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Department of Mathematics
MTL 5005 (Introduction to Probability)

Tutorial Sheet No. 3

1. Let us write

b(k;n, p) =

(
n
k

)
pk(1− p)n−k, k = 0, 1, 2, . . . , n.

Show that as k goes from 0 to n, b(k;n, p) first increases monotonically and then decreases monotonically.
The greatest value is assumed when k = m, where m is an integer such that (n + 1)p − 1 < m ≤ (n + 1)p
except that b(m− 1;n, p) = b(m;n, p) when m = (n+ 1)p.

2. A shipment of 120 burglar alarms contains 5 that are defective. If 3 of these burglar alarms are randomly
selected and shipped to a customer,
(a) find the exact probability that he will get exactly one bad unit.
(b) approximate probability that he will get exactly one bad unit by means of the binomial distribution.

3. Show that as k goes from 0 to ∞ the ratio ak = b(k;n, p)/P (k, λ) first increase, then decrease, reaching their
minimum when k is the largest integer not exceeding λ+ 1.

4. Let X be a Poisson distributed random variable with parameter λ. Prove that

n∑
i=0

P (X = i) =
1

n!

∫ ∞

λ

e−xxndx.

5. Let X be a binomial r.v. with parameter n and p and Y be a Pascal r.v. with parameters r and p. Show
that
(i) P (Y ≤ n) = P (X ≥ r) (ii) P (Y > n) = P (X < r).

6. Let X ∼ EXP(λ). Prove that the random variable X has “no memory”, that is,

P (X > r + s/X > r) = P (X > s)

for any two positive real numbers r and s.

7. Find the probability density function of an exponential random variable truncated to the left at point a > 0.

8. Let X ∼ U [0, 1]. (i) Prove that Y = − 1
λ log(1−X) ∼ EXP(λ).

(ii) Find the pdf of U = X/(1 +X).

9. Let X ∼ N(µ, σ2). Prove that Z = (X−µ)
σ ∼ N(0, 1) and Z2 ∼ χ2 with 1 degrees of freedom.

10. Verify the following as a consequence of definition of expectation:

(a) If X is a bounded random variable, then E(X) exists.

(b) If X ∈ (a, b) with probability 1, then a < E(X) < b.

(c) If Xis symmetrical abt a point µ, then E(X) = µ.

(d) If X ∈ {1, 2, . . . , n, . . . } with probability 1, then E(X) =

∞∑
n=1

P (X ≥ n).

11. Let A,B,C be events in a sample space with P (A) = 0.1, P (B) = 0.4, P (C) = 0.3, P (A∩B) = 0.1, A∩C =
B ∩ C = ϕ. Find mean and variance of a random variable X = IA + IB − IC , where I[.] is the indicator
function of the set [.].

12. Show that E(|X|) =
∫ 0

−∞
FX(x)dx+

∫ ∞

0

(1− FX(x))dx.
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13. Show that the matrix
∑

= (µi+j)k×k is non negative definite where µp is the central moment of order p of
the random variable X.

14. The rth factorial moment of a random variable X defined by µ′
(r) = E[X(X − 1) . . . (Xr + 1)]. If X is a

discrete random variable with p.m.f. pX(i) > 0, i = 0, 1, . . . , r, and 0 elsewhere, show that µ′
(k) = 0, k =

r + 1, r + 2, . . . .

15. From a point on the circumfrence of the circle of radius r, a chord is drawn in a random direction. Show
that the expected value of length og the chord is 4r

π and its variance is 2r2
(
1− 8

π2

)
.

16. For the random variable X with p.m.f. pX(x) = e−λλx

x! , x = 0, 1, 2, . . . , show that µ2 = µ3 = λ, µ4 = λ+3λ2.

17. Show that for a random variable with p.d.f. fX(x) = kαk

(x+α)k+1 , x > 0, the αth absolute moment exists for

X, for α < k.

18. For a random variable with p.d.f. fX(x) = 1
α!e

−xxα, x > 0, where α is a positive integer, show that
P (0 < X < 2(α+ 1)) > α

α+1 by using Chebyshev inequality.

19. For the random variable with p.m.f. pX(x) =
(
r+x−1
x

)
prqx, x = 0, 1, 2, . . . , where q = 1− p, find the m.g.f.

and hence the mean and variance of X.

20. Find the mean, variance of the random variable X having the distribution function

FX(x) =

 0, x < 0
p+ (1− p)(1− e−λx), o ≤ x < T
1, x ≥ T

21. Fir the Laplace distribution, i.e.e the random variable having p.d.f. given by: fX(x) = 1
2λexp

(
|X−µ|

λ

)
, x ∈

R, λ > 0, 0 < µ < ∞, find m.g.f. and its mean and variance.

22. LetX be a random variable having m.g.fM(t), t > 0. Then show that for t > 0, P (tX > s2+log(M(t)) < es
2

.

23. (Jensens’s Inequality) If g is a convex function and E(X) exists, then show that g(E(X)) < E(g(X)). Hence
show that E(X) ≤ (E(|X|))1/r.

24. Let g(X) ≥ 0,∀x ∈ [0,∞) be a non-decreasing even function. Show that for any random variable X such

that E(g(X)) exists P (|X| ≥ ϵ) ≤ E(g(X))
g(ϵ) .

25. X has the power series distribution if it has a p.m.f. P (X = j) =
ajθ

j

f(θ) , x = 0, 1, 2, . . . , θ > 0, aj ≥ 0 and

where f(θ) =
∞∑
j=0

ajθ
j . Find the m.g.f. of X. Use it to find the factorial moments of X.

26. Show that the sequence of moments determine the probability distribution of the random variable uniquely
if it is a bounded random variable.

27. Show that absolute moment of no order exists for the random variable having p.d.f fX(x) = 1
2|x|(ln |x|)2 for

|x| > e.

28. Let X be a discrete r.v. with MGF

MX(t) = α+ βe2t + γe4t, E(X) = 3, V ar(X) = 2.

(i) Find α, β and γ? (ii) Find the PMF of X? (iii) Find E(2X)?
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29. The MGF of a r.v. X is given by MX(t) = exp(µ(et − 1)). (a) What is the distribution of X? (b) Find
P (µ− 2σ < X < µ+ 2σ), given µ = 4.

30. Let X be a normal distributed random variable with mean µ and variance σ2. Find the moment generating
function (MGF) of the random variable X. Using MGF, find E(X4).

31. Let X be a r.v. with characteristic function given by E[eiXt] = 1
7

(
2 + e−it + eit + 3e2it

)
. Determine (i)

P
(
−1 ≤ X ≤ 1

2

)
(ii) E(X).

32. Let Φ be the characteristic function of a random variable X. Prove that 1− | Φ(2u) |2≤ 4
(
1− | Φ(u) |2

)
.
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