� x ¼ ma and y� x ¼ mb.

Theorem 1 Let m, a, b be positive integers, with a 6¼ b, ab even and gcdða; bÞ ¼ 1.
There are exactly 2m valid 2-colorings of ½1;mðaþ b� 1Þ� for the pair of equations
y� x ¼ ma and y� x ¼ mb.

Proof Let v : ½1;mðaþ b� 1Þ� ! f0; 1g be a valid 2-coloring for the pair of

equations y� x ¼ ma and y� x ¼ mb. We only need to define v on [1, ma] since

vðxÞ 6¼ vðxþ maÞ for every valid 2-coloring.

We claim that v is completely determined by the m-tuple of 0’s and 1’s
�
vð1Þ; . . .; vðmÞ

�
¼ Bm:

When a ¼ 1, this defines v on [1, ma]. Therefore, we may assume a[ 1 for the rest

of this proof. Let t 2 ½1; a�, and let t $ ðkt; ltÞ, where t ¼ ktb� lta, 1� kt � a. If

Bm denotes the complement of Bm, obtained from Bm by interchanging 0s and 1s,

and k 2 ½1; a� 1�, we claim that
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�
v
�
kmþ 1

�
; . . .; v

�
ðk þ 1Þm

��
¼

Bm if ðkkþ1 � k1Þ þ ðlkþ1 � l1Þ is even;

Bm if ðkkþ1 � k1Þ þ ðlkþ1 � l1Þ is odd:

�

ð1Þ

Let x 2 ½1;m�. For k 2 ½1; a� 1�, we show that

vðxþ kmÞ � vðxÞ � ðkkþ1 � k1Þ þ ðlkþ1 � l1Þðmod 2Þ: ð2Þ

This is equivalent to the statement of (1).

Since v is a valid 2-coloring of ½1;mðaþ b� 1Þ�, we have vðsÞ 6¼ vðsþ maÞ
whenever s; sþ ma 2 ½1;mðaþ b� 1Þ� and vðsÞ 6¼ vðsþ mbÞ whenever

s; sþ mb 2 ½1;mðaþ b� 1Þ�. So the pair of transformations s7!s� ma and the pair

of transformations s 7!s� mb each results in a change in color, as long as the

elements stay within the domain of v.

By an hs0; s‘i sequence of length ‘ we mean a sequence s0; s1; s2; . . .; s‘ such that

jsiþ1 � sij 2 fma;mbg. An hs0; s‘i sequence is a path provided each

si 2 ½1;mðaþ b� 1Þ�.
Every integer in ½mþ 1;ma� is of the form n ¼ xþ km, with x 2 ½1;m� and

k 2 ½1; a� 1�. Two cases arise: (i) kkþ1 � k1, and (ii) kkþ1 [ k1.

CASE (i). If kkþ1 � k1, then lkþ1 � l1 by Lemma 1. We claim that the mappings

s 7!sþ mb (for 1� s�mða� 1Þ) and s 7!s� ma (for ma\s�mðaþ b� 1Þ) pro-

vide an hxþ km; xi path of length ðk1 � kkþ1Þ þ ðl1 � lkþ1Þ. Since

x ¼ ðxþ kmÞ � ðl1 � lkþ1Þmaþ ðk1 � kkþ1Þmb, it suffices to prove that the

appropriate mapping can be applied throughout the sequence starting with xþ km
and ending with x. Neither of the mappings is possible only when s�ma and

sþ mb[mðaþ b� 1Þ, or when mða� 1Þ\s�ma. Since each mapping preserves

elements modulo m, we must show that xþ mða� 1Þ does not lie in the hxþ km; xi
sequence of length ðk1 � kkþ1Þ þ ðl1 � lkþ1Þ obtained by applying the appropriate

mapping defined above.

If xþ mða� 1Þ ¼ ðxþ kmÞ þ t1mb� t2ma for some t1; t2 2 Z� 0, then

a ¼ k þ 1 þ t1b� t2a. Therefore,

a ¼ kkþ1b� lkþ1aþ t1b� t2a ¼ ðkkþ1 þ t1Þb� ðlkþ1 þ t2Þa;

so that

0 ¼ kkþ1 þ t1 � ta; �1 ¼ lkþ1 þ t2 � tb

for some t 2 N. But then, using Lemma 1,

t1 þ t2 ¼ðta� kkþ1Þ þ ðtb� 1 � lkþ1Þ
� ða� kkþ1Þ þ

�
ðb� 1Þ � lkþ1

�

�ðk1 � kkþ1Þ þ ðl1 � lkþ1Þ:

Since appropriate applications of the two mappings define an hxþ km; xi sequence

of length ðk1 � kkþ1Þ þ ðl1 � lkþ1Þ, xþ mða� 1Þ is not a part of this sequence.

CASE (ii). If kkþ1 [ k1, then lkþ1 [ l1 by Lemma 1. We claim that the mappings
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s 7!sþ ma (for 1� s�mðb� 1Þ) and s 7!s� mb (for mb\s�mðaþ b� 1Þ) pro-

vide an hxþ km; xi path of length ðkkþ1 � k1Þ þ ðlkþ1 � l1Þ. Since

x ¼ ðxþ kmÞ þ ðlkþ1 � l1Þma� ðkkþ1 � k1Þmb, it suffices to prove that the

appropriate mapping can be applied throughout the sequence starting with xþ km
and ending with x. Neither of the mappings is possible only when s�mb and

sþ ma[mðaþ b� 1Þ, or when mðb� 1Þ\s�mb. Since each mapping preserves

elements modulo m, we must show that xþ mðb� 1Þ does not lie in the hxþ km; xi
sequence of length ðkkþ1 � k1Þ þ ðlkþ1 � l1Þ obtained by applying the appropriate

mapping defined above.

If xþ mðb� 1Þ ¼ ðxþ kmÞ þ t1ma� t2mb for some t1; t2 2 Z� 0, then

b� 1 ¼ k þ t1a� t2b, or a� 1 ¼ ðk þ 1Þ � 1 þ ðt1 þ 1Þa� ðt2 þ 1Þb. Therefore,

ka�1b� la�1a ¼ðkkþ1b� lkþ1aÞ � ðk1b� l1aÞ þ ðt1 þ 1Þa� ðt2 þ 1Þb
¼ðkkþ1 � k1 � t2 � 1Þb� ðlkþ1 � l1 � t1 � 1Þa:

From Lemma 1, we have k1 þ ka�1 ¼ a, so that

ka�1 ¼ kkþ1 � k1 � t2 � 1 þ ta; la�1 ¼ lkþ1 � l1 � t1 � 1 þ tb

for some t 2 N. But then, once again from Lemma 1,

t1 þ t2 ¼
�
lkþ1 � l1 þ ðtb� 1 � la�1Þ

�
þ
�
kkþ1 � k1 þ ðta� 1 � ka�1Þ

�

�ðlkþ1 � l1Þ þ ðkkþ1 � k1Þ þ ðb� 1 � la�1Þ þ ða� 1 � ka�1Þ
� ðlkþ1 � l1Þ þ ðkkþ1 � k1Þ:

Since appropriate applications of the two mappings define an hxþ km; xi sequence

of length ðlkþ1 � l1Þ þ ðkkþ1 � k1Þ, xþ mðb� 1Þ is not a part of this sequence.

This proves Eqn. (2).

Since each of vð1Þ; . . .; vðmÞ can be either of 0, 1, Bm assumes any binary m-

tuple. So there are 2m choices for Bm, and so there are at most 2m valid colorings.

It is easy to see that each such choice of Bm leads to a valid 2-coloring for the pair

of equations y� x ¼ ma and y� x ¼ mb using Eqn. (1). Therefore, there are

exactly 2m valid 2-colorings of ½1;mðaþ b� 1Þ� for the pair of equations y� x ¼
ma and y� x ¼ mb. h

Theorem 2 uses the characterization of valid colorings on ½1;mðaþ b� 1Þ� in

Theorem 1 to show that none of these colorings can be extended to

½1;mðaþ b� 1Þ þ 1�, thereby establishing the value of Rdðma;mbÞ. Thus, the

two theorems together give a characterization of all valid colorings of

½1;Rdðma;mbÞ � 1�.

Theorem 2 Let m, a, b be positive integers, with a 6¼ b, ab even and gcdða; bÞ ¼ 1.
Then the disjunctive Rado number for the pair of equations y� x ¼ ma and y� x ¼
mb is given by

Rdðma;mbÞ ¼ mðaþ b� 1Þ þ 1:
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Proof Theorem 1 characterizes all valid 2-colorings of ½1;mðaþ b� 1Þ� for the

pair of equations y� x ¼ ma and y� x ¼ mb. To prove

Rdðma;mbÞ ¼ mðaþ b� 1Þ þ 1, it suffices to show that regardless of how the

domain of v is extended to include mðaþ b� 1Þ þ 1, there must be a monochro-

matic solution to at least one of y� x ¼ ma, y� x ¼ mb. Clearly, this can only be

possible with y ¼ mðaþ b� 1Þ þ 1, and so x ¼ mðb� 1Þ þ 1 or mða� 1Þ þ 1.

Therefore, we must show that v
�
mða� 1Þ þ 1

�
6¼ v

�
mðb� 1Þ þ 1

�
for each valid

2-coloring on ½1;mðaþ b� 1Þ� given in Theorem 1.

We treat the cases a ¼ 1 and a[ 1 separately. For a ¼ 1 and any valid 2-

coloring v of [1, mb] for y� x ¼ m, we have vðxþ mÞ � vðxÞ � 1ðmod 2Þ for

x 2 ½1;m�. Thus, v
�
mðb� 1Þ þ 1

�
� vð1Þ � b� 1 � 1ðmod 2Þ, since b is even.

For the rest of this proof, assume a[ 1, so that r[ 0. Let v be any valid 2-

coloring of ½1;mðaþ b� 1Þ� for the pair of equations y� x ¼ ma and y� x ¼ mb,

characterized in Theorem 1. Since vðxþ maÞ � vðxÞ � 1ðmod 2Þ for x 2 ½1;ma�,
we have vðxþ kmaÞ � vðxÞ � kðmod 2Þ for 1� k� q. In particular,

v
�
mðb� 1Þ þ 1

�
� v

�
mðr � 1Þ þ 1

�
� qðmod 2Þ.

From ab� ðb� 1Þa ¼ a ¼ kab� laa and r ¼ krb� lra ¼ b� qa we have

ðka; laÞ ¼ ða; b� 1Þ and ðkr; lrÞ ¼ ð1; qÞ. Therefore, by (2) we have

v
�
mðb� 1Þ þ 1

�
� v

�
mða� 1Þ þ 1

�

¼ v
�
mðb� 1Þ þ 1

�
� v

�
mðr � 1Þ þ 1

�� �
� v

�
mða� 1Þ þ 1

�
� vð1Þ

� �

þ v
�
mðr � 1Þ þ 1

�
� vð1Þ

� �

� q�
�
ðka � k1Þ þ ðla � l1Þ

�
þ
�
ðkr � k1Þ þ ðlr � l1Þ

�
ðmod 2Þ

� q� ða� 1Þ � ðb� q� 1Þðmod 2Þ
� 1ðmod 2Þ:

h

We proceed to give a different proof for the value of Rdðma;mbÞ which relies on

the representation of any t 2 Z as an integer linear combination kta� ltb. The

structure of valid 2-colorings is closely connected to these representations: if v is a

valid 2-coloring, then vðka� lbÞ ¼ 1 � vððkþ 1Þa� lbÞ ¼ 1 � vðka� ðlþ 1ÞbÞ
when these integers lie in the domain of v. Lemma 1 helps us establish some

structure on these representations.

Lemma 1 Let m, a, b be positive integers, with gcdða; bÞ ¼ 1 and a\b. For
t 2 ½1; a�, define integers kt; lt by t ¼ ktb� lta, 1� kt � a.

(i) For s; t 2 ½1; a�, ks [ kt implies ls [ lt.
(ii) For t 2 ½1; a� 1�, kt � a� 1 and lt � b� 1.

(iii) For t 2 ½1; a�, kt þ ka�t ¼ a.

Proof

(i) Note that ks [ kt and ls � lt leads to the contradiction

s� t ¼ ðks � ktÞb� ðls � ltÞa� b[ a[ s� t.
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(ii) Note that kt ¼ a implies t ¼ a and lt ¼ b� 1. So for t 6¼ a, kt 6¼ ka ¼ a

and lt ¼ ktb�t
a � ab�1

a � b� 1
a. Therefore, lt � b� 1.

(iii) From a ¼ t þ ða� tÞ ¼ ðkt þ ka�tÞb� ðlt þ la�tÞa we have kt þ ka�t ¼
ka for some k 2 Z. Moreover, 0\kt þ ka�t\2a implies k ¼ 1.

h

Theorem 3 Let m, a, b be positive integers, with a 6¼ b, ab even, and gcdða; bÞ ¼ 1.
Then the disjunctive Rado number Rdðma;mbÞ for the pair of equations
y� x ¼ ma, y� x ¼ mb is given by

Rdðma;mbÞ ¼ mðaþ b� 1Þ þ 1:

Proof Without loss of generality, we assume a\b throughout this proof.

I. (SUFFICIENCY FOR EXISTENCE AND UPPER BOUND)

Suppose ab is even. We claim that Rdðma;mbÞ exists, and is bounded above by

mðaþ b� 1Þ þ 1 in this case.

Let v : ½1;mðaþ b� 1Þ þ 1� ! f0; 1g be any 2-coloring of

½1;mðaþ b� 1Þ þ 1�. Consider two sequences hx0; x1; x2; . . .; xai,
hy0; y1; y2; . . .; yai, given by

xk ¼
kb

a

	 

ma� kmbþ 1; yk ¼

ðk þ 1Þb
a

	 

ma� kmbþ 1; 0� k� a:

Note that 1� xk\yk, and

yk � 1

m
¼ ðk þ 1Þb

a

	 

� ðk þ 1Þb

a

� �
aþ b�ða� 1Þ þ b:

Thus, each xk and each yk lies in the domain of v.

Suppose, by way of contradiction, that vðxÞ 6¼ vðxþ maÞ whenever x; xþ
ma 2 ½1;mðaþ b� 1Þ þ 1� and vðxÞ 6¼ vðxþ mbÞ whenever x; xþ mb 2
½1;mðaþ b� 1Þ þ 1�. Since vðxþ maÞ � vðxÞ � 1ðmod 2Þ, we have

vðykÞ � vðxkÞ �
ðk þ 1Þb

a

	 

� kb

a

	 

ðmod 2Þ

for k 2 f0; . . .; ag. We also have

vðxkþ1Þ � vðykÞ � 1ðmod 2Þ

for k 2 f0; . . .; a� 1g. But now
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vðxaÞ � vðx0Þ �
Xa�1

k¼0

ðvðxkþ1Þ � vðxkÞÞ mod 2ð Þ

�
Xa�1

k¼0

ððvðxkþ1Þ � vðykÞÞ þ ðvðykÞ � vðxkÞÞÞ mod 2ð Þ

�
Xa�1

k¼0

1 þ ðk þ 1Þb
a

	 

� kb

a

	 
� �
mod 2ð Þ

� aþ b mod 2ð Þ
� 1 mod 2ð Þ

This contradicts x0 ¼ xa, thereby proving that every 2-coloring of ½1;mðaþ b�
1Þ þ 1� admits a monochromatic solution of either y� x ¼ ma or y� x ¼ mb. Thus,

Rdðma;mbÞ exists, and is bounded above by mðaþ b� 1Þ þ 1.

II. (LOWER BOUND)

To show Rdðma;mbÞ[mðaþ b� 1Þ, we exhibit a valid 2-coloring of

½1;mðaþ b� 1Þ�.
We treat the cases a ¼ 1 and a[ 1 separately. If a ¼ 1, the 2-coloring of [1, mb]

given by

DðxÞ ¼ x

m

l m
ðmod 2Þ

is valid, as in Case I.

Henceforth, let a[ 1 and write b ¼ qaþ r, where 0\r� a� 1. Note that r ¼ 0

is only possible if a ¼ 1 since gcdða; bÞ ¼ 1. We partition the interval ½1;mðaþ
b� 1Þ� into intervals of length ma, except possibly for the last interval:

½1;ma�; ½maþ 1; 2ma�; ½2maþ 1; 3ma�; . . .; ½qmaþ 1; ðqþ 1Þma�; ½ðqþ 1Þmaþ 1;
ðqþ 1Þmaþ mðr � 1Þ�. Note that the last interval exists only when r[ 1. It suffices

to define the color of the integers in the interval [1, ma] since we must have

vðxÞ 6¼ vðxþ maÞ for a valid coloring.

Since gcdða; bÞ ¼ 1, corresponding to each t 2 ½1; a�, there is a unique pair kt, lt
such that t ¼ ktb� lta, 1� kt � a. Define v : ½1;ma� ! f0; 1g by

vðxÞ � kt þ ltðmod 2Þ; ð3Þ

where x
m

� �
¼ t ¼ ktb� lta, 1� kt � a.

We claim that v is a valid 2-coloring on ½1;mðaþ b� 1Þ� for the equations

y� x ¼ ma and y� x ¼ mb.

The coloring v is a valid 2-coloring on ½1;mðaþ b� 1Þ� for the equation y� x ¼
ma by construction of v. To show this is also a valid 2-coloring for the equation

y� x ¼ mb, we must show vðxÞ 6¼ vðxþ mbÞ for x 2 ½1;mða� 1Þ�.
Let mðt � 1Þ\x�mt, 1� t� a� 1 and t ¼ ktb� lta, 1� kt � a.

Then mðt þ r � 1Þ\xþ mr�mðt þ rÞ, and t þ r ¼ ðktb� ltaÞ þ ðb� qaÞ ¼
ðkt þ 1Þb� ðlt þ qÞa. Two cases arise: (i) t þ r� a, and (ii) t þ r[ a.

CASE (i). If t þ r� a, then xþ mr�ma, and so
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ktþrb� ltþra ¼ t þ r ¼ ðktb� ltaÞ þ ðb� qaÞ ¼ ðkt þ 1Þb� ðlt þ qÞa: ð4Þ

We may exclude the case kt ¼ a since that would imply a j t and 1� t� a� 1.

Therefore, ktþr ¼ kt þ 1 and ltþr ¼ lt þ q by uniqueness of expression. From the

construction of v we have vðxþ maÞ � vðxÞ � 1ðmod 2Þ, and so vðxþ kmaÞ �
vðxÞ � kðmod 2Þ for 1� k� q. In particular, from ðxþ mbÞ � ðxþ mrÞ ¼ qma we

have vðxþ mbÞ � vðxþ mrÞ � qðmod 2Þ. Therefore, from Eqn. (3)

vðxþ mbÞ � vðxÞ ¼
�
vðxþ mbÞ � vðxþ mrÞ

�
þ
�
vðxþ mrÞ � vðxÞ

�

� qþ
�
ktþr � kt

�
þ
�
ltþr � lt

�
ðmod 2Þ

� qþ 1 þ q ðmod 2Þ
� 1 ðmod 2Þ:

CASE (ii). If t þ r[ a, then 0\ðxþ mrÞ � ma� 2mða� 1Þ � ma\ma. Now

ktþr�ab� ltþr�aa ¼ t þ r � a ¼ ðktb� ltaÞ þ ðb� qaÞ � a ¼ ðkt þ 1Þb� ðlt þ qþ 1Þa:
ð5Þ

As in Case (i), we may exclude the case kt ¼ a since that would imply a j t and

1� t� a� 1. Thus kt\a, we have ktþr�a ¼ kt þ 1 and ltþr�a ¼ lt þ qþ 1 by

uniqueness of expression. Arguing as in Case (i), we have from Eqn. (3)

vðxþ mbÞ � vðxÞ ¼
�
vðxþ mbÞ � vðxþ mr � maÞ

�
þ
�
vðxþ mr � maÞ � vðxÞ

�

�ðqþ 1Þ þ
�
ktþr�a � kt

�
þ
�
ltþr�a � lt

�
ðmod 2Þ

�ðqþ 1Þ þ 1 þ ðqþ 1Þ ðmod 2Þ
�1 ðmod 2Þ:

This completes the proof. h

We claim that our construction is more efficient than the one in [7] in the

following way: given some n 2 ½1;mðaþ b� 1Þ þ 1�, we show that determination

of vðnÞ takes time polylogðmaþ mbÞ (that is, time polynomial in logðmaþ mbÞ),
while it can take time Oðmaþ mbÞ to determine the value of the valid coloring

constructed in [7] at n. Our time complexity is polynomial in the input values

ma, mb, n, since integer k takes O(log k) bits to represent.

To show this, let t ¼
�
n mod ma

m

�
¼ ktb� lta, where 1� kt � a. Then, by

definition of v (and since v is valid),

vðnÞ �
j n

ma

k
þ vðn mod maÞ �

j n

ma

k
þ kt þ ltðmod 2Þ:

Thus, to determine vðnÞ computationally, one needs to determine (i) ðn mod maÞ
and



n
ma

�
from n, (ii) t from ðn mod maÞ, and (iii) kt; lt from t. The first two are

standard operations and can be performed in polylogðmaþ mbÞ time.

To determine kt; lt from t, use the extended Euclidean algorithm twice: first to

determine m, a, b from ma, mb and then to get integers k; l such that 1 ¼ kb� la,
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which implies t ¼ ðtkÞb� ðtlÞa. Finally, determine integers q, r such that tk ¼
qaþ r such that r 2 ½1; a�, which gives t ¼ ðtk� qaÞb� ðtlþ qbÞ
a ¼ rb� ðtlþ qbÞa, so that kt ¼ r;lt ¼ tlþ qb. All the involved operations can

be performed in time polylogðmaþ mbÞ, proving our claim.
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