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Abstract
This article studies the problem of hedging a defaultable claim via the maximiza-
tion of the mean value of exponential utility, over a set of admissible strategies.
The dynamics of the underlying asset is assumed to be governed by mutually
exciting Hawkes processes, which captures the jumps clustering phenomenon
observed in the market. The resulting market is incomplete and does not allow
perfect replication. Hence, a dynamic programming approach is adopted to
characterize the value function as the largest solution to a suitable backward
stochastic differential equation (BSDE) with a non-Lipschitz generator. The
value function of the optimal investment problem and of the indifference prices
are represented in terms of limits of the sequence of value functions of suitable
Lipschitz BSDEs and, further, a result of uniqueness is achieved. Finally, numer-
ical experiments are performed to demonstrate the applicability of the proposed
framework and to understand the impact of the jump-clustering on the values
of the claims.
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1 INTRODUCTION

One of the central issues of debate, among practitioners and academics, after the subprime crisis, is the problem of pricing
and hedging the contingent claims that may default before maturity. The main challenge in pricing and hedging contin-
gent claims is to model the default event and the expected losses when a default occurs. There are two categories of models
proposed in the literature to model the default event, namely structural models and reduced-form models. The class of
structural models builds upon the pioneering work by Merton,1 who gave a mechanism of default in terms of the relation
between liabilities and assets at maturity time T. The structural models define the default as the time when the stochastic
process describing the dynamics of total firm value falls below a certain threshold level, called the default barrier. Several
authors have extended this basic model in various directions, for instance, by incorporating the jump-diffusion process
or stochastic interest rates.2,3 On the other hand, the reduced-form models do not define the mechanism of default but
consider it to be an event of surprise and set the default as the first jump time of a point process. For more details on credit
risk models, interested readers can refer to Duffie and Singleton.4

The structural models in the literature are either based on the Poisson jump-diffusion models or Lévy processes in gen-
eral. Despite their manageable mathematical properties, these models are considered to be inconsistent with the empirical
observations5-7 reporting jump-cluster even over several days. More specifically, although Lévy processes form a general
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class of models, due to their independent increment property, they do not allow for clustered jumps observed in the finan-
cial assets. Several articles (e.g., Lux and Marchesi,8 Mandelbrot9) noted that significantly large moves in the financial
markets tend to be followed by additional large movements. Aït-Sahalia et al.,10 argued that “what makes financial crisis
take place is typically not the initial jump, but the amplification that occurs subsequently over hours or days, and the fact
that other markets become affected as well.” Moreover, this phenomenon is observed to be more prominent during peri-
ods of distress. These empirical observations suggest to relinquish the widely applied Lévy jump-diffusion models and
motivate the development of the models that are capable of incorporating the default clustering and contagion effect.

On the other hand, the advent of intra-day information on financial asset price quotes and the rapidly growing empir-
ical studies on market microstructure show that the asset prices are piece-wise constant and jump at irregularly spaced
random times in reaction to trades or significant new informations. These empirical observations motivated several
authors to believe that point processes may provide a more suitable framework for modeling the price process, Errais
et al.11 Further, even models that consider jump-diffusion trajectory processes, but do not account for the discreteness of
the data may lead to wrong conclusions and may need ad-hoc methods for rounding and estimation.

This article takes a similar approach to that of Errais et al.,11 and Tardelli.12 The difference lies in the fact that, here,
taking into account the aforementioned empirical observations and all financial relationships and the contagion effects
affecting the financial markets that could lead to default, we assume that the dynamics of the model include the effect
of mutual excitation. To this end, the price of the defaultable asset is described not only by pure jump processes, as in
Tardelli,12 but by mutually exciting Hawkes processes. The self-exciting Hawkes process is well known for its efficacy in
reproducing jump clusters due to the dependence of the conditional event arrival rate, or intensity, on the counting process
itself. These processes have only recently been used in problems related to financial markets. Embrechts et al.,13 discussed
the multivariate Hawkes process and their applications to financial data. Liu and Zhu14 derived closed-form formula for
price of variance swaps in a Hawkes jump-diffusion model. Pasricha and Goel15 addressed the problem of pricing power
exchange options in a Hawkes jump-diffusion model. Recently, Nitu et al.16 considered Hawkes jump-diffusion model for
the pricing of equity indexed annuities.

The contribution of this article to the literature is twofold. First, inspired by Errais et al.,11 in this article we investi-
gated the Markov property for the two-dimensional process consisting of a Hawkes process and its intensity. The Markov
property is an important tool necessary to study the hedging problem and which allows us to generalize the idea of
Tardelli.12 In a market with only two types of assets, the money market account, and the risky asset, we discuss the problem
of hedging a defaultable claim. The literature studying the issue of hedging a defaultable claim is vast, for example,
Bielecki et al.17 and Jeanblanc et al.,18 who assumed the price dynamics to be a diffusion process. Moreover, the presence
of Hawkes processes makes the market incomplete and a perfect replication is not possible. Thus, a hedging criterion
under incompleteness has to be used, and the approach considered consists in maximizing the mean value of an expo-
nential utility function from the terminal wealth.19,20 The resulting problem becomes a stochastic control problem and
can be addressed using various techniques available in the literature. For an overview on stochastic control problems see
the monographs Fleming and Soner,21 Oksendal and Sulem,22 Pham,23 and Karoui et al.24

Following the dynamic programming-based approach, the value function is characterized as the largest solution to a
suitable backward stochastic differential equation (BSDE), as suggested by the procedure developed in Lim and Quenez25

for a diffusion model. The maximization of the mean value of the utility function with and without considering the claim
allows us to deal with the indifference valuation. But, due to the presence of the default time, the problem is strictly
related to the enlargement of filtrations. More specifically, when there are two filtrations  and , such that  ⊂ , as well
known, a -martingale is also an  -martingale, but the viceversa is not true, namely, an  -martingale does not remain
a martingale with respect to the filtration . An exciting example is Azema’s martingale, see section 4.3.8 in Jeanblanc
et al.18 A classical assumption in this frame is the so-called immersion property or (H)-hypothesis, namely any  -local
martingale must also be a -local martingale, see Jeanblanc et al.18 and Bielecki et al.17 Consequently, the (H)-hypothesis
is assumed in the present paper.

A further difficulty is that the value function is characterized only as the largest solution to a suitable BSDE, and the
results of the uniqueness of solutions are not available because the generator does not have the Lipschitz property.26 Thus,
in Section 4, a uniqueness result is achieved, since we prove that the value function of optimal investment is the unique
limit of a non-increasing sequence of value functions, where each elements of the sequence is obtained as the unique
solution of a suitable BSDE with Lipschitz generator12 and corresponds to the value function associated with a subset of
bounded admissible strategies.

Second, the article is devoted to the results of some numerical experiments. The numerical section is an essential
part of this article that are presented to demonstrate the applicability of the proposed modeling framework, and how
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the inclusion of jump-clustering in the model affects the prices of defaultable claims compared to models without jumps
clustering.

The remainder of the article is organized as follows. Section 2 presents the proposed framework and discusses the
related hedging problem. Section 3 characterizes the hedging problem via BSDEs. Section 4 gives the construction of
the non-increasing sequence converging to the value function followed by the uniqueness result. Section 5 presents the
results of some numerical experiments. The conclusions and future works are in Section 6.

2 PROPOSED FRAMEWORK AND HEDGING PROBLEM

2.1 Mutually exciting Hawkes processes

Hawkes processes constitute a particular class of multivariate point processes, first introduced by Hawkes.27 A D-variate
Hawkes process is a counting-process Nt = {Ni

t}i=1,…,D such that the intensity vector, 𝜆t = {𝜆(i)t }i=1,…,D admits the
representation

𝜆
(i)
t = 𝜆(i) +

∑
j=1,…,D

∫
t

−∞
𝜇ij(t − u)dNj

u,

where 𝜆(i), i = 1,… ,D are exogenous intensities, and the so-called kernel matrix, 𝜇(t) = {𝜇ij(t)}i,j=1,…,D, is such that, for
each 1 ≤ i, j ≤ D and for t ≥ 0, 𝜇ij(t) ≥ 0, otherwise, for t < 0, 𝜇ij(t) = 0.

Furthermore, 𝜇ij(t) belongs to the space of L1-integrable functions and each component 𝜇ij(t) represents the effect
of the jumps of Nj until time t on 𝜆(i). There are various possible choices of the kernel 𝜇ij(t) resulting in different
characteristics of the process, Bacry et al.28

If D = 1, Nt reduces to a self exciting Hawkes process whose intensity is given by

𝜆t = 𝜆0 + ∫
t

−∞
𝜇(t − u)dNu,

where 𝜇(t) represents the size of the impact of jumps. If 𝜇(t) = 0, then the process Nt turns to a Poisson process.

2.2 The model: Representation

On a finite time horizon T > 0, assume that the filtered real-world probability space (Ω, ̃ ,P) models the uncertainty
in the economy. As usual, the probability space is complete and takes the right continuous version of all the filtra-
tions considered. Let a two-dimensional mutually exciting Hawkes process (N1,N2) with interacting intensity (𝜆(1), 𝜆(2)),
and let

 ∶= {t}t∈[0,T] t = 𝜎{N1
s ,N2

s , 0 ≤ s ≤ t},

with  ⊂ ̃ . For i = 1, 2, assume that the intensity process of Ni admits the representation

𝜆
(i)
t = ai + (𝜆(i)0 − ai)e−𝛿it +

∑
j=1,2

+∞∑
k=1

Y (ij)
k e−𝛿i(t−T(j)

k )10≤T(j)
k <t (1)

where, for i = 1, 2,

• 𝜆
(i)
0 > 0 is the initial value of ith intensity process at time t = 0.

• ai ≥ 0 is the constant mean-reverting level of ith intensity process.
• 𝛿i ≥ 0 is the constant mean-reverting rate of ith intensity process.
• {T(j)

k }k=1,2,…, j = 1, 2, are sequences of random variables that represent the jump times of the counting process Nj.
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PASRICHA et al. 337

• {Y (ij)
k }k=1,2,…, 1 ≤ i, j ≤ 2, are sequences of independently and identically distributed (i.i.d.) non negative random vari-

ables with distribution function Gij(y). These random variables represent the sizes of self-excited jumps (i = j) and of
mutually exciting jumps (i ≠ j).

Observe that the events occurred before time t has an impact on the intensity process of each component, the impact
being measured by the kernels. For example, Y (12)

10 represents the size of the impact on the intensity of N1 due to the jump
at time T(2)

10 of 10th jump of N2. Further, the randomness is driven by two sources of uncertainty: the time of events and
the recovery at these events.

The process (N1
t ,N2

t ) with intensities given in Equation (1) admits a convenient martingale representation given
below.11 Note that, although Hawkes process produces clustered arrivals, it does not explode, and the integral ∫ t

0 𝜆
(i)
s ds is

finite for all t. In order to prove this fact, let 𝛿i = 0, i = 1, 2. Then the intensity 𝜆(i) is constant between the jumps with
non-decreasing sample paths (in other words, Ni is a birth process), and is non-explosive and integrable. As a consequence,
we deduce that Ni

t is also integrable for 𝛿i > 0. Moreover, as ∫ t
0 𝜆

(i)
s ds is integrable,

Mi
t = Ni

t − ∫
t

0
𝜆
(i)
s ds

is a martingale with respect to the filtration {t}, and the jump times of N1 and N2 are −stopping times (corollary 3 in
chapter II.6 of Protter29).

On the same probability space (Ω, ̃ ,P), assume that 𝜏 is a strictly positive random variable with probability 1, that is,
P(𝜏 > 0) = 1, that models the default time. The process N3

t ∶= 1{𝜏≤t} is the “default indicating process” and let

 ∶= {t}t∈[0,T] t = 𝜎{N1
s ,N2

s ,N3
s , 0 ≤ s ≤ t},

with  ⊂ ̃ . Analogously to Equation (1), assume the intensity of the process N3 admits the representation

𝜆
(3)
t = a3 + (𝜆(3)0 − a3)e−𝛿3t +

∑
i=1,2

+∞∑
k=1

Y (3i)
k e−𝛿3(t−T(i)

k )10≤T(i)
k <t. (2)

The random variables {Y 3i
k }k=1,2,…, i = 1, 2, represent the effect of jumps of Ni on the default intensity 𝜆

(3)
t . Assume that

{Y 3i
k }k=1,2,…, i = 1, 2 is a sequence of i.i.d. non-negative random variables with distribution functions G3i(y), representing

the size of mutually exciting jumps. Recalling that  is the 𝜎-algebra generated by N1 and N2, while  is the 𝜎-algebra
generated by N1, N2, and N3, observe that the process

M3
t = N3

t − ∫
t∧𝜏

0
𝜆
(3)
s ds,

is a t-martingale. This means that 𝜏 is a totally inaccessible -stopping time, while the jump times of N1 and N2 are
-totally inaccessible  -stopping time. Hence, N1, N2, and N3 do not have common jump times. This last condition
introduces a difficulty. In order to overcome this difficulty, we assume the so-called immersion property or (H)-hypothesis
in what follows. Note that, Remark 2 below uses this property as a main tool.

Assumption 1. The filtration  is said to be immersed in the filtration , or it is said to satisfy the (H)-hypothesis under the
measure P, whenever any (P,t)-local martingale is also a (P,t)-local martingale.

Since the mutually and self exciting terms are defined by exponential kernels, one can show that the process
(𝜆(1),N1, 𝜆(2),N2, 𝜆(3),N3) is a Markov process, even if the process N = (N1,N2,N3) itself does not have the Markov
property (refer Errais et al.11 for more details on Markov property of Hawkes process). Next, we present a proposition
which provides a formula for the conditional expectation of a function f of the Markov process

𝜉 = (𝜆(1),N1, 𝜆(2),N2, 𝜆(3),N3),

in terms of its infinitesimal generator, that describes the dynamics of the process itself. Further, the Dynkin formula,
derived in this proposition, allows us to get an alternative approach to understand the Markov properties of all the
processes involved in the model. The proof of Proposition 1 below is in Appendix.
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338 PASRICHA et al.

Proposition 1. Setting f𝜆(i) =
𝜕f
𝜕𝜆(i)

, i = 1, 2, 3. If, for t ≤ T,

E

[
∫

t

0

||||||f (𝜉s) +
3∑

i=1
𝛿i(𝜆(i)s − ai)f𝜆(i) (𝜉s)

|||||| ds

]
< ∞.

Then, the following Dynkin formula holds

E

[
f (𝜉T)

|||t

]
= f (𝜉t) + E

[
∫

T

t
f (𝜉s)

|||t

]
. (3)

Under all the assumptions made so far, given a suitable function f (𝜆(1),n1, 𝜆
(2),n2, 𝜆

(3),n3, t) with continuous partial
derivatives with respect to 𝜆(1), 𝜆(2), 𝜆(3), and t, the infinitesimal generator of the process (𝜆(1),N1, 𝜆(2),N2, 𝜆(3),N3) is given
by

f =
𝜕f
𝜕t

−
3∑

i=1
𝛿i(𝜆(i) − ai)

𝜕f
𝜕𝜆(i)

+ 𝜆(1)(1)f + 𝜆(2)(2)f + 𝜆(3)(1 − n3)(3)f , (4)

where, for i = 1, 2,

(i)f = ∫
∞

0 ∫
∞

0 ∫
∞

0
af

i (y) dG1i(y(1i))dG2i(y(2i))dG3i(y(3i)) − f (𝜆(1),n1, 𝜆
(2),n2, 𝜆

(3),n3, t), (5)

af
1(y) = f (𝜆(1) + y(11),n1 + 1, 𝜆(2) + y(21),n2, 𝜆

(3) + y(31),n3, t),

af
2(y) = f (𝜆(1) + y(12),n1, 𝜆

(2) + y(22),n2 + 1, 𝜆(3) + y(32),n3, t),

and

(3)f = f (𝜆(1),n1, 𝜆
(2),n2, 𝜆

(3),n3 + 1, t) − f (𝜆(1),n1, 𝜆
(2),n2, 𝜆

(3),n3, t).

Remark 1. For simplicity, we take Y (11) and Y (22) in Equation (1) as null to eliminate the self exciting part which implies
a mean-reversion type structure. Further, we consider three types of jumps: a jump following the upward momentum,
a jump following a downward momentum and the default. More specifically, we assume that after an upward jump, the
intensity of downward jump increases and similarly, after a downward jump, the intensity of an upward jump increases.
Furthermore, to be in a realistic setting, we assume Y (31) equal to zero in Equation (2), since a positive jump in the price
does not impact the default intensity. On the other hand, a negative jump in the price increases the intensity of default,
the phenomenon known as downward momentum.

Furthermore, if we take the jump size to be constant in time and by choosing ai = 𝜆
(i)
0 , for i = 1, 2, the intensity function

of Ni is given by

𝜆
(i)
t = 𝜆

(i)
0 +

2∑
j=1

∫
t

0
𝛼ije−𝛿i(t−u)dNj

u. (6)

The constants 𝜆(i)0 , i = 1, 2, are initial intensities, and 𝜇(t) = {𝜇ij(t)}{i,j=1,2}, where 𝜇ij(t) = 𝛼ije−𝛿i(t)1t≥0. Again, each compo-
nent 𝜇ij(t) is non negative, belongs to the space of L1-integrable functions and represents the effect of the jumps of Nj, till
time t, on 𝜆i. Note that the constants 𝛼ij represents the jump sizes in the intensity process.

Setting a3 = 𝜆
(3)
0 , the intensity of default indicator process is

𝜆
(3)
t = 𝜆

(3)
0 + ∫

t

0
𝛼32e−𝛿3(t−u)dN2

u , (7)

where 𝜇32(t) = 𝛼32e−𝛿3(t−u)1t≥0 are functions representing the effect of downward jumps of N2 in the price, on the
intensity 𝜆

(3)
t .
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In this case, the generator given in Equation (4) is simplified and if , i = 1, 2, given by Equation (5), are replaced by

1f = f (𝜆(1),n1 + 1, 𝜆(2) + 𝛼(21),n2, 𝜆
(3),n3, t) − f (𝜆(1),n1, 𝜆

(2),n2, 𝜆
(3),n3, t),

2f = f (𝜆(1) + 𝛼(12),n1, 𝜆
(2),n2 + 1, 𝜆(3) + 𝛼(32),n3, t) − f (𝜆(1),n1, 𝜆

(2),n2, 𝜆
(3),n3, t).

2.3 Dynamics of the risky asset

Consider a financial market with one risky asset and one risk-free asset. The price of the risk-free asset is assumed to be
1, that is, the risk-free interest rate is assumed to be zero. The price S of the risky asset, discounted with respect to the
price of the bond, is modeled as a pure jump process, such that, for S0 ∈ R+,

St = S0 exp{Yt}. (8)

The log return price Yt is assumed to be a non-explosive process, taking real values, with initial condition Y0 = 0 and the
dynamics is given by

Yt ∶= ∫
t

0
𝜂1

u dN1
u − ∫

t

0
𝜂2

udN2
u + ∫

t

0
𝛽u dN3

u ,

where N1, N2, and N3 are Hawkes processes defined in the previous subsection. The motivation behind the choice of a
pure jump process is as follows: the availability of intra-day information on the price quotes of financial assets, in which
changes in price take place only at some irregularly spaced random times, leads us to believe that pure jump processes
are more suitable to model the observed prices. Particularly, we consider mutually exciting Hawkes process which can
take into account the contagion effects that affect the financial markets. The jump sizes 𝜂1, 𝜂2, and 𝛽 are t-predictable
processes, such that 𝜂1 and 𝜂2 are bounded from above and from below by two positive real constants 𝜂, 𝜂, that is, for
i = 1, 2, 𝜂 ≤ 𝜂i

t ≤ 𝜂.

In the literature, many authors assume that 𝛽𝜏 > −1. According to Jeanblanc et al.30 and Lim and Quenez,25 this con-
dition is equivalent to 𝛽t > −1 for any 0 ≤ t ≤ T a.s., which implies that the price process S𝜏 = S𝜏−(1 + 𝛽𝜏), is still positive
after the default 𝜏. However, since S is exponential, S𝜏 = S𝜏−e𝛽𝜏 is positive, and the assumption on 𝛽. is not necessary.

Remark 2. Setting

cu ∶= (e𝜂1
u − 1)𝜆(1)u + (e−𝜂2

u − 1)𝜆(2)u + (e𝛽u − 1)𝛾u(1 − N3
u),

by a standard application of Itô formula, the representation of the price process as t-local semi-martingale, is given by

St = S0 + ∫
t

0
Sucu du + MS

t ,

where MS
t is a t-local martingale represented as

MS
t = ∫

t

0
Su−(e𝜂

1
u − 1)dM1

u + ∫
t

0
Su−(e−𝜂

2
u − 1)dM2

u + ∫
t

0
Su−(e𝛽u − 1)dM3

u. (9)

Note that H-hypothesis is a necessary condition to obtain Equation (9). In order to have that the t-local martingales MS
t ,

M1, and M2 must be not only t-local martingales but also t-local martingales.

In the proposed framework, the investors are in an incomplete financial market and can trade in a finite time window
[0,T], by investing in risky stocks and a risk-free bond. Further, there also exists a default time in the market. We formally
define a generic defaultable European contingent claim with maturity date T (refer Bielecki et al.17) as follows:

Definition 1. A defaultable contingent claim with maturity date T consists a triplet (X ,Z, 𝜏) where:

(i) The default 𝜏 is a random variable that specifies the time of default, for t ∈ [0,T]. It is always assumed that 𝜏 is
strictly positive with probability 1, that is, P(𝜏 > 0) = 1.
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340 PASRICHA et al.

(ii) The promised payoff X represents the random payoff received by the owner of the claim at maturity T, if there was
no default prior to or at time T. This is a T-measurable random variable such that 0 ≤ X ≤ B, for a positive real
constant B. The actual payoff at T associated with X thus equals X if 𝜏 ≥ T.

(iii) The -adapted recovery process Z specifies the recovery payoff at time of default. This is the quantity received by
the owner of a claim at the time of default (or at maturity), provided that the default occurred prior to or at maturity
date T. We assume the following 0 ≤ Z ≤ B .

In practice, the hedging of a derivative after default is usually of minor interest.17 For instance, in a model with a single
default, hedging after the default reduces to the replication of a non-defaultable claim and can be addressed following
Tardelli.31

2.4 Hedging problem and replication

In this subsection, we present the hedging problem. A t-predictable real-valued process 𝜃t is called a trading strat-
egy, if it is S-integrable and self-financing. Let Θ denotes the class of such strategies. At any t ∈ [0,T], 𝜃t describes
the number of shares held in the risky asset. Noting that t is the 𝜎-algebra generated by the point processes N1,
N2, and N3 until the time t, following Bremaud,32 we observe that any t-predictable process has the following
structure,

𝜃t =
∑
n≥0

𝜃n(t1, t2,… , tn, t) 1tn<t≤tn+1 ,

where {tn}n≥0 are the jump times of N = (N1,N2,N3) and 𝜃n are real-valued measurable functions. One can observe that
any admissible strategy is completely characterized by the families {𝜃n}n≥0 and {tn}n≥0.

For a strategy 𝜃 ∈ Θ and for initial capital w0, a real positive constant, the associated wealth process is defined as

W𝜃
t = w0 + ∫

t

0
𝜃rdSr

= w0 + ∫
t

0
𝜃rSr−(e𝜂

1
r − 1)dN1

r + ∫
t

0
𝜃rSr−(e−𝜂

2
r − 1)dN2

r + ∫
t

0
𝜃rSr−(e𝛽r − 1)dN3

r . (10)

After receiving the premium, the seller of the contract has to hedge against his/her exposure to the risk. A hedg-
ing problem consists of finding an optimal investment strategy in order to reduce (or avoid) potential losses aris-
ing from having to honor the contract. A perfect replication of a defaultable claim is described by the following
definition.

Definition 2. A perfect replication of a defaultable claim (X ,Z, 𝜏) is given by a strategy 𝜃 ∈ Θ, if the wealth process W𝜃
t

satisfies the following hedging conditions

W𝜃
T1T<𝜏 = X1T<𝜏 and W𝜃

𝜏 1T≥𝜏 = Z𝜏1T≥𝜏 .
Since, the incompleteness of market doesn’t allow for perfect replication, we consider maximizing the expected utility

function of the wealth on a random time interval [0,T ∧ 𝜏]. The expected utility of his/her final wealth gives him/her a
measure of the quality of a self-financing strategy. At any t ∈ [0,T], the agent invests the quantity 𝜃t in the risky traded
assets. Thus, the investment process 𝜃t controls the dynamics of the wealth process, Equation (10). Mathematically, the
problem can be stated as maximize, over 𝜃 ∈ Θ,

E[u(W𝜃
T∧𝜏 − X(1 − N3

T) − Z𝜏N3
T)].

The utility function u ∶ R → R is assumed to be strictly concave increasing differentiable and satisfies the Inada
conditions,

u′(−∞) ∶= lim
x→−∞

u′(x) = +∞ u′(+∞) ∶= lim
x→+∞

u′(x) = 0.
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PASRICHA et al. 341

Note that, since It≤𝜏 = 1 − N3
t−, then

W𝜃
T∧𝜏 = w0 + ∫

T

0
(1 − N3

r−)𝜃rSr−(e𝜂
1
r − 1)dN1

r + ∫
T

0
(1 − N3

r−)𝜃rSr−(e−𝜂
2
r − 1)dN2

r

+ ∫
T

0
(1 − N3

r−)𝜃rSr−(e𝛽r − 1)dN3
r .

Let w be the amount of capital at time t and Θt denote the set of the admissible strategies on the interval [t,T]. Define

BT(𝜏) = X(1 − N3
T) + Z𝜏N3

T .

In this article, we consider an agent with exponential utility function u𝛼(x) = 1 − e−𝛼x, where 𝛼 ∈ R+ is the risk aversion
parameter. Since 𝜉 =

(
𝜆(1),N1, 𝜆(2),N2, 𝜆(3),N3) satisfies the Markov property, we represent the associated value process

as follows:

Vt(w) = ess sup
𝜃∈Θt

E

[
1 − exp

{
−𝛼

(
W𝜃

T∧𝜏 − W𝜃
t∧𝜏 + w − BT(𝜏)

)} |||𝜉t

]
.

Assumption 2. The set of admissible trading strategies Θ consists of all -predictable processes 𝜃 = {𝜃t}0≤t≤T , such that
for any 𝜃 fixed and any s ∈ [0,T], there exists a real constant Ks,𝜃 such that W𝜃

t∧𝜏 − W𝜃
s∧𝜏 ≥ −Ks,𝜃 , s ≤ t ≤ T a.s., Lim and

Quenez.25

As a consequence, E

[
exp

{
−𝛼∫ T

t (1 − N3
r−)𝜃r dSr

}]
< ∞ and the value process reduces to

Vt(w) = 1 − e−𝛼wVt, (11)

where

Vt = ess inf
𝜃∈Θt

E

[
exp

{
−𝛼

(
W𝜃

T∧𝜏 − W𝜃
t∧𝜏 − BT(𝜏)

)} |||𝜉t

]
= ess inf

𝜃∈Θt
E

[
exp

{
−𝛼

(
∫

T

t
(1 − N3

r−)𝜃rdSr − BT(𝜏)
)}|||𝜉t

]
. (12)

The wealth process is such that

W𝜃
T∧𝜏 − W𝜃

t∧𝜏 =
∑

N(t)≤k≤N(T)−1
(1 − N3

tk
)𝜃tk

(
Stk+1 − Stk

)
,

where, for k ≥ 1,

𝜃tk = 𝜃k−1(t1, t2,… , tk−1, tk),

then a representation of the value function is

Vt =
∑

N(t)≤k≤N(T)−1
Vtk 1[tk ,tk+1)(t).

2.5 Properties of the value function

The dynamic programming approach allows us to characterize the value function, and, more precisely, the process Vt
defined in Equation (12), as the largest solution to a suitable BSDE.12,25,31

Proposition 2. For t ∈ [0,T ∧ 𝜏], the following holds true

(i) The process Vt is strictly positive and bounded. Moreover VT = E

[
e𝛼BT (𝜏)|||𝜉T

]
.
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342 PASRICHA et al.

(ii) For any 𝜃 ∈ Θ, the process Vt exp{−𝛼W𝜃
t∧𝜏} is a t-submartingale.

(iii) Vt is the largest process t-adapted verifying (i) such that

VT = E

[
e𝛼BT (𝜏)|||𝜉T

]
.

(iv) The process 𝜃∗ ∈ Θ is an optimal strategy if and only if Vt exp{−𝛼W𝜃∗

t∧𝜏} is a t-martingale.
(v) The process Vt admits an indistinguishable -adapted cadlag representation.

All these properties can be proved on similar lines to the proof outlined in Tardelli.12

3 BACKWARD STOCHASTIC DIFFERENTIAL EQUATION

As a consequence of Proposition 2, Vt is bounded, strictly positive and, for a vanishing strategy, it is a t-submartingale.
Then, its Doob–Meyer decomposition is

Vt = V0 + ∫
t

0
dMV

r + ∫
t

0
AV

r dr,

where the process MV
t is a square integrable t-martingale and the process AV

t is an increasing t-predictable process such
that AV

0 = 0. Furthermore, a classical representation of MV
t allows us to write

dMV
r = R1

r dM1
r + R2

r dM2
r + R3

r dM3
r ,

AV
r =

[
R1

r𝜆
(1)
r + R2

r𝜆
(2)
r + R3

r 𝛾r(1 − N3
r )
]
, (13)

where R1
r , R2

r , and R3
r are measurable t-predictable processes such that

E

{
∫

t

0

[(
R1

r
)2
𝜆
(1)
r +

(
R2

r
)2
𝜆
(2)
r +

(
R3

r
)2
𝛾r(1 − N3

r )
]

dr
}

< +∞.

Theorem 1. For t ∈ [0,T ∧ 𝜏], setting

K𝜃
r (x) = exp

{
−𝛼(1 − N3

r−)𝜃rSr−
(

ex − 1
)}

− 1, (14)

let

K𝜃,1
r = K𝜃

r (𝜂1), K𝜃,2
r = K𝜃

r (−𝜂2), K𝜃,3
r = K𝜃

r (𝛽).

Then, the process (Vt,R1
t ,R2

t ,R3
t ) verifies the BSDE

Vt = E

[
e𝛼BT (𝜏)|||𝜉T

]
− ∫

T

t
dMV

r + ∫
T

t
ess inf

𝜃∈Θr
Qr(𝜃) dr (15)

where, for 𝜆(3) = 𝛾(1 − N3),

Qr(𝜃) =
∑

i=1,2,3

(
Vr + Ri

r
)

K𝜃,i
r 𝜆

(i)
r .

Furthermore, Vt is the largest solution to the BSDE given in Equation (15), and (R1
t ,R2

t ,R3
t ) is uniquely determined by the

martingale representation theorem.

The proof of Theorem 1 is in Appendix.

 15264025, 2022, 2, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/asm

b.2663 by IN
D

IA
N

 IN
ST

IT
U

T
E

 O
F T

E
C

H
N

O
L

O
G

Y
 (N

O
N

 -E
A

L
), W

iley O
nline L

ibrary on [11/03/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



PASRICHA et al. 343

3.1 Indifference price

In this subsection, we introduce the writer’s indifference price, which is the price p of the claim such that the agent is
indifferent between optimizing the expected utility with and without the derivative at hand (refer Becherer,33 Frittelli,34

Mania and Santacroce35 and references therein). To define indifference price, consider the case in which the investor
wants to maximize the expected utility of his terminal wealth without considering the claim. Thus, the value process turns
to be V 0

t (w) = 1 − e−𝛼wV 0
t and recalling that Θt denotes the set of the admissible strategies on the time interval [t,T],

V 0
t = ess inf

𝜃∈Θt
E

[
exp

{
−𝛼∫

T

t
(1 − N3

r−)𝜃rdSr

}|||𝜉t

]
. (16)

All the properties deduced in Proposition 2 for the function Vt hold also for V 0
t , taking into account that B𝜏(T) = 0. The

Doob–Meyer decomposition of V 0
t allows us to write that

V 0
t = V 0

0 + ∫
t

0
dMV 0

r + ∫
t

0
AV 0

r dr

where MV 0

t is a square integrable t-martingale, AV 0

t is an increasing t-predictable process and AV 0

0 = 0. Again, a classical
representation of MV 0

t allows us to write

dMV 0

r = R0,1
r dM1

r + R0,2
r dM2

r + R0,3
r dM3

r ,

AV 0

r =
[

R0,1
r 𝜆

(1)
r + R0,2

r 𝜆
(2)
r + R0,3

r 𝛾r(1 − N3
r )
]
,

where R0,1
r , R0,2

r , and R0,3
r are measurable t-predictable processes such that

E

{
∫

t

0

[(
R0,1

r
)2
𝜆
(1)
r +

(
R0,2

r
)2
𝜆
(2)
r +

(
R0,3

r
)2
𝛾r(1 − N3

r )
]

dr
}

< +∞.

Finally, analogously to Theorem 1, the next results are provided.

Theorem 2. The process (V 0
t ,R0,1

t ,R0,2
t ,R0,3

t ) verifies the BSDE

V 0
t = 1 − ∫

T

t
dMV 0

r + ∫
T

t
ess inf

𝜃∈Θr
Q0

r (𝜃) dr

where, taking into account Equation (14), Q0
r (𝜃) =

∑
i=1,2,3

(
V 0

r + R0,i
r

)
K𝜃,i

r 𝜆
(i)
r .

Furthermore, V 0
t is the largest solution to Equation (15) and (R0,1

t ,R0,2
t ,R0,3

t ) is uniquely determined by the martingale
representation theorem.

Therefore, the indifference price, the price at which the agent is indifferent between optimizing the expected utility
without the contingent claim, or optimizing the expected utility including the payoff derivative BT(𝜏), at time T, with the
compensation pt, is implicitly given by the following equation

Vt(w + pt) = V 0
t (w). (17)

Vt(w) and V 0
t (w) are defined in Equations (11), (12), and (16), respectively, that is,

V 0
t (w) = ess sup

𝜃∈Θt

E

[
1 − exp

{
−𝛼

(
w + ∫

T

t
(1 − N3

r−)𝜃rdSr

)}|||𝜉t

]
= 1 − e−𝛼wV 0

t ,

and

Vt(w) = ess sup
𝜃∈Θt

E

[
1 − exp

{
−𝛼

(
w + ∫

T

t
(1 − N3

r−)𝜃rdSr − BT(𝜏)
)}|||𝜉t

]
= 1 − e−𝛼wVt.
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344 PASRICHA et al.

Thus, Equation (17) becomes

1 − e−𝛼(w+pt)Vt = 1 − e−𝛼wV 0
t ,

which leads to the following indifference price

pt =
1
𝛼

log Vt

V 0
t
.

4 UNIQUENESS RESULT: CONVERGING SEQUENCE

As already observed in the previous sections, the process Vt (or V 0
t ) is characterized as the “largest” solution of a BSDE.

Since this BSDE has a non-Lipschitz generator, the results of the uniqueness of solutions are not available (see Carbone
et al.26).

In order to prove a uniqueness result, in this section, we construct a non-increasing sequence {V k
t }k≥1 of

value-functions, where, for each k ≥ 1, V k
t is the unique solution to a BSDE with Lipschitz generator. Then, we prove that

V k
t converges to Vt.12,25 Until now, in the previous sections, we have not made any assumption on 𝛽, but now a technical

assumption is needed.

Assumption 3. The process 𝛽t is uniformly bounded, for any t ∈ [0,T].

Definition 3. For k ≥ 1, let Θk = {𝜃 ∈ Θ ∶ |𝜃uSu| ≤ k, ∀u ∈ [0,T], a.s.} and let Θk
t be the set of the strategies in Θk on

[t,T ∧ 𝜏].

Further, for each k ≥ 1, let V k
t be defined as

V k
t = ess inf

𝜃∈Θk
t

E

[
1 − exp

{
−𝛼(W𝜃

T∧𝜏 − W𝜃
t∧𝜏 − BT(𝜏))

} ||| 𝜉t

]
Remark 3. Let us note that Θk is a bounded set and that the argument of the expectation has finite mean value. This
implies that Lebesgue theorem applies and, consequently, there exists an optimal strategy 𝜃∗k ∈ Θk.12 As a consequence,
all the results of Proposition 2 hold for V k

t , which means that V k
t is a bounded and strictly positive process and, for a

vanishing strategy, it is a t-submartingale. Thus, its Doob–Meyer decomposition is given by

V k
t = V k

0 + ∫
t

0
dMV k

r + ∫
t

0
AV k

r dr,

with MV k

t square integrable t-martingale, AV k

t increasing t-predictable process such that AV k

0 = 0. Moreover, we have

dMV k

r =
∑

i=1,2,3
Ri,k

r dMi
r, AV k

r =
∑

i=1,2,3
Ri,k

r 𝜆
(i)
r ,

where R1,k
r , R2,k

r , and R3,k
r are measurable t-predictable processes such that

E

{
∫

t

0

∑
i=1,2,3

(
Ri,k

r

)2
𝜆
(i)
r dr

}
< +∞.

Proposition 3. The process (V k
t ,Rk

t ), with Rk
t = (R1,k

t ,R2,k
t ,R3,k

t ), is the unique positive cadlag -adapted solution of the
following BSDE with Lipschitz continuous generator

V k
t = E

[
e𝛼BT (𝜏)|||𝜉T

]
− ∫

T

t
dMV k

r + ∫
T

t
ess inf

𝜃∈Θk
r

Qk
r (𝜃) dr, (18)

where Qk
r (𝜃) =

∑
i=1,2,3

(
V k

r + Ri,k
r

)
K𝜃,i

r 𝜆
(i)
r and K𝜃

r (x) is defined in Equation (14).
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The proof of Proposition 3 is in Appendix.

Theorem 3. Under Assumption 3, Vt = limk→+∞ V k
t a.s., ∀ t ∈ [0,T].

The proof of Theorem 3 is in Appendix.
In Proposition 3, we prove that V k

t is the unique solution of the BSDE given in Equation (18), then Theorem 3 allows
us to have the require uniqueness result for the process Vt.

5 NUMERICAL ILLUSTRATIONS

In this section, the results of numerical experiments are presented to study the significance of mutually exciting jumps
in comparison to Poisson jump process. We consider a derivative with payoff

BT = (ST − K)+1𝜏≥T + w̃(S𝜏 − K)+1𝜏<T (19)

where 𝜏 denotes the default time, that is, the jump time of the process N3
t , w̃ denotes the recovery rate and K is the

strike price. Our aim is to price the vulnerable derivative with payoff given in Equation (19). For the calculation of the
indifference price of the derivative given in Equation (19), we have utilized the recursive backward scheme developed in
Tardelli,12 when the underlying asset St follows the dynamics given in Equation (8), with intensity of the jump processes
discussed in Equations (6) and (7). Before a meaningful discussion on the empirical significance of the Hawkes process
is carried out, it is important to validate the recursive scheme of Tardelli12 in the present framework. Furthermore, this
validation helps us to verify that the results developed in the previous sections are free from any algebraic errors and are
ready to implement. For this purpose, we compare the results obtained through applying the recursive scheme to the
results obtained through Monte Carlo simulations to calculate the following expectation

E(BT) = E
(
(ST − K)+1𝜏≥T + w̃(S𝜏 − K)+1𝜏<T

)
. (20)

In the following, unless otherwise stated, the values of the parameters (with changing one of the parameters in sensitivity
analysis)1 chosen to achieve our goals which mentioned above are listed as follows:

1. The initial intensities are chosen such that 𝜆(1)0 = 𝜆
(2)
0 = 1 and 𝜆

(3)
0 = 0.01,

2. the mean-reverting speeds are assumed to be 𝛿1 = 𝛿2 = 𝛿3 = 𝛿 = 2,
3. the jump-sizes in the intensities are 𝛼11 = 𝛼12 = 𝛼21 = 𝛼22 = 𝛼32 = 𝛼0 = 0.1
4. the recovery rate w̃ is assumed to be equal to 0.4,
5. the risk-aversion coefficient 𝛼 = 0.5,
6. the maturity time T = 1,
7. the initial price S0 = 100 and the strike price K = 95,
8. the positive and negative jumps in the asset price are 0.02 and −0.02 respectively, while the stock price is assumed to

jump to 0.6 ∗ S0 upon default, that is, 𝛽u = 𝛽 = −0.4.

To simulate the mutually exciting Hawkes process, we follow the simulation method developed in Ogata,36 where
the authors proposed a simulation method by distributing the accepted points to each dimension with probabilities
proportional to their intensities. Figure 1A presents the comparison of the indifference price obtained through the recur-
sive backward scheme and the expected value of Equation (20), obtained through Monte Carlo simulations. A total of
100,000 sample paths are generated for the experiments. From Figure 1A, note that the prices obtained through both the
approaches match up perfectly across all the maturity times, which validates the accuracy of the recursive scheme. This
further confirms that the results derived in this article are free from any algebraic errors.

With the confidence in our results and the recursive scheme, we now investigate the impact of introducing clus-
tering of jumps in the modeling framework on the derivative price. For this purpose, we present a comparison of the
derivative prices obtained in our modeling framework to the prices obtained the model with only self-exciting jumps

1These particular values of parameters are selected just for illustration purposes. These values are chosen keeping in mind the following stability
conditions for the Hawkes processes, (i) 0 < 𝛼11 + 𝛼12 < 𝜃1, 0 < 𝛼21 + 𝛼22 < 𝜃2, and 0 < 𝛼32 < 𝜃3; (ii) 𝜆(1)0 , 𝜆

(2)
0 , 𝜆

(3)
0 ≥ 0.
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F I G U R E 1 The comparison of our results with other alternatives. (A) with Monte Carlo; (B) with Poisson process

(i.e., 𝛼12 = 𝛼21 = 𝛼32 = 0), the model with Poisson jumps (i.e., 𝛼0 = 0) and the standard Black-Scholes diffusion model.
Note that for the illustration purposes, we have assumed that the jump sizes 𝛼ij are all equal to 𝛼0. Note that we have the
following expressions for expected number of jumps per unit time:

E(N1
t ) = 𝜆1t, E(N2

t ) = 𝜆2t, E(N3
t ) = 𝜆3t,

where

𝜆1 =
𝜆
(1)
0

1 − 𝛼11+𝛼12
𝛿1

, 𝜆2 =
𝜆
(2)
0

1 − 𝛼21+𝛼22
𝛿1

, 𝜆3 =
𝜆
(3)
0

1 − 𝛼32

𝛿3

For comparison to other models, we require a consistency of the expected number of jumps in unit time, we choose the
intensities of the jump processes as follows:

• For self-exciting jumps model, we have the following intensities for i = 1, 2,

𝜆
(i)
SE,t = 𝜆

(i)
SE,0 + ∫

t

0
𝛼SE

i e−𝛿SE
i (t−u)dNi

SE,u. (21)

and

𝜆
(3)
SE,t = 𝜆

(3)
SE,0. (22)

For self-exciting model, we have

E
(

N1
SE,t

)
=

𝜆
(1)
SE,0t

1 − 𝛼SE
1
𝛿SE

1

, E
(

N2
SE,t

)
=

𝜆
(2)
SE,0t

1 − 𝛼SE
2
𝛿SE

2

, E
(

N3
SE,t

)
= 𝜆

(3)
SE,0t.

Therefore, we select the parameters 𝛼SE
i , 𝛿SE

i , i = 1, 2 and 𝜆
(i)
SE,0, i = 1, 2, 3 such that

E
(

N1
SE,t

)
= E

(
N1

t
)
, E

(
N2

SE,t
)
= E

(
N2

t
)
, E

(
N3

SE,t
)
= E

(
N3

t
)
,
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PASRICHA et al. 347

which further results into the following choice

𝛿SE
1 = 𝛿1, 𝛿

SE
2 = 𝛿2, 𝛼SE

1 = 𝛼11 + 𝛼12, 𝛼SE
2 = 𝛼21 + 𝛼22, 𝜆

(3)
SE,0 =

𝜆
(3)
0

1 − 𝛼32

𝛿3

.

• For Poisson jumps model, we have the constant intensities for each of the three jump-processes Ni
PP,t, i = 1, 2, 3 and

are selected such that

E
(

N1
PP,t

)
= E

(
N1

t
)
, E

(
N2

PP,t
)
= E

(
N2

t
)
, E

(
N3

PP,t
)
= E

(
N3

t
)
,

which results into the following intensities

𝜆1,PP = 𝜆1, 𝜆
2,PP = 𝜆2, 𝜆3,PP = 𝜆3.

Finally, we also compare our proposed model with the standard Black-Scholes (BS) model given by

dSt = 𝜎StdWt, (∵ r = 0).

For consistency, we select 𝜎 such that EQ(ln(St)) is same for Black-Scholes model and our model for any time t ∈ [0,T].
For our model, we have

EQ(ln(St)) = 𝜂1𝜆1t − 𝜂2𝜆2t + 𝜂3𝜆3t,

and for BS model, we have EQ(ln(St)) = − 1
2
𝜎2t which implies the following choice 𝜎2 = −2(𝜂1𝜆1 − 𝜂2𝜆2 + 𝜂3𝜆3).

The results are presented in Figure 1B for different maturity times. First, among the four models, it can be found that
the inclusion of jumps significantly impact the derivative price, which is revealed by the comparison of Black-Scholes
price with the price obtained through jump models. Second, these prices under the four models are almost parallel to each
other under the chosen set of parameters. Finally, the model with mutually exciting jumps leads to the highest derivative
price. The contribution of clustering of jumps is revealed by comparing the results with self-exciting and Poisson jumps
model. Not surprisingly, one can observe that the idea to include clustering of jumps has a significant impact on the
price of the derivative, an observation that is also reported in the literature for derivative pricing Liu and Zhu14 and
Pasricha and Goel.15 The inclusion of self-exciting jumps increases the price which is further increased if we also take
into account the mutually-exciting jumps. Besides, the difference in the prices become more and more pronounced as the
risk horizon increases, which leads to the conclusion that the effects of jump clustering become more significant at longer
time horizon in comparison to shorter time horizon. Thus, the inclusion of the mutually exciting jumps can contribute
to a large difference in the derivative prices, and thus it is useful to incorporate them to form a more accurate model.

Recall that for a Hawkes process, the clustering of jumps increases with increase in the value of the jump size 𝛼0 and
initial intensity 𝜆0, while it decreases with increase in the value of the mean reversion speed 𝛿. Further, from Figure 1B,
we observed that clustering has a significant impact, more specifically an increasing effect, on the derivative price. It
is therefore interesting to observe how each of these parameters that governs the clustering phenomenon impacts the
derivative price. For these purposes, we present the sensitivity of the prices with respect to the parameters governing the
clustering phenomenon, namely mean-reverting rate 𝛿i, initial intensity 𝜆

(i)
0 and 𝛼ij, in Figures 2 and 3.

As we know that the sensitivity analyses are based on varying one of the parameters while other parameters are kept
unchanged from the original values assigned to them at the beginning of this section. Therefore, the range of the parameter
being analyzed should be varied in an acceptable interval such that the processes are well defined. More specifically,
𝜆
(i)
0 ≥ 0 should be non-negative and we choose the interval such that it covers the long-term means, that is, 𝜆

(1)
0

1− 𝛼11+𝛼12
𝜃1

=

1.11, 𝜆
(2)
0

1− 𝛼21+𝛼22
𝜃2

= 1.11 and 𝜆
(3)
0

1− 𝛼32
𝜃3

= 0.0105. Similarly, the intervals of 𝛿i and 𝛼ij are selected such that the following stability

condition for each of the Hawkes processes holds true 0 < 𝛼11 + 𝛼12 < 𝜃1, 0 < 𝛼21 + 𝛼22 < 𝜃2 and 0 < 𝛼32 < 𝜃3.
Figure 2A, allows us to observe that the price of derivative decreases with increase in the value of 𝛿, which means

that a decrease in the jump-clustering effect decreases the price, although the impact is almost linear. This observation is
further confirmed by Figures 2B and 3C,D. In Figure 2B, assuming first that 𝛼ij = 𝛼0, the sensitivity analysis with respect
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F I G U R E 2 Sensitivity of prices with respect to parameters governing jump clustering namely 𝛿 the mean reverting rate and the size of
jumps in the intensity 𝛼0. (A) Against 𝛿; (B) against 𝛼0

to 𝛼0 was performed. Then, the prices against the self-exciting jump size 𝛼11 and against the mutually exciting jump-size
𝛼12 is plotted to understand the role of each 𝛼ij individually, and, because of the symmetry, the results for 𝛼21 and 𝛼22 are
the same. By the observations of the figures, we get that the price increases with increasing values of 𝛼ij, that is, with
increasing values of jump clustering, which is as we expected. Finally, we present the results against the initial intensities
of the Hawkes processes, that is, 𝜆(1)0 and 𝜆

(3)
0 . Similar conclusions can be drawn for 𝜆(2)0 , due to symmetry with 𝜆

(1)
0 and

keeping in view that it induces negative jumps in the prices. Note that the prices increases against 𝜆(1)0 while it decreases
against 𝜆(3)0 . The reason is that a higher value of 𝜆(1)0 implies a higher probability of having more number of positive
jumps in the price of underlying asset, consequently, higher price of the derivative. On the other hand, if the value of 𝜆(3)0
increases, this implies a higher probability of having a jump in N3

t and a higher probability of default. Thus, the price will
be lowers because no one would pay higher premium if he/she knows that there are higher chances of default in future.
Thereby, the jump clustering has a significant impact on the price. This means that, not only the self exciting processes
but also those of mutual exciting should be taken into account.

6 CONCLUSIONS AND FUTURE WORKS

In a complete friction-less market, as well known, the risks can be hedged and a unique price can be obtained. While in
an incomplete market, the risks cannot be hedged away completely, and, therefore, a range of prices is obtained. In order
to get a particular price for the contingent claim, some assumptions about the risk preferences of the trader have to be
formulate. The utility-indifference pricing method allows us to derive such a particular price.

In this article, a pure jump model for a defaultable asset is introduced, but taking into account the mutually exciting
effects of the market. Thus, the jump process follows a mutually exciting Hawkes process. A discussion on the problem of
hedging a defaultable claim written on this asset is presented. The key idea is first to prove the Markov property and then
to maximize the expected value of an exponential utility, and to adopt a dynamic programming approach, to characterize
the value function as largest solution of a suitable BSDE. Finally, the results of some numerical experiments are presented
and investigated to illustrate the significance of mutually exciting jumps and the applicability of our proposed model.

It would be interesting to study the impact of adopting a mutually-exciting Hawkes process on indifference price
through experiments on the real data. We plan to implement that in future. Further, taking into account that the study
of the complexity of the financial models and all financial relationships requires deep mathematical approaches, such
as stochastic differential equations, an interesting open problem is to investigate the stochastic stability of the model
proposed in this article. More specifically, this means studying asymptotic stability in various sense, for example, stability

 15264025, 2022, 2, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/asm

b.2663 by IN
D

IA
N

 IN
ST

IT
U

T
E

 O
F T

E
C

H
N

O
L

O
G

Y
 (N

O
N

 -E
A

L
), W

iley O
nline L

ibrary on [11/03/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



PASRICHA et al. 349

0 0.5 1 1.5 2

0

(1)

1

1.5

2

2.5

3

3.5

4

4.5

5
P

ri
c
e

(A)

0 0.05 0.1 0.15 0.2 0.25

0

(3)

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

P
ri
c
e

(B)

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

1,1

4

4.1

4.2

4.3

4.4

4.5

4.6

4.7

P
ri
c
e

(C)

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

1,2

4

4.1

4.2

4.3

4.4

4.5

4.6

P
ri
c
e

(D)

F I G U R E 3 Sensitivity of prices with respect to 𝜆
(1)
0 , 𝜆(3)0 , 𝛼11, and 𝛼12. (A) Against 𝜆(1)0 ; (B) against 𝜆(3)0 ; (C) against 𝛼11; (D) against 𝛼12

in mean, asymptotic mean-square stability, asymptotic stability almost surely and exponential p-stability. Furthermore,
an interesting task could be to investigate stability for vector of stochastic differential delay equations with jumps and
Markov switchings for financial models when the underlying dynamics are driven by Hawkes processes (see Swishchuk
and Kazmerchuk37 and Swishchuk et al.38 for similar studies based on Poisson jumps).
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APPENDIX

Proof. Proof of Proposition 1.
The process 𝜉 = (𝜆(1),N1, 𝜆(2),N2, 𝜆(3),N3) has right-continuous paths of finite variation. Hence,

f (𝜉t) − f (𝜉0) = ∫
t

0

3∑
i=1

𝛿i(𝜆(i)s − ai)f𝜆(i) (𝜉s) ds +
∑

0<s≤t

[
f (𝜉s) − f (𝜉s−)

]
.

The last sum describes the jumps of 𝜉 and it can be rewritten as∑
i=1,2

∫
t

0
(i)

s−f
(

dMi
s + 𝜆

(i)
s ds

)
+ ∫

t

0
(3)

s− f
(

dM3
s + (1 − N3

s−)𝜆
(3)
s ds

)
.

The integrability condition on the predictable integrand guarantees that the quantity
∑

i=1,2,3 ∫ .

0(i)
s−fdMi

s is a martingale
(theorem 8, chapter II of Bremaud32). As a conclusion, we get that f (𝜉) = f (𝜆(1),N1, 𝜆(2),N2, 𝜆(3),N3) is a semi-martingale
having a unique decomposition given by a sum of a predictable process with finite variation and a martingale as follows:

f (𝜉t) − f (𝜉0) = ∫
t

0
f (𝜉s) ds +

∑
i=1,2,3

∫
t

0
(i)

s−fdMi
s.

Since
∑

i=1,2,3 ∫ .

0(i)
s−fdMi

s is a martingale, so is the process defined by

f (𝜉t) − f (𝜉0) − ∫
t

0
f (𝜉s) ds

which results to Equation (3). ▪

Proof. Proof of Theorem 1.
Setting C𝜃

t ∶= e−𝛼(W𝜃
t∧𝜏−w0), Itô formula provides

C𝜃
t = 1 +

∑
i=1,2,3

{
∫

t

0
C𝜃

r−K𝜃,i
r dMi

r + ∫
t

0
C𝜃

r K𝜃,i
r 𝜆

(i)
r dr

}
.

Taking into account that

∫
t

0
C𝜃

s− dVs =
∑

i=1,2,3

{
∫

t

0
C𝜃

s−Ri
s dMi

s + ∫
t

0
C𝜃

s Ri
s𝜆

(i)
s ds

}
,

∫
t

0
Vs− dC𝜃

s =
∑

i=1,2,3

{
∫

t

0
Vs−C𝜃

s−K𝜃,i
s dMi

s + ∫
t

0
VsC𝜃

s K𝜃,i
s 𝜆

(i)
s ds

}
,

[
C𝜃,V

]
t =

∑
i=1,2,3

[
∫

t

0
C𝜃

s−K𝜃,i
s Ri

s dMi
s + ∫

t

0
C𝜃

s K𝜃,i
s Ri

s𝜆
(i)
s ds

]
.
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For the product formula with Vt, by Equation (13) and since C𝜃
0V0 = 1 ⋅ V0 = V0, we have

C𝜃
t Vt = C𝜃

0 V0 + ∫
t

0
C𝜃

s− dVs + ∫
t

0
Vs− dC𝜃

s + [C𝜃,V]t

= V0 +
∑

i=1,2,3
∫

t

0
C𝜃

s−

[
Ri

s + (Vs− + Ri
s)K𝜃,i

s

]
dMi

s + ∫
t

0
C𝜃

s
[
Qs(𝜃) + AV

s
]

ds.

Since C𝜃
t Vt = Vte−𝛼(W

𝜃
t∧𝜏−w0) is a t-submartingale, the bounded variation term has to be increasing for any strategy and it

has to vanish for the optimal strategy, which implies that

AV
s = −ess inf

𝜃∈Θs
Qs(𝜃),

where the existence of the optimal strategy is guaranteed by theorem 2.2 given in Schachermayer.39 Finally, the last
assertion is a consequence of Proposition 2 by observing that

Vt = VT − ∫
T

t
dMV

r − ∫
T

t
AV

r dr.
▪

Proof. Proof of Proposition 3.
By Remark 3, following the same line of Theorem 1, the process (V k

t ,Rk
t ) is solution of Equation (18). To get the

uniqueness of the solution of BSDE given in Equation (18), for r = (r1, r2, r3), let

f (t, v, r) ∶= ess inf
𝜃∈Θk

t

∑
i=1,2,3

(v + ri)K𝜃,i
t 𝜆

(i)
t .

Note that Θk is bounded set and the coefficients 𝜆(1), 𝜆(2), 𝛾 , and K𝜃
t are bounded by Assumption 3. This implies that

f (t, v, r) is an infimum of linear terms with respect to v and r, with uniformly bounded coefficients. In other words, f is a
Lipschitz function with respect to v and r. Thus, the uniqueness follows using the results of Carbone et al.26 ▪

Proof. Proof of Theorem 3.
The proof of Theorem 3 follows from the next proposition. ▪

Proposition 4. For t ∈ [0,T]

(i) There exists a cadlag -submartingale V t, such that

lim
k→+∞

V k
t = V t ≥ Vt a.s.

(ii) For each 𝜃 ∈ Θ, where Θ is the set of the essentially bounded admissible strategies, e−𝛼(W𝜃
t∧𝜏−w0)V t is a -submartingale.

(iii) For each t ∈ [0,T], then Vt ≥ V t a.s.

The proof of Proposition 4 can be achieved working on similar lines to the results presented in Tardelli.12
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