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. Let {W(t),t > 0} be a Brownian motion. Calculate P(W(6) — W(2) < 0,W (1) > 0).

. Show that f(WW(t)) is continuous in mean square where f is a Lipschitz continuous function and {W (¢),t > 0}

is a Brownian motion.
Find E[W (1) 4+ 2W (2) + 3W(3)]? where {W (¢),t > 0} is a Wiener process.

Let {W(t),t > 0} be a Brownian motion and {F;};>o be its natural filtration. Show that the process
{X(t),t > 0} defined by
X(t) = 23W O+ 4 >0,

is a Markov process.

. For r € RT, consider the stochastic process {X (¢),t > 0}

X(t) =3exp{(r—2)t+2W()}, t=>0,
where {W(¢),t > 0} is the Brownian motion. Show that for any ¢ > 0,
E[e7™(X(t) = 3)T] =3® (my) — 3¢ ""® (m-)

where ®(+) is the CDF of standard normal distribution and my = \/7{(7" +2).

Define X (t) = e7*W (e?*), where {W (t),¢ > 0} is a Brownian motion. Show that
EX(t)X(s)] = e 75k W — 00 < 5, < 0.

Show that for any T' > 0, V(t) = W (t+T) — W(T').is a Wiener process if {W (t),t > 0} is a Wiener process.
Show that —W(t) is a Wiener process if {W (t),t > 0} is a Wiener process.
Prove that, for a Brownian motion {W(¢),t.> 0}, E(|[W () — W(s)|?) = |t — s|.

Let {W(t),t > 0} be a Brownian motion and {F;};>o be its natural filtration. Consider, the Brownian
motion {X (¢),t > 0} with drift u then there holds that

X(t) = pt+W(t)
is a Markov process.

Let {F:}t>0 be the natural filtration of {W(¢),t > 0}. Let b be a positive real number. Show that the process
Y defined by Y (t) = W2(bt) — bt is a martingale.

Let {W(t),t > 0} be a Brownian motion. Let T' = inf{t > 0 : W(¢) ¢ [—a,b]}. Let a,b > 0. Prove that

(i) PW(T)=—a) = GLH) (ily P(W(T)=1b)= Fu? (iii) E[T] = ab.

Hint: W(t AT) is a martingale and P(T < o0) = 1.

Let {W(t),t > 0} be a Brownian motion. For b > 0, let T' = inf{t > 0: W(¢) = b}. Show that T' < oo a.s..
Further, show that E[T] = cc.
Hint: Take a limit in Problem 12.

Let {W(t),t > 0} be a Brownian motion. Prove that, for A > 0
(a) Ploup,c, W(s) > ) < ™/
(b) P(sup,c; W(s) > X) < 2e— /2t
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Hint: E[eV®|F,] > eW®). Use Doob’s inequality.

Consider a two-dimensional Wiener process {W(t),t > 0}, where W (t) = (W1 (¢), Wa(t)). Find the probability
that |[W(t)| < R where R > 0. Here, |(x1,22)]? = (1) + (22)*.

Suppose that (Wl(t),Wz(t), . .,Wd(t)) is a d-dimensional Wiener process. Show that if ¢ # j, then
Wi(t)Wi(t) is a martingale.

Let {W(t),t > 0} be the Brownian motion. Prove that the following processes are martingales.

(@) {(W(®)® = 3tW(t),t = 0} .
(b) {(W(t))* —6t(W(t))* +3t*,t > 0} .

Show that Wiener process is 0.5-self-similar.
Consider a stochastic process {X(t),t > 0},
X(t)=2t+W(t), t>0,
where {W(¢),t > 0} is a Brownian motion. For m > 0, define the first passage time of X (¢) in level m as
Tm = min{t > 0: X(t) = m}.
(a) Show that the process {Z(t),t > 0},

1
Z(t) = exp {O’X(t) - (20 + 502> t} , t>0,
is a martingale with respect to the filtration F; = o(W(s),0< s < ¢).

(b) Show that
1
E [exp {am — (20 + 502> Tm} 1{7m<+oo}] =1.

E [e” ™| =exp{2m — mV2a + 4}, Va > 0.
Moreover, prove that E [1,,] < +00.

(c) Show that

Use the reflection principle to prove that if {WW(¢),¢ > 0} is a Brownian motion and 7' = inf{t > 0 : W; €
(0,00)}, then P(T = 0) = 1. In other words, Brownian motion enters the interval (0,00) immediately. By
symmetry it enters the interval (=00, 0) immediately. Conclude that Brownian motion hits 0 infinitely often
in every time interval [0, ¢].

Let {X(¢),t > 0} be.a compound Poisson process. Let 0 = tg < ¢1 < ... < t,. Prove that the increments
X(t1) — X(to), X(t2) =X (t1),..., X (tn) — X(t,—1) are stationary and independent. Also, show that the
distribution of X (¢;) — X (¢;_1) is same as the distribution of X (¢t; — t;_1).

Prove that, any Lévy process is a Markov process.

Consider, a Hawkes process {N(¢),t > 0} with exponential exciting function where the intensity function is
given by

t
At) = ,u—l—/ ae PE)AN(s), a, B> 0.
0
Under, the assumptions that % < 1, prove

(a) Law of large numbers for {N(t),¢ > 0}.
(b) Central limit theorem for {N(¢),¢ > 0}.



