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Abstract

A numerical semigroup is a submonoid of Zx whose complement in Zx is finite. For
any set of positive integers a, b, c, the numerical semigroup S(a, b, ¢) formed by the
set of solutions of the inequality ax mod b < cx is said to be proportionally modular.
For any interval [, 8], S ([(x, ,3]) is the submonoid of Zx( obtained by intersecting
the submonoid of Q>¢ generated by [, 8] with Zs¢. For the numerical semigroup
S generated by a given arithmetic progression, we characterize a, b, ¢ and «, 8 such
that both S(a, b, ¢) and S([«, B]) equal S.

Keywords Numerical semigroups - Diophantine inequalities - Proportionally
modular

1 Introduction
A numerical semigroup S is a submonoid of Zxo whose complement Zxg \ S is finite.

For the complement to be finite, it is necessary and sufficient that gcd(S) = 1. For a
given subset A of positive integers, we write

(A) ={aixi+ - +axi s a; € A, x; € Z=0.k € N} |_J{0}.

Note that (A) is a submonoid of Zx¢, and that S = (A) is a numerical semigroup if
and only if gcd(A) = 1.
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For a numerical semigroup S, the complement Z>¢ \ S is denoted by G(S), and
called the gap set of S. The largest element in G(S) is called the Frobenius number of
S, and denoted by F(S). The cardinality of G(S) is called the genus of S, and denoted
by g(S).

We say that A is a set of generators of the numerical semigroup S, or that the
numerical semigroup S is generated by the set A, when S = (A). Further, A is a
minimal set of generators for S if A is a set of generators of S and no proper subset
of A generates S. Every numerical semigroup has a unique minimal set of generators.
The embedding dimension e(S) of S is the size of the minimal set of generators.

Given a subset A of Q>0, we denote by (A) the submonoid of Q>¢ generated by
A:

(A) ={f11x1 + - tagxpia; €A, x; eZZo,keN} U{O}

Then S(A) = (A) N Zx¢ is a submonoid of Zx>(. Furthermore, S(A) is a numerical
semigroup. We say that S(A) is the numerical semigroup associated to A. When A = 1
is an interval, there is a simple way to describe (A).

Proposition 1 ( [8, Lemma 1, pp. 282]) Let x € QT and let I be an interval. Then
x € (I) if and only if there exists a positive integer n such that 5 € 1.

A proportionally modular Diophantine inequality is an expression of the form
ax mod b < cx, where a, b, ¢ are positive integers. The set of integer solutions of
a proportionally modular Diophantine inequality form a numerical semigroup. For
a, b, c e N, define

S(a,b,c) ={x € Z>p : ax mod b < cx}.

A numerical semigroup of this form is called proportionally modular. Since the
inequality ax mod b < cx has the same set of integer solutions as (¢ mod b)x mod
b < cx, we may assume thata € {1, ..., b}. We note that S(b, b, ¢) = Z>op.

Toms [12] in an attempt to solve problems in classification theory in C*-algebras
defined Toms decomposable numerical semigroups. Rosales et al [10] introduced the
concept of proportionally modular numerical semigroups [10]. Rosales & Garcia-
Sanchez [9] showed that a numerical semigroup is Toms decomposable if and only if
it is the intersection of finitely many proportionally modular numerical semigroups.

Given a proportionally modular numerical semigroup, there exists a dual propor-
tionally modular numerical semigroup.

Proposition 2 ( [4, Proposition 1, pp. 416]) Leta,b,c € Nwithc <a < b. Then
S(a,b,c)=Sb+c—a,b,c).

Triples (@, b’, ¢') other than (b + ¢ — a, b, ¢) satisfy S(a, b, c) = S(d’, V', ), as
borne out by Theorem 14.

We note that S([a, ,3]) = Zs¢ if and only if @ < % < B for some n € N, and that
S(a, b, c) = Z>¢ if and only if @ mod b < c. The following two propositions give a
connection between S(a, b, ¢) and S([e, B1).
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Proposition3 ([11, Lemma 1, pp. 454]) Leta,b,c € Nwithc < a. Then

S(a, b, ¢) = s([g, a%])

oge p . p
Proposition4 ([11, Lemma 1, pp. 454]) Let o = e Qwith 7= *. Then

N ([5 §]) = S(gr, pr.qr — ps).

Leta, b, c € N with ¢ < a < b. Using Propositions 2 and 3 , there exist intervals
[«, B] and [o/, B'], with rational endpoints, and with @ > 1 and o’ > 1, such that

S (la, B1) = S (I, B1) -
Moreover, it easily follows from Propositions 2 and 3 that

B o

a/:— 13/:

-1

ey

a—1

The pair «’, B’ is not uniquely determined; see for instance, Theorem 12.
Bézout sequences are closely connected to the study of proportionally modular
numerical semigroups; see [11]. A Bézout sequence is an increasing finite sequence of

rational numbers {%, e Z—;‘} with ged(py, gr) = 1 satisfying prr1gx — prqrs1 = 1
fork € {1,...,n—1}. ABézout sequence is said to be proper if pi+¢qr — Pir+eqr > 1

for each k and each ¢ > 1. As a consequence, we have

P1L>>pr < Dry1 <0< pPp (2)

for some r € {1, ..., n};see [11, Corollary 18, pp. 459].
From the proof of Lemma 22 and Theorem 23 in [11], given an interval I = [«, ],

a, B € Qand S = S(I), there exists a permutation of the generators ay, ..., a, of S
and positive integers by, .. ., b, such that
dap . ag de
{—} forms a proper Bézout sequence, ando < — < — < . 3)
b” 1<n<e bl bé’

Given rational numbers p1/q; and p, /g, in reduced form, there exists a unique
proper Bézout sequence with first term p1/q; and last term p;, /g, . This unique Bézout
sequence has been determined algorithmically; see [3, Algorithm 3.5].

The following proposition gives a characterization of proportionally modular
numerical semigroups in terms of its minimal set of generators.

Proposition 5 ([11, Theorem 31, pp.463]) A numerical semigroup S is proportionally
modular if and only if there exists a permutation ay, ..., d, of its minimal set of
generators such that the following two conditions hold:
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(1) ged(ag, axy1) =1 forl1 <k <e—1,and
(i) ak | (ak—1 +ag+1) for2 <k <e—1.

Certain aspects of the numerical semigroup generated by an arithmetic progression
a,a+d,a+2d,...,a+ (k— 1)d have been studied by many authors (see [1,2,5—
7,13]). In particular, the gap set G(S) and the Frobenius number F(S) are determined
by the following result in [13]. It can be shown that the embedding dimension e(S) =
min{a, k}.

Proposition6 ( [13, Theorem 1, pp. 780]) Let a,d, k be positive integers, with
ged(a,d) =1andk > 2. Let S = (a,a+d,a+2d,...,a+ (k— 1)d). Then

Q) G(S):{ax+dy:0§x§ H%J,lgyga—l}.
(i) F(S) = max G(S) = a L%J +d(a—1).

Given a numerical semigroup S, it is natural to ask for a characterization of positive
integers a, b, ¢ for which S(a, b, ¢) = S, and also for a characterization of intervals
I = [a, B] for which S([e, B]) = S. We note that Propositions 2 and 3 connect the
numerical semigroups S(a, b, ¢) and S ([a, ,6]), so characterizing one characterizes
the other. Let S = S(AP(a,d; k)) = (a,a+d,a+2d,...,a+ (k—1d), k > 2.
Since S(AP(a, d; k)) = S(AP(a, d; a)) whenever k > a, we may assume, without
loss of generality, that k < a.

In this paper, we characterize a, b, ¢ and a, B such thatboth S(a, b, ¢) and S([e, B])
equal the numerical semigroup S = S(A P(a,d; k)) generated by any arithmetic pro-
gression. The two characterizations appear as Theorems 12 and 14 , and are based on
Propositions 9, 10, and 11 . Delgado & Rosales [4] provide an algorithmic formula to
determine F(S (a, b, c)) that does not lead to an explicit formula. The determination of
an explicit formula for F(S (a, b, c)) therefore remains an open problem. Our charac-
terization of a, b, ¢ for which § = § (AP(a, d; k)) yields an explicit formula in these
special cases since the problem of determining the Frobenius number for numerical
semigroups generated by arithmetic progressions is well known, as mentioned above.
We note in passing that the algorithm in [3, Algorithm 3.5] to compute the unique
proper Bézout sequence connecting two given reduced rational numbers p;/q; and
Pn/qn relies on knowing these rational numbers. Since there is no obvious relation-
ship between p1/q and p,/qn, and the numerical semigroup S, these endpoints of
the proper Bézout sequence have to be determined first. This means that the algorithm
in [3, Algorithm 3.5] is not directly useful in resolving the problem.

2 Main results

In this section, we consider an inverse problem related to two types of numerical semi-
groups that were introduced in Sect. 1 — numerical semigroups generated by intervals
[«, B] and proportionally modular numerical semigroups S(a, b, ¢). Propositions 2
and 3 in Sect. 1 connect these two types of numerical semigroups.

In order that the numerical semigroup generated by an arithmetic progressiona, a+
d,a+2d,...,a+(k—1)dbeanumerical semigroup, it is necessary and sufficient that
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2 9
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Fig. 1 For I such that S(I) = {0,5, =}, [5,91 C I C (4,00) or[5.8] C I C (4, 00) or [, 31 C [ C
. Hod. 91crcap

gcd(a, d) = 1. Henceforth we assume ged(a, d) = 1, and write S(AP(a, d; k)) =
(a,a+d,a+2d,...,a+ (k—1)d). Theset{a,a+d,a+2d,...,a+ (k—1)d}
is the minimal set of generators for § (AP(a, d; k)) when 2 < k < a, whereas the set
{a,a+d,a+2d, ..., a+(a—1)d}isthe minimal set of generators for S(AP(a, d; k))
fork > a.Throughout this section, we may therefore assume without loss of generality
that2 <k <a.

We illustrate our main result, Theorem 12, with the following two examples.
In Example 7 we determine intervals I for which S(I) is the ordinary numerical
semigroup {0, 5, —}, and in Example 8 intervals I for which S(/) is the numerical
semigroup (5, 7) with embedding dimension two. These are both special cases of our
result in Theorem 12.

Example7 We find I = [«, B8], « > 1, for which S(I) = {0, 5, —}. From the argu-
ment leading up to equation (3), we have {aj, ...,as} = {5, ..., 9}, giving rise to the
following four Bézout sequences:

W
(=)
=
oo

9
a < 5,80ra§§<

[\S] =)

<Bora<i3<

—| o0

<B orac<

~Jjoo
~Io

<

<B.

Al

Note that the pairs of intervals [5, 9],[%, %]and[%, 8],[% %] are connected by Eqn. (1).
From Proposition 1, f ¢ I whenever g € G(S) = {1,2,3,4} and n € N. This
results in

we@slpeld o0 orae (L] peli i) orae(d3].pels 0
orae(li].pe[.3).
Note that the pairs of intervals (4, 5], [%, ‘33), [9, 00), (1, %], (4, %], [%, %),and (8, 00),
(1, 8] are connected by Eqn. (1).

By Proposition 3 and the fact that @ € (4, 5] and B € [9, co) we get that

—6[45)

’ac

e[9oo)<:> §§,a—l9—’§c.
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Fig.2 For I such that S(I) = (5.7),[3. 1 c I c (. B or[§.31c 1 c(F. %)

In the case where o € (1, 3] and B € [Z’ §>, again using Proposition 3 we get

b 9 b 5 4 8b 4b 3b
Ee(l,g],ﬂE[Z,§)<:>7§a<b,a——<c<a——
In the other cases we get
b 9 b b
pe(@3]. el e= P <asfa-g=c
and
7b 9% 3b

gE(l,%],%é[%,%)@g§a<b,a—7§c<a——

These cases together form an exhaustive list of all a, b, ¢ € N satisfying S(a, b, ¢) =
{O’ 59 9}'

Example 8 From Proposition 5, it follows that every numerical semigroup with embed-
ding dimension 2 is proportionally modular. We find I = [«, 8], « > 1, for which
S(I) = (5, 7). From the argument leading up to Eqn. (3), we have {a1, a2} = {5, 7},
so that 1 < % < b7—2and7b1 —5hh=1orl < % < bs—zandSbl — 7by = 1. This
leads to

Wl
EEN]
[SSIEN]
(1L}

a<z<is<Boraoa<z<iz<§B
Note that the intervals [%, %] and [%, %] are connected by equation (1).
FromPropositionl,% ¢ I wheneverg € G(S) ={1,2,3,4,6,8,9,11, 13, 16, 18, 23}

and n € N. This results in

ae (R3] pelFB) o ae(

—lN
=y
Wi
e
=
m
| —
(1L}
<2
~—

Note that the pairs of intervals (—43‘ %] [% 23) and [% 2) (—(3) %] are connected
by Eqn. (1).

By Proposition 3, when o € (%, %] and 8 € [47'1’ %),this implies thatany a, b, ¢ €
N satisfying
3b 14b 4b 13b
3 Sa<p.a- g sc<a—53

will give S(a, b, c) = (5,7).
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Similarly, when o € (% %] and B € [% %) will give that any a,b,c € N
satisfying
5b 106 2b 9
7§a<f,a—?fc<a—ﬁ

will also give S(a, b, c) = (5, 7).

These cases together form an exhaustive list of all a,b,c € N satisfying
S(a,b,c) =(5,7).

The main result in this section is a characterization of «, 8 such that S([oz, ,3]) =
S (A P(a,d; k)) in Theorem 12. Essential to our proof of Theorem 12 are three results
listed as Propositions 9, 10, and 11 . We also characterize a, b, ¢ such that S(a, b, ¢) =
S (AP(a, d; k)), via Proposition 2 and Theorem 12. We also state, without proof, the
two special cases S(AP(a, 1; k)) and S(AP(a, 1; a)).

Proposition 9 Let a, d, k be positive integers, with gcd(a,d) = 1 and 2 < k < a.
Let S(AP(a, d; k)) =(a,a+d,a+2d,...,a+ (k—1)d). Ifdd, = 1+ qqa, with

1<d,<aand0 <q, <d,and » = L%J,then

2 ra+d(a—1) F(S)
-— . G(S) ¢ = = ’
max 8O = A= 11 (dagsw

B

with the maximum achieved at g = Aa + d(a — 1).

Proof If ¢ € G(S), then g = ax + dy, with 0 < x < LHJ and1<y<a-— 1 Let
dy be suchthatdd, =1 (mod a),d, > 0, and write dd, = g,a+1, g, € Z>0. Then

deg  dg(ax +dy)
a - a

=dax +qay + §~

Since 1 <y <a,

LS
[dae] ™ daxFaay +1 7 en

a

We show that

F(S)

PALONE
[ 422 ]

“

maX{fz(x,y):OstH%}J,lSyfa—l}:fg(u%ﬂ,a—o:
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836 E. F. Elizeche, A. Tripathi

Fixye{l,...,a—1}.Forx € {0, 1,2,..., LHJ — 1},thenumerat0r0f

a(x +1) +dy ax +dy
x+ 1 y) = felx,y) = B
fe( y) fe( y) da(x+1)+qay+1 da)C'i_qay—i_l

is

a(dax +qqy + 1) —dy(ax +dy) =alqay +1) — y(gea+1) =a—y > 0.

Therefore
maX{fe(x,y):OsxS LHJl SySa—l}
:max[fg<L%J,y):1§y§a—l}. 5)
Fory € {1, ..., a — 2}, the numerator of
|2 | +do+1) 351 |+

— a “
e R R P Fow P Raa V=1 oy

is

d(da LLjJ+qay+l>—qa(aLHJ+dy>= LHJ+¢1>0 if (k—1)1y,

and
@+d) (da | 157 | + 00y +1) = @ +a0) (a | 157 | + @)
=5 |- ytatd=0if k-Dly.
Therefore
oo (i) 1 =01 = (7] 1)
(6)
O

The claim in Eqn. (4) follows from Eqns. (5) and (6).
Proposition 10 Let a, d, k be positive integers, with gcd(a,d) = 1 and 2 < k < a.

LetS(AP(a,d;k)):(a,a+d,a+2d,...,a—i—(k—l)d),andsetb:a+(k—1)d.
Ifddy, =1+ qpb, with 1 <dp, <band0 < q, <d,anda —2 = Atk — 1) + u,
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0<u<k—1,then

Ab+d F(S) — nd
g cGS). gz by =0t PO mpd
Adp + qp V,, (F($)—nd) J
b

min

_8
ka
b
with the minimum achieved at g = la + d()\(k -+ 1) =Ab+d.

Proof 1f g € G(S), then ¢ = ax + dy, with 0 < x < LHJ and1<y<a—1. Let
dp be such thatddp, = 1 (mod b), dp > 0, and write dd, = qpb+ 1, qp € Z>¢. Then

b b
dyd
=dhx+%(y—(k— 1)x)

dyg  dpx(b — (k — 1)d) + dpdy

—(k—1x
= dpx + qp(y — (k — 1>x)+yT.
Since 0 < y — (k — 1)x < a < b, we have
g ax +dy gt
4] " dx (s~ k=) Julers )

We show that

F(S) — nd

min{f,. v 0= = |1 sysa—1} = foak-D+1 =
b

@)

Fixye{l,...,a—1}.Forx € {O, 1,2, ..., LHJ — l},thenumeratorof

a(x+1)+dy _ ax +dy
dyx+D+gp(y— k=D +1D)  dpx +gp(y — (k — Dx)

Julx +1,y) = fulx, y) =
is

a(dpx + qp(y — (k — Dx)) = (dp — qo(k — 1)) (ax +dy) =y (agp — d(dp — qo(k — 1)))
=y (q;,(a + (k — l)d) — (gpb + 1)) =-y<0.

Therefore
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838 E. F. Elizeche, A. Tripathi

min{fu(x,y):ofxfLHJ,ISyEa—l}

=min{fu(LHJ,y>:1§y§a—l}. (8)

Since y = (k = 1) | {1 | = 1+ (v = 1(mod k — 1)), we may write

X aH%iJ+dy

E(Hjjd)=%{%ﬂ SO

+gp (14 (y—1 (mod k — 1))

Write y — 1 = q(k — 1) +r,0 <r < k — 1. Then the minimum on the right-side
of Eqn. (8) can be written as

d
min{&:qu5A—1,0§r<k—1orqzk,0§r§u}
qdp +qp(r +1)

(10)

in view of Eqn. (9).
Fixg.For0 < g < A, let0 <r <k —1,and forqg = A, let 0 < r < pu. The
numerator of

sl ]y 1) = a5 )
_gqat+doy+1)  gatdy _ d(gdy+ap(r+ 1) — aplga+dy)
qdp +qp(r +2)  qdp +qp(r +1)  (qdp + qp(r + 1)) (qdp + qp(r +2))

q(gpb —gpa + 1) — qpd(y — (r + 1))
=q+q(qpk —1)d) — qpdq(k — 1) =g > 0.

So for fixed ¢, the minimum is achieved when r = 0, and we now have

d
min{&10561S)»—lvof’”<k_10rq:)"05r§'u}
qdp + qp(r +1)

b+d
qb+ :osquf (11)

= min {—
qdp + qp
Finally for g € {0, 1,2, ..., A — 1}, the numerator of

(g+Db+d  gb+d _ blgdy+qp) —dy(gb+d)
(@+Ddp+aqr  qdp+aqr  (qdyp + qp)((q + Ddp + qp)
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Proportionally modular numerical semigroups generated... 839

is

qpb — (gpb + 1) < 0.

Therefore, the minimum is achieved at ¢ = X, and we have

[ gb+d } ab+d
min] 2772 o<g<at=""T0 Cpak—D D). (12)
{qdb +qp 7 My + qp “

The claim in Eqn. (7) follows from Eqns. (8) - (12). O

Proposition 11 Let a, d be positive integers, with gcd(a,d) = 1 and letb = a + (a —
1)d. Let S(AP(a, d; a)) =(a,a+d,a+2d,...,a+ (a —1)d), and let

dd, =1+ qqa, dd, =1+ qpb,

aap =1 (mod b), dd' =1 (mod b —d),
where

1<d,<a, 0<gqg,<d, 1=<dp,<b,

0<gp<d, 1<a,<b, 1<d <b—d.

(i) In terms of d, and q,, we have

db = 4a, dp =dq + (a — Dqa,
d =d,+(a—2q,, ap=(a—1q,+d,+1.
(i)

lrdag—‘ {abg"l and {dbgj L d'g J '
a b b b—d
for each g € G(S).

Proof If g € G(S), then g = dy, with 1 < y < a — 1. From Propositions 9 and 10 ,

d, d
[ jﬂ — gay + 1 and {%J = ay. (13)

Multiplying both sides of dd, — g,a = 1 by a — 1, then adding and subtracting
ad,, and rearranging, we get

a((a — g, +d, + 1) —bd, = 1.
Thus,a((a — g +d, + l) =1 (mod b)and 1 < (a — 1)g, +d,; + 1 < b, so that

ap=(a—1)qq +dg + 1. (14)
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840 E. F. Elizeche, A. Tripathi

Therefore

apg (@ —1)ga +dy +1)dy

b b
_ (b—a)qay + (1 +qaa)y +dy
B b
d+1)

Since 0< (d+ 1)y < (@ + 1)@ — 1) < b, we have [%8] = goy + 1 = [ %2 ] by
Eqn. (13). This proves the first part of the proposition.

For j € {0,...,a — 1}, we have d(da +jqa) —(a+ jd)q, = dd; — qqa = 1.
Thus, d(ds + jqa) = 1 mod (a + jd), and since | < dy + jqq < a + jd, we have
d, + jq. equals d~! mod (a + jd) for each j € {0, ..., a — 1}. In particular,

dp =dy + (a — 1)qa. (15)
Multiplying both sides of Eqn. (15) by d we get

1+ qpb = ddy = d(dy + (a — 1)ga) = (1 + qaa) + (@ — )dga = 1+ qub.

Since d’ is d~! mod a + jd for j = a — 2, we have

d' =d, + (a—2)q, and g, = qp. (16)

Eqns. (14), (15) and (16) prove part (i).
‘We now have

dg . ((u —2)qq + da)dy _ ((b —d) — a)qay + (1 + qga)y _ 4 y
b—d b—d - b—d T
Since 0 < y < b —d, we have L%J =qpy = L%J by Eqn. (13). This proves part
(ii). O

LetS=S§ (AP(a, d; k)) denote the numerical semigroup generated by AP(a, d; k).
Let a,b,c be any positive integers. Since S(a,b,c) = S(a mod b, b,c) and
S(a, b, c) = Zso forc > a, we may assume without loss of generality thatc < a < b.
Propositions 3 and 4 provide a one-to-one correspondence between S(a, b, ¢) and
S([«, B]). Via this correspondence, each interval [, 8], with @ > 0, corresponds to
a unique triple (a, b, ¢), with a € N. The assumption ¢ < a < b on the positive
integers a, b, ¢ gives rise to intervals [¢, 8] with ¢ > 1. In Theorem 12, we determine
all intervals [«, ] with @ > 1 such that S([«, 8]) = S. We then use Proposition 3 to
determine all triples (a, b, ¢) with ¢ < a < b such that S(a, b, ¢) = S. To extend the
result of Theorem 12 to all intervals [«, B8] with« > 0, one may combine Proposition 3
and the fact that S(a, b, ¢) = S(a’, b, ¢) fora = a’ (mod b).
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Proportionally modular numerical semigroups generated... 841

We characterize intervals [«, 8], « > 1 in Theorem 12 by calculating certain
Bézout sequences related to AP(a, d; k). Bullejos & Rosales [3] provide an algorithm
to determine the Bézout sequence connecting any two rational numbers pj/g; and
p2/q>. However, it remains to determine p;/q; and p2/g> in order to characterize
[a, B1. We give a direct method to explicitly determine the desired Bézout sequences.

Theorem 12 Let a, d, k be positive integers, with gcd(a,d) = 1,2 <k < a, b =
a—+ (k—1)d, and let » = LZ%%J Define dd, = 1 + q,a, where 1 < d, < a and
0<gq, <d. Let S(AP(a, d; k)) =(a,a+d,a+2d,...,a+ (k—1)d). Then for
a,Bell,o0)NQ,

S(le, B1) = S(AP(a,d; k))

if and only if
ra+d@a—1) a b Ab+d
<<, ————— <f< ,
Ay +qela—1)+1 dy dg + (a — 1Dgqq )h(da + (a — 1)Qa)+CIa
or
Ab+d b
<a< ,
AMb—dy — (a—1Dgqa) + (d — qa) b—d, — (a—1)qa
a <p< la—+da—1) .
a—dg Ma—dq) +(d—ga)a—1)—1

Moreover, for k = a, we also have

d(a —1) b
— < a < ,
Gala—1)+1 (@—1gq +dq +1
b—d
—§ﬂ<_1
(a —2)qq +d, da
or
d b—d
<a =< s
d—qq b—d—(a—2)q,—d,
b d(a —1)
§ﬂ< 9
b—(a—-1)q, —d; — 1 (d—ga)a—1)—1

We adopt the convention % = Q.

Proof Throughout this proof, we define
dd, =1+ qpb, aap =1 (mod b), dd' =1 (mod b —d),

withl <dp <b,0<¢qp <d,1 <ap <b,and1 <d' <b—d.
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Leta, B € [1, 00) N Q be such that S(I) = S(AP(a, d; k)) = S, with I = [a, B].
By Proposition 1, it is enough to show that - ¢ I when i € G(S) and n € N, and
% € [ when j € AP(a, d; k) for some n = n(j) € N that depends on j. By Eqn. (3),

. ’ a a,
there exists a proper Bézout sequence {Z—} R ﬁ} such that ¢ < Z—: < ﬁ < B and
ai, ..., ay is a permutation of AP(a, d; k). Then there exists r € {1, ..., k} such that
ay > > ar < rgp < -0 < dg

by Eqn. (2). Therefore, a, = a and a + d = min{a,_1, a,41}, unless r = 1 or k.

Ifr = 1,thenay, ..., a; istheincreasing sequence a, a+d, . .., a+(k—1)d. Thus,
ai =a+({—1)d,1 <i <k.Thesequence of b;’s satisty a; +1b; —a;b;+1 = 1, so that
bi = a;| (mod a;) =d~" (mod ;) for 1 <i <k—1.Fromagby—1 —ar_1bx =1
we have by = —(ax—1)~! (mod a;) = d~ ' (mod a;). Thus, b; = d~' (mod a;)
foreachi € {1,...,k}. Since b;,d! (mod a;) belong to {1, ..., a; — 1}, we have
b, = d! (mod a;), foreachi € {1, ..., k}. So «, B must satisfy

b
G_4 _&_2 g (17)

a < — < — =
by d, by dp

In order that % ¢ [ whenever i € G(S) and n € N, we must have either ,’z— < a or

L >~ B. From Eqn. (17), this amounts tori'l < ;—a or,% > %, orton > 'dT“ orn < %.

n
id,
a

Therefore, « is greater than the maximum of i/ IV _I as i runs through values in

G(S) and B is less than the minimum of i/ L%J as i runs through values in G(S).

Therefore, by Propositions 9 and 10

ra+d(a—1) Ab+d
o > and B < ——.
Ay +qala—1)+1 Adp + qp

(18)

This gives the first of the two ranges for « and g in the theorem using Proposition 11,
part (i).

If r = k, then ay, ..., ax is the decreasing sequence a + (k — 1)d,a + (k —
2)d,...,a. Thus, a; = a+ (k —i)d, 1 < i < k. Arguing as above, we see that
bi =a; — (d~" (mod a;)) foreachi € {1, ..., k}. So a, B must satisfy

<a1 b ay a <,3 (19)
_——= < — = .
b b—dp by, a—d; —

o

In order that ﬁ ¢ I whenever i € G(S) and n € N, we must have either 111— < aor

i : i b i a i(b—dp)
- > B. From Eqn. (19), this amounts to - < b=, O n > a—dr ==

orton >

orn < @. Therefore, « is greater than the maximum of i/ ’V"(b;d”)—‘ as i runs

i(a—dy)
a

through values in G(S) and g is less than the minimum of i/ L J as i runs
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through values in G(S). Since

m n n m

<
{(b—dwm] [(b—dwnw
b b

and

m n n m
< — <
(a—dg)m (a—dy)n dan

for every m, n € N, we have

Ab+d ra+d@a—1)
> and B < )
A —dp) + (d — qp) Ma—dy)+(d—qa)a—1)—1

o (20)

by Propositions 9 and 10 . This gives the second of the two ranges for « and g in the
theorem using Proposition 11, part (i).

Henceforth, assume r # 1, k. Two cases arise: (i) a,+1 = a + d, and (ii) a,—1 =
a + d. These cases arise only if k = a, as we show below.

CASE (i) From a, | (ar—1 + ar4+1) we have a,_1 = —a,41 = —d (mod a). If
a1 = a—+id,with0 <i <k—1<a—1,theni = —1 (mod a). This is
possible only if k = a, and then a,_; = a + (@ — 1)d = b. From Eqn. (2), the
sequence daj, ...,ay mustbe b = a+ (a — )d,a,a+d,...,a+ (a — 2)d. The
corresponding sequence by, . . ., by is the same as in the case r = 1 above. Moreover,
ab; — (a + (a — l)d)b2 = 1, so that by = a; (mod b). Since by, a, belong to
{1,...,b — 1}, we have b = ap. So «, f must satisfy

_a b ar b_d<,3 21
—_—e—< — = .
b ap by d -

o

In order that ;— ¢ I whenever i € G(S) and n € N, we must have either ;— < o

or ;—l > B. From Eqn. (21), this amounts to ;l— < boord b—d

ap n
id’
"= b=a

iap
> T,orton > TOI'
Therefore, « is greater than the maximum of i/ ’V%—‘ as i runs through

values in G(S) and B is less than the minimum of i / L%J as i runs through values
in G(S). By Proposition 11, part (ii), the bounds for & and § are as given by Eqn. (18)
with A = 0. This gives the first of the two ranges for « and § in the additional case

k = a in the theorem using Proposition 11, part (i).

CASE (ii) Froma, | (a,—1+a,4+1) wehavea, 1 = —a,—; = —d (mod a). Arguing as
in Case (i), the sequence ay, ..., ary mustbea+(a—2)d,a+(a—3)d, ...,a,a+(a—
1)d = b, and this is possible only if k = a. The corresponding sequence by, ..., by
is the same as in the case r = k above, and by = b — (ap (mod b)). So «, B must
satisfy

ap b—d ag b

< — = — — = < p. 22
I T S A S 22
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In order that % ¢ I whenever i € G(S) and n € N, we must have either ;l— < aor
b i(b—d—d')
—ap’ b—d

;4 > B.From Eqn. (22), this amounts tori; < % or:l; >3

orton >
j f— . . . [ —d — ! .
orn < ’U’Tab). Therefore, « is greater than the maximum of i / (%—‘ as i runs

through values in G(S) and f is less than the minimum of i/ L@J as i runs
through values in G(S). Since

m n n m

bd—dm | T tmd—d)n d'm
b—d b—d b—d

and
m n m
<

n
[ ] o] T T

for every m, n € N, we have the bounds for & and § as given by Eqn. (20) with A = 0
by Proposition 11, part (ii). This gives the second of the two ranges for « and g in the
additional case k = a in the theorem using Proposition 11, part (i). O

Corollary 13 Let a, k be positive integers, with2 < k < a, b = a+ k — 1, and
A = L%J Let S(Ap(a, 1;k)) = (a,a+ l,a+2,...,a + k — 1). Then for
a, B ell,o0)NQ,

S([a, B1) = S(AP(a, 15 k)

if and only if
—1 < b<p b+1
— < < -
CTar1 Y=t 7= x
or
1+—A <1+—1 1+—1 <B<1+ Atl
<« ) =p < :
Ab—1)+1 - b—1 a—1 A+D@-1-1

Moreover, for k = a, we also have
b
a—1<a§§, b—1<g,
or

1 2 |
l<a<ld+——\ 14— <B<1 .
<asl+ o= Iy sh<1+7 73

We adopt the convention % = 00.
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Theorem 14 Let a, d, k be positive integers, with ged(a,d) = 1,2 <k < a, b =
a—+ (k—1)d, and let . = L%J Define dd, = 1 + qza, where 1 < d, < a and

0<gq, <d. Let S(AP(a, d; k)) =(a,a+d,a+2d,...,a+ (k— 1)d). Then for
positive integers p,q, m withq < p < m,

S(p,m,q) = S(AP(a,d;k))
if and only if
md, m(dy + ga(a — 1) + 1)
=p<
a la—+d(a—1)

n m((a —Dqq + da) m ()\((a — Dgq + da) + ‘Ia)

< _
b =4=»p A +d

’

or

m— m((a — Dga + da) m ()‘((a — Dga + da) + Qa)

< —
b sp=nm b +d ’
amde o m(Gds 4@ =1 - 1)
P a —1°°F ra+d(a—1) '

Moreover, for k = a, we also have

m(@=Vga+da+1) _ mlgala—1+1)

b =PE"a-n
m((a —2)qq + da) mdgq
_ < _
p b d sq<p-—
or
m_m((a—2)qa+da)§p<m_mqa’
b—d d
m((a—1)g, +d, +1 m(qa(a —1)+1
p—m+ ( q; ¢ )§q<17—m+ (qad(a—l) )

Proof This follows directly from Proposition 2 and Theorem 12. If § (p, m, q) =

S([et, B1), then % = « and pi_q =p,sothat p =2 and p —q = % The latter

implies ¢ = p — 2. The bounds on «, 8 in Theorem 12 translate to bounds on p, g
in terms of m in Theorem 14. O

Corollary 15 Let a, k be positive integers, with2 < k < a, b = a+ k — 1, and
A= LZ%%J LetS(AP(a, 1; k)) =(a,a+1,a+2,...,a+k—1). Then for positive
integers p,q,m withg < p < m,

S(p, m, q) = S(AP(a, 1; k))
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if and only if
mo_ m(A+1) +m< ma
- < , — < _
a P 0F a0 P SITPT p
or
- mA n m _ m(A(a— 1) — 1)
m— — m — , -m+—<g<p-m— ———=
=P w1 P a -1=7 O+ Da—1)
Moreover, for k = a, we also have
2m< m m _
I < 9 - = < )
b P P =1k
or
m 2m m
m———=<p<m, p—m+—=qg<p—m+—.
b—1 b a—

Remark 16 We note that Examples 7 and 8 follow from Corollaries 13 and 15 .

Remark 17 For any positive integera > 1,fora, 8 € [1, 00)NQ, and positive integers
p.q,mwithg < p <m,

S(p.m.q) = S(le, Bl) = S(AP(a, 1;a)) = {0,a, — }

is the special case A = 0 in Corollaries 13 and 15 . We adopt the convention (—1) = 00.
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