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Department of Mathematics
MTL 725 (Stochastic Processes and Applications)

Tutorial Sheet 5 Answers

1 M(t) = λt
2 − 1

4 + 1
4e

−2λt, t ≥ 0.

2 P{N(2) = 0} = 1
3 , P{N(2) = 1} = 5

9 , P{N(2) = 2} = 1
9 .

3 H(t) =
∫ t−a

0
H(t− x) dF (x) +

∫ t

t−a

(
1 +m(t− x)

)
dF (x), t ≥ a.

8 Nn ∼ Binomial(n, p), P (Nn = k) =
(
n
k

)
pkq n−k, k = 0, 1, . . . , n, E[Nn] = np. Tn ∼ Negative Binomial(n, p), P (Tn =

k) =
(
k−1
n−1

)
pnq k−n, k ≥ n, E[Tn] =

n
p .

E
[
eαTn

]
=

(
peα

1−qeα

)n

, 0 < α < − log q.

9 FT (t) = P (T ≤ t) =

{
(1− e−λt) t, 0 ≤ t ≤ 1,

1− e−λt, t > 1,
F̄T (t) = P (T > t) =

{
1− t+ te−λt, 0 ≤ t ≤ 1,

e−λt, t > 1.
E[T ] =∫∞

0
F̄T (t) dt =

∫ 1

0
(1− t+ te−λt) dt+

∫∞
1

e−λt dt = 1
2 + 1

λ − 1−e−λ

λ2 .

E[N(t)] = m(t), where m(t) satisfies the renewal equation m(t) = FT (t)+
∫ t

0
m(t−x) dFT (x), and limt→∞

E[N(t)]
t =

1
E[T ] .

(a)
E[min(X1, X2)]

E[T ]
=

∫ 1

0
e−λt dt

E[T ]
=

1−e−λ

λ

E[T ]
,

(b)
E[(X1 −X2)

+]

E[T ]
=

∫ 1

0
(1− t)e−λt dt

E[T ]
=

1
λ − 1−e−λ

λ2

E[T ]
,

(c)
E[(X2 −X1)

+]

E[T ]
=

∫ 1

0
tλe−λt dt

E[T ]
=

1−e−λ

λ −
(

1
λ − 1−e−λ

λ2

)
E[T ]

.

12 an ∼ Geometric(1− F (0)) on {1, 2, . . . }, P (an = k) = [F (0)]k−1 (1− F (0)), k ≥ 1.

{an} are IID, and they are independent of {T̃n}.
P (T̃1 ≤ t) = P (X1 > 0, X1 ≤ t) + P (X1 = 0, X2 > 0, X2 ≤ t) + · · · =

∑∞
k=1[F (0)]k−1

(
F (t) − F (0)

)
=

F (t)−F (0)
1−F (0) , t > 0.

1


