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ABSTRACT ARTICLE HISTORY

This article deals with batch arrival single server queue with random Received 14 May 2019
vacation policy, in which the server takes the maximum number of  Accepted 6 February 2020
random vacations till it finds some customers waiting in a queue at
a vacation completion epoch. If no arrival occurs after completing
maximum number gf random vacatiops, the.server stays QOrmant in vacation policy; embedded
the system and waits for the upcoming arrival. Here, it is assumed Markov chain: Markov
that the customer's arrival in batches conforms to compound regenerative process; cost
Poisson process, although service time and vacation time are gener- optimal policy

ally distributed. Explicit expressions are obtained for steady state

queue size distribution at service completion point and steady state MATHEMATICS SUBJECT
system size probabilities. Some significant measures such as a mean  CLASSIFICATION (2000)
number of batches served during the busy period, Laplace-Stieltjes 60K25; 90B22; 60K20
transform of waiting time, unfinished work and its corresponding

mean values are also obtained. A cost optimal policy is developed in

terms of the average cost function to determine a locally optimal

random vacation policy at a lower cost. Finally, various numerical

results are presented for the above system performance measures.

KEYWORDS
M¥/G/1 queue; random

1. Introduction

Queueing models with server vacations have been effectively studied by many research-
ers in the last few decades and successfully applied in the various problems such as
computer communication networks, modern telecommunication systems, production,
manufacturing systems, etc. An excellent survey on the vacation queueing models have
been documented in Doshi (1986, 1990), Takagi (1991), Tian and Zhang (2006) and
others. There are two basic vacation queueing models namely, multiple vacation queue-
ing model and single vacation queueing model. In multiple vacation queueing models,
the server keeps on taking consecutive vacations until it finds some customers waiting
in a queue at a vacation completion epoch. However, in single vacation queueing mod-
els, the server takes exactly one vacation between two consecutive busy periods. These
two types of vacation models were first introduced by Levy and Yechiali (1975).

Batch arrival in a queueing systems is common as well as important in many practical
situations for an effective and efficient utilization of resources. Baba (1996) was first to
study the batch arrival queueing system with multiple vacation policy. He discussed the
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queue size distribution, waiting time distribution and busy period distribution for an
MX/G/1 queueing system with multiple vacations using the well known supplementary
variable technique. Later, Bratiichuk (2000) derived the probability generating function
(PGF) of a number of customers served during a busy period, the exact formula for a busy
period and queue size distribution of an M*/G/1 type queueing system but with a finite
buffer capacity. Choudhury (2002a) studied a batch arrival queueing system with single
vacation policy and obtained an explicit expression for steady state queue size distribution
at different points in time, as well as steady state distributions of the busy period and unfin-
ished work. Ke, Huang, and Chu (2010) investigated batch arrival queue with N-policy and
atmost ] vacations. If the system is empty by the end of J* vacation, the server remains idle
in the system until the number of arrivals in the queue reaches N. Kempa (2011, 2014) also
investigated these types of batch arrival queueing systems with both multiple and single
vacation policies. In the same paper, the departure process in transient state and Laplace
transform of the queue size distribution are also obtained.

In this paper, we consider an M*/G/1 queueing system with random vacation policy
(RVP). When the server finishes the service of all customers in the arriving batches and
the system becomes empty, the server leaves for a vacation. The server is allowed to
take a maximum number, denoted by Y, successive vacations if the system remains
empty after the end of a vacation. After completing Y successive vacations if the system
is still empty, the server becomes dormant in the system and waits for the upcoming
arrival. The maximum number of Y vacations taken by the server is a discrete random
variable (r.v) with probability mass function (PMF) P{Y =j} =y;; j=1,2,....

There have been several models evolved in recent years for the vacation queueing sys-
tems with a dormant period. The notion of a dormant period was first introduced by
Heyman (1968), where he assumed that the dormant period is a period in which the
server is waiting for some customers. Later, Choudhury (2002a) studied the dormant
period, which arises between vacation period and busy period. Moreover, Ke, Huang,
and Pearn (2010) investigated such a vacation queueing system with dormant period
and its application in production and inventory systems.

The optimal control policy has received a great interest in recent years in the vacation
queueing systems. The first study of vacation queueing systems with control policy was
done by Kella (1989). The variations and expansions of these vacation queueing systems
with control policy can be referred to Lee and Srinivasan (1989), Lee et al. (1994, 1995),
Zhang, Vickson, and van Eenige (1997), Tadj and Choudhury (2005) and others.
Further, Ke (2007) analyzed the operating characteristic of an M*/G/1 system with
multiple variant vacation policy and balking. In the same paper, it is presumed that the
server takes at most Y number of vacations repeatedly until it finds some customers at
a vacation completion epoch and obtained the steady state system size probabilities and
steady state queue size distribution at departure point using the well known supplemen-
tary variable technique. Recently, Yang, Chang, and Ke (2016) discussed an optimal
control policy of an unreliable retrial M*/G/1 system with general repeated attempts
and ] optional multiple vacations. In this queueing system, when the unreliable server
becomes empty, it leaves for the first essential vacation, after which it may either
remains idle within the system or take one of ] optional vacations. It is also presumed
that when the server is busy, it is subject to random breakdowns and repair.
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Many researchers have generalized multiple and single vacation queueing model due
to its numerous applications in production management, computer communication net-
works, telecommunication systems, etc. Takagi (1991) and Leung (1992) considered
such a model in which they introduced the notion of RVP (a generalization of multiple
and single vacation), where the server takes at most Y number of random vacations
repeatedly until it finds some customers at a vacation completion epoch. If no arrival
occurs by the end of the vacation the server becomes idle. Choudhury (2002b) general-
ized this model for a batch arrival queueing system as a modification of multiple and
single vacation model. Later, Ke, Wu, and Zhang (2010) have made an extensive investi-
gation of RVP queueing systems. However, a further generalization of such a model is
also possible by considering Y as a random variable instead of a fixed number (i.e., the
maximum number of vacations). Yang, Hou, and Wu (2018) discussed a discrete-time
Geo/Geo/1 queueing system with multiple working vacations (a generalization of mul-
tiple vacations). In the same paper, it is presumed that when the system becomes empty,
the server enters into a working vacation i.e., during a working vacation the arriving
customers are served by a lower service rate. They also investigated customers equilib-
rium strategies for joining or balking. Later, Jeyakumar and Senthilnathan (2017) also
studied such type of multiple working vacations but with an unreliable M*/G/1 queue-
ing system. They obtained the PGF the system size distribution at a random epoch as
well as other completion epoch. More recently, Ke, Chang, and Liu (2019) discussed an
M/M/C balking retrial queueing system with both single and multiple vacation policy.
In the same paper, some useful formula and various system performance measures are
also obtained.

In the literature, the steady state performance measures are studied for various
exhaustive service queueing systems with a random vacation policy which focuses on
the maximum number of random vacations Y, which is a fixed number. However, no
work has been done in a queueing model taking into account batch arrival and random
vacation policy together. Thus, in this paper, we propose to investigate an M*/G/1
queueing system with random vacation policy.

This type of model has a potential application in the IEEE 802.16e standard, which
supports the mobility of a mobile station (MS) by involving Sleep/Awake period
(mode) operational sequence to save the battery power of MS. Here, sleep period is
modeled as random vacation period (contains maximum Y number of random vaca-
tions), warm-up period is modeled as dormant period and awake period is modeled as
busy period. The detailed justification of the proposed model with application is illus-
trated in section 2 and in numerical section 8, we have shown some examples of
IEEE802.16e standard. This motivates us to study such a model in the form of random
vacation policy in this paper. Hence, in this paper, we proposed to investigate such a
type of MX/G/1 queueing system with random vacation policy.

The rest of the paper is arranged as follows: The practical implementation of the
queueing model under consideration is presented in Section 2. In Section 3, the math-
ematical model is described. In Section 4, the queue size distribution at service comple-
tion epoch and steady state system size probabilities using embedded Markov chain
(EMC) and Markov regenerative process (MRGP) are derived. Some other essential sys-
tem performance measures of this model are obtained in Section 5. Some important
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particular case of this model is demonstrated in Section 6. Section 7 display the cost
optimal policy of the proposed model along with average cost function. Finally, in
Section 8, some important numerical results are presented followed by concluding
remarks in Section 9.

2. Practical implementation of the proposed model

In an IEEE802.16e system, power handling is a significant component of mobility sup-
port of a mobile station (MS) by involving Sleep/Awake period (mode) operational
sequence, see Seo et al. (2004). Sleep period is a state in which MS chooses a period of
absence from the serving base station (BS). Before starting the sleep period, an MS in
the awake period sends a signal to a being served BS and waits for BS’s approval. After
receiving the positive approval (i.e., there is no data to be sent to MS), it begins a sleep
period. The sleep period consist of many sleep intervals. The sleep intervals are denoted
by SI which is considered to be a generic random variable. After the end of every sleep
interval, it wakes up and inspects whether there are any frames or packets for it or not.
This task is carried out in the ON interval and is denoted by T,p- Here, we are assum-
ing T,, to be a constant. Any arrival during sleep interval can only be notified in the
following ON interval. Here, the initial sleep interval starts with an ON interval. If no
arrival occurs at the end of a sleep interval, it will continue for an upper bound on a
number of sleep intervals, whereas if any packet arrived to MS during the ON interval
(i.e., after the sleep interval), it starts awake period, otherwise it goes for the last ON
interval. The last ON interval is included in the warm-up period and is denoted by T,
(in practice, T,, = Ty1) (see Seo et al. (2004) and Alouf, Altman, and Azad (2008)).
Warm-up period is a period where the MS waits for the arrivals after completing a
maximum number of sleep.

Now, we define two regeneration cycle namely, Type 1cycle and Type 2cycle. The
regeneration cycle is defined as the elapsed time from the epoch in which a random
vacation period is enabled, until the epoch where the next random vacation period is
about to begin. Figures 1 and 2 show the period (mode) of an M*/G/1 system with
random vacation policy to the feasible operational mode of an MS during type 1 cycle
and type 2 cycle respectively.

Type 1cycle is defined as the elapsed time from the epoch in which a random vac-
ation period is enabled, until the epoch where the next random vacation period is about
to begin i.e., till busy period ends. Therefore in type 1 cycle, if any arrival occurs during
the random vacation period (i.e., sleep period), the server starts service immediately at
that random vacation completion epoch i.e., busy period starts and as the busy period
ends, again random vacation period starts.

Similarly, type 2 cycle is defined as the elapsed time from the epoch in which a ran-
dom vacation period is enabled, until the epoch where the next random vacation period
is about to begin i.e., till busy period ends. After random vacation period, dormant
period (warm-up period) starts and after the dormant period, busy period starts. After
the end of busy period, again random vacation period is about to begin. Therefore in
type 2 cycle, if no arrival occurs during a random vacation period, the server stays dor-
mant (warm-up) in the system and if any batch arrival occurs during this dormant
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Figure 2. Mapping the M¥/G/1 system with random vacation policy to the mobile station oper-
ational mode during type 2 cycle.

period, it immediately starts service at that dormant period completion epoch i.e., busy
period starts. After the end of busy period the next random vacation period starts.

Seo et al. (2004) proposed an M/G/1 queueing system with multiple vacations to
evaluate the dropping probability, average waiting time and average delay of the packets
in a BS’s buffer. Park and Hwang (2007) suggested an M/G/1/k finite buffer queueing
system with multiple vacations to analyze the sleep-period operation of a standard IEEE
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802.16¢ system. Moreover, Azad et al. (2009, 2011) formulate an optimization problem
for an M*/G/1 queueing system with different vacation policies to analyze the sleep
period in an IEEE 802.16e system. Here, we propose to study an M*/G/1 queueing sys-
tem with a random vacation policy, where each ON and sleep interval (except the first
sleep) is modeled as random vacation period and warm-up period is modeled as dor-
mant period, i.e.,

Random vacation period (1 random vacation)= Sleep interval (Sleep 1)(SI)

Random vacation period (Contains a maximum Y number of random vacations) =
ON interval (T,,) + Sleep interval (maximum Y number of sleep intervals)
(S, Y =2,3,....

Dormant period = Warm-up period (T,).

The batch arrival process conforms to compound Poisson process and the delivering
period of packets is generally (non exponentially) distributed. The Poisson process with
batch arrival can be a practical abstraction of video traffic. Any new batch arrival during
the random vacation period brings back the MS into the normal service period. These char-
acteristics of the random vacation period in a random vacation policy model can reduce
holding time of an arriving packet, which appears at a future stage of the sleep period.

3. Model description

In this section, we consider an MX/G/1 queue with random vacation policy, where the
server takes a maximum number of Y random vacations until the server finds a batch
of minimum one packet or customer in the queue. The detailed description of the
model, based on the information given in section 2, is stated below:

Customers arrive in batches with rate 2 > 0 conforming to a compound Poisson pro-
cess. Let X be the batch size r.v and X;,X,, ..., are corresponding batch sizes of arriving
customers which are independently and identically distributed (ii.d.) random variables
(r.vs), with probability mass function (PMF)

P{X, =k} = bok=1,2,..

probability generating function (PGF), Px(z) =Y ;°,2fby and finite moments
E(X");r =1,2,.... Here, the first moment E(X) is the mean batch size. Let us consider

po® — P[X; + X, + ... + Xx = n] is the k-fold convolution of {b,} with itself and po©
is defined to be 1.

The service time provided by a single server is an i.i.d. r.v S with cumulative distribution
function (CDF) Fs(x), probability density function (PDF) fs(x), Laplace Stieltjes transform
(LST) S$*(0) = E(e%) and finite moments E(S");r = 1,2, .... Here, the first moment E(S)
is the average length of service time S. Once the server finishes the service of all customers
in the arriving batches, i.e., at the end of each service period, the server enters into a vac-
ation period of random duration ¥ (say). The duration of vacation period ¥ is i.i.d. r.v with
CDF Fy(x), the corresponding PDF fy(x), LST 9*(0) = E(e~?"’) and finite moments
E(W");r =1,2,.... On return from the initial vacation if the server finds no batch waiting
in the queue it goes for the second vacation. This procedure will be continued until either
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the server finds a batch of minimum one customer at a vacation completion epoch or it has
taken a maximum Y number of random vacations (random vacation period). In case of
arrivals occurred during a random vacation, the server resumes service immediately at that
random vacation completion epoch, which is shown in Figure 1. In case of no arrival
occurred during a random vacation period, the server stays dormant in the system and
waits to serve the first batch arrival, which is shown in Figure 2. Y is presumed to be a dis-
crete r.v instead of a fixed integer, such that

P{Y=j}=y;j=12,..

and Py(z) = E(zY), its corresponding PGF. Moreover, the system remains idle during a
random vacation period and a dormant period, i.e., in case of Figure 1, random vac-
ation period is an idle period and in case of Figure 2, random vacation period and a
dormant period together constitute an idle period.

Now, if we define wy and g, as the probabilities that k individual batches arrive dur-
ing the service time S and random vacation time ¥ respectively, then for k = 1,2, ..., we

have w; = OOO e [uki,)k} dFs(x) and g, = ODO e [(%)k} dFy(x). Here, 9, = ¥"(A) is the
probability that no individual batch arrives during a random vacation time 4.

If we consider two events namely,

y = No batch arrives during the random vacation periodand

¢ = At least one batch arrives during the random vacation period,then, the probabil-

ity of event y and ¢ will be
P(y) = 32,5, (0" (4)"yn = Py(97(4)) and P(¢) = 1 — Py(d"(4)).

Further, it is presumed that batch arrival process, service time r.v, vacation time r.v
and discrete r.v Y are all mutually independent. It is essential to note that here we con-
sider the concept of a warm-up period in an IEEE802.16e system, which refers to the
time that is necessary for the server to waits for the first batch arrival after completing
a random vacation period and this warm-up period is modeled as a dormant period in
the underlying queueing system.

4. Model analysis
4.1. Queue size distribution at service completion epoch

In this subsection, we derive the PGF of queue size distribution at service completion
epoch. Let t,, denote the service completion epoch of m™ batch. Then the sequence E,, =
Z(t),) (where Z(t,,) represents the total number of customers in the arriving batches to the
system at time epoch t,,) construct a discrete time Markov chain (DTMC), which is an
embedded Markov chain in the underlying queueing system. The sequence {&,,,m > 0} is
a homogeneous Markov chain and it is because of the transition

En— 14+ Ly while E,, > 0
Aerl + Lm+1 — 1 while Em =0
where L,, is the number of batches arrived during the service time of m™ batch and A,

is the number of batches arrived either during the m” random vacation period or dor-
mant period.
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Clearly, the transition probability matrix K(co) = (Py,) readily seen to be a so called
A, matrix, which is a special case of A, , matrix (see Abolnikov and Dukhovny
(1991)), which is of the form

Pyy Por  Poy
Py Pu P
Kioe) = (Pu) = | 710 P07
1 P
0 0 Py

where Py, = P{E, 1 = n/E,, = h} is the transition probability associated with the
Markov Chain {E,,,m =0,1,...}.

It is clear that {E,,m = 0,1, ...} is an irreducible and aperiodic discrete time Markov
chain. Therefore, the one-step transition probabilities of Z,, are given by

c

ntl b“(k)gk
> —Py(ﬁ*(i))}%wyw*u))b[ Lies1 if h=0,n=0,1,..,
Ph,n = =1 % (1)
Linit if n=h—Lhh+1,.,h>1,
0 if h>1,n=0,1,...h—2

where I, = > Ob@ o= [ Ykoe e L k, b‘c’ dFs( );n =0,1,2, ... is the probability
that several batches with total of n customers arrive during a service time S.

Now, it is presumed that the Markov chain {&,,,m = 0,1, ...} is positive recurrent to
ensure that the following limiting probabilities

n, = lim P[E, =n,n=0,1,...
m—00

exist. Using Equation (1), we can write the steady state equation as

n+1 Z bd n+1
Ty = T, Z {1 — Py (9%(2 }klig) + Py (0" (A)be | L1 + chl,,,Hl, n=0,1,...
c=1 0 c=1

(2)
Now, the probability generating functions for |z| < 1 is defined as
Pr(z) =3 0, 2",, and Pr(z) = > 02 2" 7y

Clearly, P;(z) can be written as
_ N n - b@(k) > —Ax (Ax)k dF
_ngzoz E o e s(x)

_ZJ i 2"bO W dFg(x) + J e "*dFs(x)

k=170 n=1 0

00

o0 {o.¢] k
_ J eix%(PX(z))des(x)—FJ e dFs(x),

0

:J e dFg(x) e — 1] —l—J e " dFs(x)
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Also, 4P (z)|,_, = AE(X)E(S) is the average number of batch arrivals during the ser-
vice time.

Now, multiplying Equation (2) by z” and then taking summation over n = 0, 1, ..., we get
" (Pv(z) —0"(4)) | Py(V"(4))Px(z
Pul) = - {o-moo B A e e
e (P(2) ~2)
3)

where Py(z) =3 002" >, bW o, = 9 (A(1 — Px(2))) and 9*(2) is defined on page 5.
Clearly, £ Py(z)|,_, = AE(X)E(¥) is the average number of batch arrivals during the

random vacation time.

Now, applying the normalizing condition Pr(1) = 1, we obtain

(1 = AEQOE(9))(1 = 0"(2))(1 = Py(9"(2))) "

g =
(1—-9"(4 ))Py(ﬂ*(i))} (4)
E(X)|AE(9) +
o0 e+ CSE LN
Utilizing Equation (4) in (3), we obtain
B s 1 [ (Pv(z) —9"(4)) | Py(9"(4))Px(2)
el Al (e 3 i W a7

Pr[(Z) =

1 —9(4))Py (9" (4
E(X) {w(&) L= (PY)E by ((m( ))} (Puz) - 2)
(5)
which is the PGF of queue size distribution at service completion epoch.

Let E(IT) be the mean queue size at service completion epoch, then by differentiating
Equation (5) both sides with respect to z and then taking limit z — 1, we obtain
2JE(X)E(S) — (AE(X))*(2(E(S))* — E(S?)) + AE(X*)E(S)

2(1 — ZE(X)E(S))
(ZE(X))*E(9%) + Py (97 (2))(1 — 97(1))E(X?) + E(X?)2E(9) (6)

2E(X) 2E(X)+(1 1_(})32;’ (()13*)( )

E(IT) =

Remark 1. It can be observed from Equation (4) that AE(X)E(S) < 1, which is a neces-
sary and sufficient condition for the stable solution of the model. It is basically the sta-
bility condition of the model. Since AE(X)E(S) <1, therefore the equation
P;(z) —z = 0 never vanishes inside the region |z| < 1, which can be proved by using
Rouche’s Theorem (see Takacs (1962)).

4.2. Steady state system size probabilities

To obtain an explicit expression for steady state system size probabilities, we follow the
method of Markov regenerative process, which gives much quicker result than the more
popular method of supplementary variables techniques.

Let h € {0, 1, ...} denote the total number of customers in the arriving batches to the sys-
tem (including the one being served if any) and s € {0, 1,2} indicate whether the system is
in random vacation period (which consists of maximum Y number of random vacations)
or dormant period or busy period at time t. Thus, the state of the system can be described
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Figure 3. State transition diagram for MX/G/1 system with random vacation policy.

by a 2-tuple or ordered pair (h,s) € {0,1,...} x {0,1,2} = Q. Consider the system state
process {U(t),t > 0}, where U(f) denote the total number of customers in the arriving
batches to the system at time . The process {U(t), t> 0} is not a continuous time Markov
chain (CTMC) since the sojourn time in each state is not exponentially distributed.
Moreover, U(t) is not even a semi-Markov process since between two completion epochs
(i.e., between two sequential regeneration epochs) system state can change due to batch
arrivals in random vacation period or dormant period or service completion. Define
{tss»n =0,1,...} as the sequence of epochs in which either service is terminated or random
vacation is terminated or dormant period is terminated and let {,, € Q be the state of the
system at these epochs. Here, the elements of Q are called regeneration epochs and they
occur at service completion epoch, random vacation completion epoch, dormant period
completion epoch. Hence, we can claim that {(,,n =0,1,...} is a DTMC with one-step
transition probability matrix K(c0). By observing stochastic process { U(t),t > 0} at these
epochs, we see that the sequence {(,,t,} is an embedded Markov renewal sequence and
{U(t), t> O} is a MRGP (see Kulkarni (1995)).

We now proceed to establish the local kernel E(t) and global kernel K(#) of the MRGP. To
simplify the analysis, we first draw the state transition diagram and it is shown in Figure 3. In
Figure 3, we have not considered the state 0, 2 because when the server is in a busy state,
there is at least one batch for service and if no batch is waiting in a queue, the system moves
to random vacation period. In the state transition diagram, we apply an oval symbol with
ordered pair (b, s) (as stated above) to show the state and apply a directed line to show a state
transition. There are two types of state transitions as follows.

e Transition with a generally distributed sojourn times (corresponding to the ser-
vice time and random vacation time) and is denoted by Fs(.) and Fy(.) with dot-
ted line respectively.

e Transition with exponentially distributed sojourn time (corresponding to inter-
arrival time) with transition rate oji(h,n),0 <i,j<2,h=0,1,...,n=0,1, ...
and is represented by the solid line. The possible transitions and corresponding
rates are given in the following Table 1
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Table 1. Table for transition and corresponding rates.

From To Transition rate

0,0 o, 1) o0 (0, 0)

(h, 0) (n, 2) aoz (h, n) forh=n=1,2,...

() (1,2 o2 (1, 1)

(1,2) (0, 0) oy (1,0)

(h, 2) (n, 2) a2, (h, n) forh=23,...,n=h—-1.

Now, to obtain the system state probabilities of MRGP, we find the closed form
expression for K(t) and E(¢) as follows.

4.2.1. Closed form expression for K(t)

K(t) is a global kernel matrix. The interpretation for the elements of the global kernel
matrix K(t) is as follows: Ky, ;).(n,¢)(t) denotes the probability that the system will be in
state (n,s'),s' € {0,1,2},n =0,1,... at the time of the next regeneration epoch which
occur on or before time t, given that it was in state (h, s) just after the previous regener-
ation epoch. The evolution of MRGP between two sequential Markov regeneration
epochs can be explained through a CTMC infinitesimal generator matrix which involves
an exponential transition. Hence, by removing general transition Fs(.) and Fy(.) in
Figure 3 we can construct the CTMC infinitesimal generator matrix with the ordered

pair {(0,0), (0,1), (1,0), (1,1), (1,2), (2,0), (2,1), (2,2), ...} as follows:

(0,0) (0,1) (1,0)  (1,1) (1,2) (2,0) (2,1)  (2,2)
0oy | @&  00(0,0) A0 0 Aoz 0 0 ]
(0,1) 0 4 0 b 0 0 Aby 0
(1,0) 0 0 @ 0 002(1,1) Aor 0 0
1,1 0 0 0 g o2(1,1) 0 0 0
Q=02 | 020(1,0) 0 0 0 a3 0 0 by
(2,0) 0 0 0 0 0 @ 0 002(2,2)
(2,1) 0 0 0 0 0 0 ¢ 012(2,2)
22 | 020(2,0) 0 0 0 o022(2,1) 0 0 7

where gy =—(001(0,0) + 232, bi)> ) = =432 bio go = —(002(1, 1) + A3 be), 4y =
—o12(L,1), @y = —(020(1,0) + 232, be)s g5 = —(002(2,2) + 2322 be), 4f = —012(2, 2),
g3 =—(020(2,0)+022(2,1) + 1> 22, bx) and by is the batch arrival rate.

Let N(t) € {0, 1, ...} be the total number of customers in the arriving batches to the sys-
tem during time interval (0, t] and D(¢) € {0, 1,2} be the state of the system. Then we define

Pyj(h;n,t) = P{N(t) = n,D(t) = jIN(0) = h,D(0) = i};n =h =0,1,.... (7)

Pjj(h;n,t) is the probability that the subordinate CTMC will be in state (r, j) during time
t given that it was initialy in state (h, i). Let P(¢) be the corresponding probability matrix.
Then

%p(t) _ P(1)Q,Pi(h: 1, 0) = 1,1 € {0, 1,2} ()

where P;;(h; h,0) is the probability that the subordinate CTMC will be in the same state
with h customers initially.
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By solving Equation (8), we obtain Pj(h;n,t) and from the properties of transition

probabilities, we get a;;(h, n) = lim,_ w <oo,Vi#£j#h+#n.

Now, according to the defination of global kernel K(#) in Kulkarni (1995), we want to find
Ky s)ns) () = P{l1 = (m,8),11 < 1]l = (hys)},0 <s < 2,5 € {0,1,2} 9)

where 7, is the interval between two sequential regeneration epochs.

Now, we define the elements of global kernel for each transition as follows: (See
the Appendix)

In summary, the global kernel Ky, )., ¢ (t) of MRGP (see Equation (9)) can be given as

t

JPOl (0;0,x)dFy(x),

0
t

JPoz(h; n,x)dFy(x),n=h=1,2,...,
0

Plz(h; n, t), n—= I’l = 1,2, veey
K, s (n ) (t) =

t

Jpzo(l, O,X)dFS(X),

0
t

JPzz(h; n,x)dFs(x),n=1,2,...h=1,2,...,

0
0, otherwise

4.2.2. Closed form expression for E(t)

The local kernel matrix E(f) describes the local behavior of the process between two
sequential regeneration epochs. The description for the elements of local kernel matrix
E(t) is as follows: E g).(n,¢)(t) denotes the probability that the system will be in state
(n,s’) at time ¢ and the next regeneration epoch occurs after time ¢ given that the sys-
tem was in state (h, s). Hence, we can write the elements of E(f) as

Egys)ns)(t) = P{U(t) = (n,s'), 11 >ty = (h,5) } (10)
where 7, is the time period between two sequential regeneration epochs.

Following the similar procedure in obtaining the global kernel K(¢), we find E() as
Poy(h;n, t)(1 — Fy(t)),n=h=1,2,..,
Pp(hynt),n=h=12,..,

Py (h;n,t)(1 — Fs(t)),n=1,2,...h=1,2,...,

0, otherwise

E(h,s);(n,s’)<t) =

4.2.3. System state probabilities
To obtain the system state probabilities, we define a new variable oy (h; n) which repre-
sents the average amount of time the MRGP spends in state s’ with n total customers in
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the arriving batches between two sequential regeneration epochs, given that it was in
state s with h total customers in the arriving batches after last regeneration:

o0

OCSS/(h; T’I) = J E(h,s);(n,s’)(t)dt

0

It is easy to show that for s=0,s =2andn=h=1,2,...

oo ,—At k
g2 (h; n) Zb@/ [1— Py( *()»))]{1 - ﬁ*(ﬂb)}lj %(1 — Fy(t))dt
0 .
(11)
E(X) [Py(ﬂ*(/l)) — b, Py (07 (1))]
A
Fors=1,s =2andh=n=1,2,...
b,
and for s=2,s¢ =2,n=1,2,...and h = 1,2, ..., we have
dap(h;n) = E(X)gn—p+1;n > max(0,h — 1) (13)

where g, = >0 o [;° _”[ }b" (1 —Fs(t))dt; n=0,1, ...
Since the system state is basically based on the value of h while s € {0, 1,2}, therefore
the system state probabilities are defined as

> heoTh%ss (b3 1)
o(ms) = > noThPh

where m,’s are the solution of 7 =nK(co) and Y .o m,=1. Here f,=

206{0)1)2} e (hyn);n=0,1,...and Y% mpfy =5
Since, the arrival process in batches is Poisson, therefore, by obeying Burke’s theorem
(see Cooper (1981) page 187-188) it is achieved that the system state probabilities

(14)

{¢ n,s'); (n,s') € Q} are positive and exist under the similar condition of limiting
probab111t1es {mu;;n=0,1,...} of the Markov chain {&,,m =0,1,...}, ie, if and only
if AE(X)E(S) < 1.

Now, we consider the case of stationary system size distribution when the server state
is in random vacation, i.e., s = 0, a probability argument with Equation (14) gives rise
to

00 —)t
o * (At)
#(n,0) = AE(X) < [1 — Py(9*( pOlk J 1 — Fy(t))dt
(1:0) = ABX) Gy 1 P Z 0 (R
— E(X)[mo(Py (V" (4)) — any(ﬁ*(/l)))]; n=0,1,..
Next, we consider the case of stationary system size distribution when the server state is
in dormant period, i.e., & = 1, a probability argument with Equation (14) gives rise to

d(n,1) = mobuPy(9°(2)),n = 0,1, ... (16)

At the end we consider the case of stationary system size distribution when the server
state is in busy period, i.e., s = 2, a probability argument with Equation (14) gives rise to
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n+1

Zc hg@(k)g n+1
¢(n,2) = JE(X) | =, Z [{1 —Py(9°(2)} fl—igo)k + Py(ﬁ*(,{))bc} Gn—ct1+ Z Tefnct1

(17)
Now, we find the PGF of the above Equations (15)-(17), which are given in the follow-

ing theorem.

Theorem 1. Under stability condition AE(X)E(S) < 1, the PGF Py(z) of system size distri-
bution when the server state is in random vacation period (i.e., s = 0) is found as

(1= 2BGOB(S)1 — Pr(0" ()| (1 = Pute)) + (R

pie P

(1+ (Px(2))* —2Px(2))
P()(Z) =

(18)
The PGF P;(z) of system size distribution when the server state is in dormant period
(i.e., s = 1) is found as

(1 — AE(X)E(S))(1 — 9" (4))Px(2)Py (V" (4))

E(X)(1 — Py(9°(2))) [;,Ew) L2 Y<f*£ﬂ“1>3>y<(1w—( g‘;ﬁ))} (19)

Pi(z) =

and the PGF P,(z) of system size distribution when the server is busy (i.e., s =2) is
found as

(1~ ZEX)E(S) 1~ 7' (2) |

1 (Pv(z) —9"(4) | Py(V"(4))Px(2)
(L= Py(0°(D) { =0 () 1-P0(3) H (1= P(2))

(1= Py IR + 28 ~ Px@pile) — ol [1500) + 2D L)

P2 (Z) =

(20)

Proof. Multiplying Equations (15)-(17) by 2" in both sides and summing over n =
0,1, ... and then utilizing the established result from renewal theory

J e (1 — Fx))dx = =L 0)

0 9
where F(.) represents the CDF of an r.v and f*(.) its LST, we obtain the results
(18)-(20) respectively.

Next, from the PGF of Theorem 1, we find the system state probabilities, where the
server can be in random vacation period(RV), in a dormant period (D), in a busy
period (S) or in an idle period (I), which are summarized in Corollary 1.

Corollary 1. For AE(X)E(S) < 1, the probability that the server is in random vacation
period during a random vacation Pry. the probability that the server is in dormant period
Pp, the probability that the server is in busy period Ps and in idle period P; are obtained as
(1 — AE(X)E(S))LE(9)
(1 —9"(A)Py(V"(4)) (1)
JE(V) + :
) 5 o ()

Pry =
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(1 = ZEX)E(S))(1 — 9" (4)) Py (V" (4))

Pp = - 7
(1= py(o () [ 509) + L D) -
Ps = JE(X)E(S) (23)
P; =1 — JE(X)E(S) (24)

Proof. From Equations (18)-(20) by taking limit as z — 1 and after calculation,
we obtain the results (21)-(23), ie., lim,_; Py(z) = Pry, lim,_,; P;(z) = Pp and
lim, ., P,(z) = Ps. By adding (21) and (22), Equation (24) is obtained.

Lastly, we find the PGF, mean and second moment of system size, which are given in
Corollary 2.

Corollary 2. Let N denote the system size in steady state. Then, under the stability condi-
tion AE(X)E(S) < 1, the corresponding PGF is given by
_ (1= AE(X)E(S))(1 — 2)Pr(2)
PN(Z) =

{PL(z) — 2}
Q=0 [, [ por i [ PrE = 7)) | Py ()Py(2)
xu—mwwmb {u-moo{ 2GS

(
e + S - bt

(25)
The mean of system size, E(N) is given by

s = 80+ LECGEEC R
2Py(¥"(4)

n 1 — Py(9*(4))

(1 — 9" (A)E(X?) + L(A(E(X))*E(9*) + 2E(X?)E(9)) (26)
2B(X) | E( )4—(1_;?j§22§féi;(1»

and the second moment of system size, E(N?) is given by

E(X)(E(X) +3E(X*)) — 3(E(X*))’

E(N?) = JE(X)E(S) +

2EX))?
(ZE(X)P(GEX)E(S) + E(S%) | AE(S)(E(X?) + E(X?))
2(1 — JE(X)E(S)) 2(1 — JE(X)E(S))
, (1= AECOE(9) PECOECR)E(S) - (WECO)’E(S) + /EX)EES)’  @7)

2(1 = AE(X)E(S))’
72(E(X))’ ZE(X)E(*) + E(9%))
(1 = 9" (2) Py (V" (4))
1= Py(9°(4))

2(E(X))* [AE(9) +

Proof. From Equations (15)-(17), we get the probability of total system size in steady
state as follows
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&, =¢(n,0) + E(X)p(n,1) + (1 — 8,0)p(n,2); forn =0, 1, ... (28)
where &, = P{N = n} and
L,if m=n

0,if m#n

denotes Kronecker’s delta function. Then multiplying Equation (28) by z" and taking
summation over n =0, 1,..., we obtain

PN(Z) :P()(Z) + E(X)P1 (Z) + ZP2(Z) (29)

which represents the connection between the 4 PGFs namely, Py(z),P;(z), P,(z) and
Py(z). After simplifying Equation (29), we obtain the result (25). The result (25), i..,
Py(z) can also be written as

E(X)(1 - 2)
{1 — Px(Z)}

which represents the relation between the PGF of system size and PGF of queue size
distribution at service completion epoch.

The result (26) follows directly from Equation (25) on differentiation with respect to
z and assigning z=1. Again, calculating the second differentiation of Equation (25)
with respect to z and assigning z=1 and then adding the result with (25), after simplifi-
cation we obtain the formula (27).

Py(z) = Pri(2) (30)

Remark 2. It is essential to note that the stochastic decomposition property (see
Fuhrmann and Cooper (1985)) can be exhibited for the underlying queueing system.
We can write the Equation (25) as

Pn(z) = Po(2)Py(z)

, the PGF of system size distribution of an ordinary

where P, (z) = (=G A

M*/G/1 queue and

1_(1_wa*(;b)))[<Pv<2;?.§”>+ Bl

Py(z) = T
(1= Pr(9" (2))) [ + A (1 - 2)

is the PGF of additional system size distribution when the server is idle.

Thus, Py(z) = P,(z)Py(z) confirms that the stochastic decomposition property of
Fuhrmann and Cooper (1985) is also valid for the underlying queueing system under
the stability condition.

5. System performance measures

In this section, we derive some essential system performance measures namely distribu-
tion of a number of batches served during the busy period, waiting time distribution
and unfinished work.
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5.1. Distribution of a number of batches served during the busy period

Here, we derive the PGF and mean number of batches served during the busy period in
this model under stability condition AE(X)E(S) < 1, which are given in the follow-
ing theorem.

Theorem 2. Let \ denote the number of batches served during the busy period. Then,
under stability condition AE(X)E(S) < 1, the corresponding PGF Py (z) and mean E(y)
are determined as

py(e) =1 - py(o () { P E A TR
and
_EQOPy (" (D) [, ZE(9)(1 ~ Pr(0"(2)))
B) =1— JE(X)E(S) [1 (1- 19*(1))1%(19*(1))} o

Proof. The idle period is terminated if and only if at least one batch arrives either dur-
ing a random vacation period or dormant period. Therefore, the probability that several
batches with total of n customers arrives in the system at the idle period completion
epoch is

117 b@(k) .

a, = {1 —=Py(9*(1)} Licibr 0 + Py (9" (A)by;n=1,2, ...

(1= 0)
Now, if there are several batches with total of n customers in the system at the idle
period completion epoch, then utilizing the argument of Takagi (1991), we have

Pu(e) = D an(P(2))
0 " b@(k) 0
= 1 P 2 ()3 Pl

— * 00 R 00 k -
S [Z(P@)"be“‘) J, e G ar - e |
b

P () ba(P(2))"

n=1

_ . (Pv(P(z)) —9"(4)) , Py(¥"(4))Px(P(z))
_(I_wa(’l)){ -0y 1—py(q9*(1)}

(33)
where P(z) follows the following function equation under stability
P(z) =Px(z)S* (A — APx(P(2)))

Then differentiating Equation (33) with respect to z and assigning z=1, we obtain the
result (32).
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5.2. Waiting time distribution

To obtain the waiting time distribution of a queue, first of all, we derive the waiting
time of the first customer in an arriving batch which is denoted by W;. Next, we derive
the waiting time of a random customer in a batch which is denoted by W.

By considering a batch with a single customer, its (the batch’s) service time is the
total service time of customer constituting the batch. The LST of this service time is
Px(8*(0)). In this case the batch will have as its batch size Px(z) =z and the mean
arrival rate of the batch is 4. Using the information and results obtained by Chaudhry
and Templeton (1983) [see Chapter 3, page 147-150] and from Equation (5), we have

1 - {(19*(2722) — V(W) P (D)e
11— Py(9° (1)) 1— 9 (A) 1— Py(0° (1))

00) + LD - 1) - 2

(1—AE(S)(1 —19*(2)){ HPX(S*M /z))

PI‘[(Z) =

(34)

Utilizing above explanation and result (34), we find the results for waiting time distribu-
tion in the following theorem:

Theorem 3. If AE(X)E(S) < 1, then the LST of waiting time distribution of the first cus-
tomer in an arriving batch is W} (0), the LST of waiting time distribution of a random
customer in a batch is W*(0), the mean waiting time is E(W) and the mean sojourn time
is E(Wy), of the underlying queueing system. These are obtained as

we () = L= EHES)) (1= 9"(2))° = (1 = Py(9" (1) (1 = 9" () (9" (0) — 9" (4)]

(1= Py(9°(2)))(1 = 9"(2)) [iE(ﬂ) 4 Ti*gy)zgf ((g;()”))} {Px(S*(O)) -1+ ﬂ

(1 — 2E(X)E(S)) [(? - 1) Py(97(4))(1 = 9"(2)) }
: (1= Py(9"(2)(1 — 9" () {).E(ﬁ) +4 _119:(;325 ((g*)( ))} [PX(S (@) -1+ ﬂ
(35)
. (1 ZE(X)E(S))(1 — 0" (2))* {ZL(SW))“ -3 s 0]
= E(X)(1 — Py(9"(1)))(1 — 9*(2)) {7»]5(19) 4 _1’9_*(;3255 ((g*)()'))} {Px(s*(())) - ﬂ
(1 — ZE(XE(S)) (1 — 9" () (9" (0) — 0" (2)) > (57 (0)* {1 - Zi:lbn_
B0 - P )9 () [AE(W T D] :Px(s*”” ! *Q 46
(1~ AEOES)PY& (1)~ ()@ (0) =0 )37 (50 1= 301
: B(X)(1 = Py (" (1)) (1 — 0" (1) [AE(ﬁ) d- - (Ify)zf; ((f)*)( ))} (o) -1+ g

(1—/1E(X)E(S))<§—1>PY(19* (L= ()Y (5 (0) { Z’;ibn}

(1 = 9" (A))Py(¥"(4)

+ — 0
)1~ Py () (o) + AT )] [Patson -1+
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uwa»%wa+5aﬂﬂ$ﬁwwy+“—ﬁg2§&;>q
= T AT (R)
2E(X)(1 — ZE(X)E(S)) [ww) e ]
n JE(Y*)E(X)(1 — AE(X) E(§)> * -
2E(X)(1 = ZE(X)E(S)) [AE(#}) L _179_ gjzg f&’; )W}
. HE(P)BLX)(1  AECOB)

2E(X)(1 — ZE(X)E(S)) [AE(@) (1 -9 (4 %’ y (9" (4 ))}

1 — Py(9*(1))
_ [BBUORS) + BOCOELS) + ABOOP(ES) ~ (5
E(W:) = 2E(X)(1 — ZEX)E(S))
JE(O*)E(X (38)
= ﬂ*u»w*(z))}
L= Py (0 (1)

+

2E(X) [AE(#)) +

Proof. Consider that the waiting time of each batch does not depend on the arrival pro-
cess. Then the arrival time of batches which are left in the system are those, where
arrival stays in the system (i.e., in queue and in service). It follows from Equation (34)
that (see Fuhrmann and Cooper (1985))

Pri(z) =W () — Az)Px(S*(J. — Jz)) (39)

Now, assigning 0 =4 — Az in (39) and utilizing Equation (34), we obtain the
result (35).
Suppose, the arrival customers are selected randomly in a batch. Then, the probability
of a random customer being at kth position in its arrival batch is
k—
1= ",

n=1

Ck = ,k:1,2,

E(X)
Now, as the waiting time of this k™ customer in a batch is the sum of the waiting time
of the first customer in an arriving batch and the service times of the first k — 1 custom-
ers of the arriving batch. Hence it follows (since we are considering the random cus-
tomer) that the LST of waiting time distribution of a random customer in a batch is
given by (see Chaudhry and Templeton (1983))
* * o * k—
W (0) =W (0) x Y a(S7(0)" (40)
k=1
Now, exploiting (35) in (40), we get Equation (36). The result (37) is obtained directly
from Equation (36) on differentiating both sides with respect to 0 and putting 0=0.
Adding E(S) with (37), we obtain the result (38).
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Corollary 3. The second moment of waiting time E(W?) and sojourn time E(W?) are
given by
_ MEX)*(E(S’) + (1 — ZE(X)E(S))E(S*))
2E(X)(1 — ZE(X)E(S))*
E(S)(E(X3)—2/1( (X*))*E(S) + (1 — ZE(X)E(S))E(X?))
2E(X)(1 — ZE(X)E(S))’
L AEX)(E(SHEX?) + (E ()) PE(X%)) + A (B(X))’ (E(S)E(S) — (E(s?))") (4D
2E(X)(1 — ZE(X)E(S))*

E(W?)

+

Jr1‘3(?(2)5(32)(1‘3()()—E(Xz))Jr AME (193)+E( *)
2(EX))' (1= ZEXES)) [ 50y 4 L=V )2 Y(( ))( 7))
1-— PY

and

w2 = ) ABCES) + 4B ECSEE) + BORC)
2E(X)(1 — AE(X)E(S))
| ESEX) - 24(BX 2)E(S)) + A2(E(S))*(E(S)E(S®) — (E($*)*)
2E(X)(1 — 2E(X)E(S))’
[E(X)(1 = AB(X)E(S)) RE(X)E(S) + E(X*)E(S) + A(E(X))* (E($*) — 2(E(5))))]
2(E(X))*(1 — ZE(X)E(S))*
ME() + E(9%))
(1 —9°(4))Py(F(4))
1 — Py(J°(4))

+

+

B(X*)E(S)(EX) ~ EX*)

2(E(X))*(1 — 2E(X)E(S))

2| AE(9) +

(42)

5.3. Unfinished work

In this subsection, the main objectives are to determine the LST of the distribution
function of the unfinished work and the mean unfinished work. The following theorem
summarizes the results:

Theorem 4. Let w be the r.v representing the length of an unfinished work and w*(0) be
its corresponding LST. For JE(X)E(S) < 1,

0(1 — 2E(X)E(S)) [(1 —Py(s(0) + - Y(lf*fjg)y((;:(g*)(;“)) (1 — Px(S*(0)))

(0) + PO L o 4y 0)) 01 = 5 0)

(43)

@' (0) =

and
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72(E(9)PE(X)E(,) JE(X)E(S)E(S,) + B(X,)
Py (0 ()1 — I (A) (1= ZE(X)E(S)) (44)
)+ T )

Ly, =E(w) =

where E(S,) = % and E(9,) = féf;)) represents the mean residual service time and vac-
) = E(X2)

ation time respectively. E(X, X

represent mean residual batch size.

Proof. Let y be the r.v describing the length of an unfinished work of an idle period
and y*(0) be its LST, then by utilizing the standard argument of queueing theory (see
Takagi (1991)), we can write

7' (0) =Py(S7(0))

) (Py(S7(0)) —97(4)) | Py(v9"(4))Px(S*(0))
; AE(V)E(X) Py(ﬁ*(i))E(X)]
1— Py(9"(4 . 1—S8(0
Since @w*(0) is the LST of the distribution function of the unfinished work, therefore by
utilizing the decomposition result of Leung (1992), we can write

@ (0) =1 (0)@ /61 (0) (46)

(45)

where @, ), (0) = %}m is the LST of waiting time distribution of the first cus-

tomer in a batch and it belongs to an ordinary MX/G/1 queue. Thus, utilizing (45) in
(46), the result (43) is obtained.

Again, by differentiating Equation (43) both sides with respect to 0 and assigning
0 =0, formula (44) is obtained.

Remark 3. It is necessary to note that the result (43) can be rearranged for the underly-
ing queueing model and for that we need to define some other general descriptors
which are listed below:

Let Tgy denote the length of a random vacation period during a regeneration cycle.
Then the average residence time say E(Tgry), of the server in the random vacation
period during a regeneration cycle is given by

E(X)Py (9" (4))E(¥)
Py(v7(4)(1 = 9°(4) (47)
1= Py(97(4))

E(Trv) =

Consider Tp as the length of a dormant period during a regeneration cycle. Then the
average residence time say E(Tp), of the server in the dormant period during a regener-
ation cycle is given by

A
Similarly, consider T; as the length of an idle period during a regeneration cycle.

Then the average residence time say E(Tj), of the server in the idle period during a
regeneration cycle is given by

E(Tp) =
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E(X)

1= Py(0°(2))

B (T ()T ()
}[ T— Py (0 (1) }

JE()Py(9 () + LA (- 19*0»)1
E(T;) =E(Trv) + E(Tp) = )

Now, by utilizing the theory of regenerative process, we get the following conditional
time average probabilities Pry and Py as follows:

Pry = P(serverisinrandomvacation/serverisidle)

_ E(Tgry)
E(TI) (50)

_ JE(9)

Ny (1 =" (A)Py(V"(4))
) T T (7 ()

and
P, = P(serverisindormantperiod/serveris idle)
_ E(Tp)
E(TI) (51)

(1 —0"(4) Py (0"(4))

) (1 — 9" (1) Pr(¥"(4)

Using (50) and (51), we can rearrange the Equation (43) as

_ Pa(02E(9) — E(X)E(Y)E(S))(1 — Px(S*(0))) + Prv(0 — OAE(X)E(S))(1 — Py(S"(0)))
- JE(9)E(X)(1 — $°(0))(0 — 4 + /Px(S*(0)))

@ (0)
(52)
Now, by assigning Py =0 and Pry =1 in Equation (52), the result justifies the

Equation (3.7) of Takagi (1991). Similarly, by putting P; = 1 and Py = 0 in Equation
(52), the result justifies with Takagi (1991).

6. Some special cases

Here, we discuss momentarily some particular cases of the model, which is consistent
with the existing literature.

Case 1: If we are considering point mass distribution at Y, then Py(¥*(1)) = (9%(1))"
and therefore Equation (5) yields
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7 7 L @ -vw), @ e, ,
%@flemmlﬂmﬁ“wmw){ 0 +hwwwH““
EmwﬂmﬁlﬂWme}@@d

(53)

Equations (53) represent the PGF of queue size distribution at a service completion
epoch of the M*/G/1 with atmost Y vacation. Also we note that Equation (53) is con-
sistent with Ke and Chu (2006)

Case 2: Suppose Y follows geometric distribution, then the probability mass function of
the r.v Yis

yi=p(1 =0 )p 0y p) i= 1,2, (54)
then the Equations (5) and (38) yield

(1 (o0 ())(Pe(z) 1)
(I_Aﬂxw“”<ﬂ%mkm%u»F%1—pﬁ%@)+ﬂ1—@w%mY”)

] — 14 Px(Z)> PL(Z)

Pn(z) = JE(W)(1 — (9 (2))
£ (1 - 0 () [(pv* (1)) ((1 1(1519*((5)) i;)(l) - (pﬂ*(i))]‘l)]) e )

(55)

and

mwg:ﬂ$+ﬂgﬁiiﬁ§g;g?

. 21— (p9* (2)))E(0?)
2(EW)(1 = (p0"(2))) + 0" (D@0 (1)) (1 = po"(2)) +p(1 = (¥ (4)) 7))

(56)

Equations (55) and (56) represents the PGF of queue size distribution at a service com-
pletion epoch and average sojourn time of the M*/G/1 system having randomized vac-
ation policy with at most J vacations respectively. Note that for J tends to co and p=0,
the above Equations (55) and (56) are in accordance with the results obtained by
Choudhury (2002b). Also, we note that the Equations (55) and (56) are consistent with
Ke, Huang, and Pearn (2010).

7. Cost optimal policy

In this section, we develop a long run average cost function for M*X/G/1 queue in
which we can compare different random vacation policies. To compare it, we build a
homologous cost function that has been widely used in various practical works (see Lee
and Srinivasan (1989), Tadj and Choudhury (2005)). For this purpose, we need to find
out an explicit expression for E(S.) defined as average length of the busy cycle which is
given in the following theorem.
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Theorem 5. Under stability condition AE(X)E(S) < 1,

Py (9°(2))*(1 — 0"(%))
=Py (0 ()

Py (9" (1) (1 — 9" (4))
1 — Py(9"(4))

JPy(97(1))E(9) +
E(S:) = (57)

- A1 — ZE(X)E(S))

Proof. Let S, denote the length of a busy cycle of a system which consists of a server’s
random vacation period (Tgy), dormant period (Tp) and a busy period (Ts) during a
regeneration cycle, i.e., the cycle length S, can be written as S, = Try + Tp + Ts.

Now, we consider T(;) as the length of a busy period of the server started with a
batch of one customer. Then, under stability condition ZE(X)E(S) < 1, the LST of T(y)
in terms of Takacs functional equation (see Takagi (1991)) is given by

Tjy) (0) =S (2 + 0 — APx(T},,(0))) (58)

Differentiating the result of Equation (58) with respect to 0 and taking 0 =0, the aver-
age length of a busy period initiated by a batch of one customer is found as
JE(X)E(S)

E(Tw) =70 =720 E@)) (59)

Now, we are going to find out the average residence time say E(Ts), during which the
server is in busy period during a regeneration cycle. Clearly if a batch of minimum one
customer arrives during the random vacation period (with probability 1 — Py (9" (4))), a
busy period with a batch of one customer is started. In this case, the average residence
time of the server in the busy period during a regeneration cycle (type 1 cycle) is
L ECOP (9 (2)EW)
m”‘ﬁwwm—wmfm“
1= Py (0 (7))
E(X)Py (V" (A))E(V) LE(X)E(S)
{mwwm—wwqm—wmww
= Py(0 (7))

(60)

Now, we presume the case that the random vacation period has expired without any
batch and the server enters into a dormant period. In this case, if a batch of minimum
one customer arrives during the dormant period, a busy period is initiated. Then, the
average residence time of the server in the busy period during a regeneration cycle

(type 2 cycle) is
E(X)Py (9" (4)) (E(X))*Py (9" (1) )E(S)

J (Tw) = A1 = JE(X)E(S)) (61)

E(T5) =

Therefore, the total average residence time of the server in busy period during a regen-
eration cycle is given by

E(Ts) =E(Tg) + E(T3) (62)
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Finally, adding Equations (47) (48), and (62), we obtain

Py(9"(4))*(1 = ¥°(2))
1 — Py(9"(4))

Py(9°(4)(1 = 97(2))
1 — Py(97(2))

which represents the average length of a busy cycle of the system.

JE(9)Py(9°(2)) +

E(S.) =E(Tgry) + E(Tp) + E(Ts) = (63)

(1 — ZE(X)E(S))

7.1. Average cost function

Here, the purpose is to establish an optimum random vacation policy in order to min-
imize the average cost function which is stated below. Let us define:

Cs, = Setup cost per unit time for each busy cycle in the system. Thus, in long run

CSll
E(S) "

Cy = Holding cost per unit time for each batch available in the system. Therefore, in
long run the average holding cost is CyE(IT)

Cry = Per unit time cost while the server is in random vacation. Therefore, in long
run the average cost owing to server is in random vacation is CryPgry.

Cp = Per unit time cost while the server is in dormant. Thus, in long run the average
cost owing to server is in dormant is CpPp.

Cs = Per unit time cost for holding the server busy. Therefore, in long run the aver-
age cost owing to server being busy is CsAE(X)E(S).

Using the above cost parameter and renewal reward theory (see Ross (1983)), in long
run the average cost per unit time is given by

the average setup cost is

1
T(RVP) :Csum + ChlE(H) + CryPrv + CpPp + Cs/lE(X)E(S) (64)
c
We determine the optimal value of the control parameter by minimizing the average
cost function obtained in Equation (64). To find the optimum random vacation policy,
i.e., where the cost is minimum, we have to select a locally optimal vacation policy
RVP* so that in each selection it satisfies the following inequality

T(RVP') > T(RVP*) > T(RVP")

where T(RVP*) depict the expected cost per unit time of locally optimal random vac-
ation policy and T(RVP') and T(RVP?) represents the expected cost per unit time of
other two random vacation policies with different probability distributions of the dis-
crete r.v Y. The above inequality holds because locally optimal random vacation policy
(RVP*) will always give the minimum expected cost per unit time and hence, the
expected cost per unit time of locally optimal random vacation policy (T(RVP*)) is less
than or equal to the other two policies. The relation between the other two policies
T(RVP') and T(RVP?) is first policy T(RVP') will be greater than or equal to the other
one T(RVP?).

In order to show the applicability of cost optimal policy in the problem, we present
six numerical examples in Example 1 in numerical section for three different service
time distributions and different cost parameters.
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In the numerical examples, we consider IEEE 802.16e standard as describe in section 2.
For the purpose of numerical examples, We presume that the sleep time follows an expo-
nential distribution with PDF f;(x) = ve ", x > 0.

8. Numerical illustration

In this section, we present the numerical results for the performance measures that we
have obtained in the previous section for IEEE 802.16e standard which is described in
Section 2. Here, basically we are going to show the impacts of system parameters on the
previously obtained key performance measures in the form of graphs. In the previous
sections, we have obtained the probability Pry of a server is in random vacation peri-
od(which is a sleep period in IEEE802.16e standard), the probability Py of a server is in
dormant period (Warm-up period), the mean waiting time E(W), mean number E()
of batches served during the busy period (service period) and mean unfinished
work L.

Here, the packet arrival rate in arriving batch is lambda. For the purpose of numer-
ical illustration, we consider that the batch size has a geometric distribution starting
with minimum one customer, then using the parameter b we have the PMF
P{X; =k} =b(1—b)""5k=1,2,..,0 <b < 1, PGF Px(z) = =¥, mean E(X) =1}

)z
and second moment E(X?) = 23! respectively.

Next, we assume that the vacation time which is considered as a sleep period in
IEEE802.16e standard follows an exponential distribution with parameter v, then we

have the PDF fy(x) = ve "%, x >0, LST ¥"(0) =;%;, mean E() =, and second

moment E(¢”) = 2 respectively.
Again, we presume that the service time conforms to:

e 3-stage Erlang distribution (denoted by 3-stage Erlang) with parameter u, then
we have the PDF fy(x) =1p’x*e ", x >0, LST $*(0) = (33%)2, mean E(S) =3
and second moment E(S?) = % respectively. g

e  Exponential distribution (denoted by Exp) with parameter p, then we have the
PDF fs(x) = pe™*,x > 0, LST §*(0) = 155, mean E(S) :ﬁ and second moment
E(S?) = % respectively.

e  Hyper-Exponential distribution (denoted by Hyper-Exp) with parameter y, then

we have the PDF fy(x) = 0.5ue ™ + 0.5u% "%, x > 0, LST $*(0) = % + 3;511;,

mean E(S) = % and second moment E(S?) = “Ttl respectively.
Now, we consider that the maximum number of sleep Y follows:

e Degenerate distribution (denoted by Deg) at point j, then we have the PMF
P{Y =j} =1, PGF Py(z) = -, mean E(X) = j and second moment E(X?) =
j* respectively.

e  Geometric distribution (denoted by Geo) with parameter p, then we have the
PME P{Y =j} =p(1—p) ;j=12...,0<p<1, PGEF Py(z) = k5,
mean E(Y) = }% and second moment E(Y?) = zp;zp respectively.
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Now, we are going to display some examples of IEEE802.16e standard with different
parameters i.e., for different parametric values, the IEEE 802.16e standard apply in dif-
ferent systems for example WIMAX, WIFIL, 3G etc.

Example 1. Considering the cost parameters as Cy, = 10, Cpy = 2,Cry = 7,Cp = 3,Cs =
50, model parameters as 4 = 0.05 and u=38, we displays the impact of sleep (vacation)
rate v on expected cost per unit time (64) for three sleep (vacation) policies as well as
for three service time distributions in Figures 4-6. Figures 7-9 also show the effect of v
on expected cost per unit time (64) for three sleep policies as well as for three service
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time distributions but here u = 0.1, Cry = 0.5, Cp = 300, Cs = 5000. Other parameters
are same as in Figures 4-6.

In Figures 4-6 as well as in Figures 7-9, we compare the expected cost per unit time
of three sleep (vacation) policies: multiple sleep policy (MSP), multiple variant sleep
policy (MVSP) and multiple randomized sleep policy (MRSP) for three service time dis-
tributions namely, 3-stage Erlang, exponential and hyper-exponential. MSP is a policy
where the server takes multiple numbers of consecutive sleeps until it finds one batch
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waiting in a queue at a sleep period completion epoch. MVSP is a policy where the ser-
ver takes a fixed number of multiple sleeps until it finds at least one batch waiting in a
queue at a sleep period completion epoch. If no batch is found after completing a fixed
number of multiple sleeps, the server goes for the warm-up state and waits for the first
arrival. MRSP is described as follows: After the system becomes empty, the server
immediately goes for a sleep. If there is at least one batch waiting in the queue upon
returning from a sleep, the server is immediately activated for service. Otherwise, if no
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batch is waiting in a queue at a sleep period completion epoch, the server either
remains idle in the system with probability p or leaves for another sleep with probability
1 — p. This pattern continues until a fixed number of multiple sleeps are completed. If
the system is still empty after completing a fixed number of multiple sleeps, the server
goes for the warm-up state and waits for the first arrival. The effect of v on expected
cost per unit time are also shown in Figures 4-6, when C,, = 10,Cpy =2,Cry =
7,Cp = 3,Cs = 50, model parameters A =0.05 and =38, and in Figures 7-9, when
Cy, = 10,Cy; = 2, Cry = 0.5, Cp = 300, Cs = 5000, model parameters 4 = 0.05 and pu =
0.1. We summarize some findings:

1. When Y tends to oo and Y follows a degenerate distribution and Cp = 3, Cry =
7, Cs = 50 and u =38 in Figures 4-6, we can see that expected cost decreases as
the sleep rate v increases whereas for Cp = 300, Czy = 0.5, Cs = 5000 and u =
0.1, in Figures 7-9, we notice that as the sleep rate v increases, expected cost
also increases before attains stability, this is because the model becomes an
M/G/1 system with multiple sleep policy.

2. If Y=4, ie, a finite value and Y follows a degenerate distribution, the model
becomes the M/G/1 queue with multiple variant sleep policy and for Cp = 3,
Cry = 7, Cs = 50 and u=38, in Figures 4-6, we see that the expected cost per
unit time decreases as v increases whereas for Cp = 300, Cgry = 0.5, Cg = 5000
and p = 0.1, in Figures 7-9, we observe that as v increases expected cost also
increases before it reaches stability.

3. When Y=4 (a finite value) and Y follows a geometric distribution with param-
eter p=0.5 and Cp = 3, Cry = 7, Cs = 50 and u=38, in Figures 4-6, we can
find that expected cost decreases as the values of v increases whereas for Cp =
300, Cry = 0.5, Cg = 5000 and u = 0.1, in Figures 7-9, we observe that as v
increases, expected cost also increases, this is because that the model becomes an
M/G/1 system with randomized sleep policy.

It is clear that when Cp = 3, Cs = 50 i.e., comparatively small and y=8 and Cry =
7, i.e., comaratively large, expected cost decreases as the values of v increases, on the
other hand, when Cp = 300, Cg = 5000 i.e., comparatively large, and Cry = 0.5 and
u=0.1. i.e, comaratively small, expected cost increases as the values of v increases.

By comparing expected cost per unit time in terms of three vacation policies yields,
MSP > MV SP > MRSP, ie., MRSP is better than the two other policies. We also
observe that the expected cost per unit time is larger for 3-stage Erlang service time dis-
tribution as compared to exponential and hyper-exponential distribution.

Therefore, if we want to minimize the expected cost per unit time, we can consider
multiple randomized sleep (vacation) policy as a optimal policy, which shows minimum
expected cost per unit time compared to the expected cost of other two policies.

From a practical point of view, some other useful measures are the probability Py of
a server when it is in sleep period, the Probability Pp, of a server when it is in warm-up
period, mean number E(i/) of batches served during the awake period and mean unfin-
ished work L, respectively.
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Figure 10. Impact of A on P, for different service time distribution.

Example 2. Considering the sleep time as exponential distribution, while batch size and
Y follows a geometric distribution and parametric values as u=8, v=02,b=73,
p=0.5, we exhibit the behavior of arrival rate 4 on Pry, Pp, E() and L, due to three
service time distributions namely, 3-stage Erlang, exponential and hyper-exponential in
Figures 10-13. In the following subsections, we summarize some findings:

Impact of packet arrival rate 4 on probability that the server goes for sleep period
Pyy for different service time distributions

In Figure 10, we observe that

1.

While arrival rate 4 increases the probability that the server goes for sleep period
Pry increases initially and then decrease before it reaches stability, i.e., while the
packet arrival rate 4 is comparatively smaller the probability that the server goes
for sleep period Pry increases whereas the arrival rate A becomes larger the prob-
ability that the server goes for sleep period Pry decreases and probability of
going for awake period increases.

The hyper-exponential distribution provides highest system state probability Pgy,
3-stage Erlang provides lowest system state probability Pz and exponential dis-
tribution remains in between hyper-exponential and 3-stage Erlang distribution.
It is clear from the fact that a higher coefficient of variation (or variance) of dis-
tribution gives the higher Pry values.

Impact of packet arrival rate 4 on probability that the server goes for warm-up period
Pp, for different service time distributions
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Figure 11. Impact of A on Py for different service time distribution.

From Figure 11, we see that

1.

The system state probability Pp decreases with the increasing value of arrival
rate A as it should be i.e., as the arrival rate 4 increases, the probability that the
server goes for warm-up period (as it is a waiting period) decreases and the
probability that server goes for awake period increases.

The comparison of three service time distributions namely, hyper-exponential,
exponential and 3-stage Erlang for the system state probability Pp is similar as in
Figure 7.

Impact of packet arrival rate 2 on mean number E() of batches served during the
awake period and mean unfinished work L, for different service time distributions
In Figures 12 and 13, we observe that

1.

The mean E(y) and L, increases while the arrival rate A increases i.e., as the val-
ues of arrival rate 4 increases, the mean number of batches served during awake
period and mean unfinished work increases i.e., as the arrival rate increases,
mean number of batches also increases which increases the mean number of
batches served during awake period and mean unfinished work.

For the fixed value of 4, the mean number of batches E(}) served during awake
period and mean unfinished work L, are larger for 3-stage Erlang distribution
compared to the other two distributions, i.e., exponential and hyper-exponential.
This means that when the service time follows 3-stage Erlang distribution, the
server can serve maximum number of batches during awake period as compared
to other two distribution (since 3-stage Erlang distribution have lower coefficient
of variation (C.V) and lower C.V value gives more precise estimate).
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Example 3. Presuming the model parameters as 1= 0.05,v =0.2,b = %, p=0.5, we
display the impact of service rate u on Py, Pp, E(Y) and L, for varied service time dis-
tributions namely, 3-stage Erlang, exponential and hyper-exponential in Figures 14-17.
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Figure 15. Impact of u on Pp for different service time distribution.

Here, we consider that the sleep time follows an exponential distribution, batch size and
Y follows a geometric distribution. In the following subsections, we summarize
some findings:
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Figure 16. Impact of u on E(y) for different service time distribution.

Impact of service rate u on probability that server goes for the sleep period Pgy and probabil-
ity that server goes for the warm-up period Py, for different service time distributions
While the other model parameters are fixed, Figures 14 and 15 show

1.

The system state probabilities Pry and Pp both increase with the increasing value
of service rate u i.e., as the service rate (the rate at which service has been given)
increases, the probability that the server completing the service of all packets in
awake period increases which leads to increase the probability that the server
goes for sleep period and warm-up period.

Hyper-exponential distribution provides highest system state probabilities Pgy
and Pp whereas 3-stage Erlang provides the lowest and exponential stays in
between hyper-exponential and 3-stage Erlang.

Impact of service rate ;1 on mean number E(y) of batches served during the awake
period and mean unfinished work L for different service time distributions
From Figures 16 and 17, we observe that

1.

The averages E() and L, both decrease for the increasing value of u before it
arrives stability, which is completely opposite from Figures 11 and 12. This is
because, as the service rate in the awake period increases the average service
time for the batches decreases which decreases the mean number of batches
served during awake period and mean unfinished work.

The averages E(Y) and L are larger for 3-stage Erlang service time distribution
as compared to exponential and hyper-exponential service time distribution.
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Figure 17. Impact of u on L, for different service time distribution.
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Figure 18. Impact of 4 on Pgy for dierent Y values.

Example 4. Presuming the sleep time and service time as exponential distribution, while
batch size and Y follows a geometric distribution and model parameters as u=38, v =
0.2,b =3 and p=0.5, we display the impact of packet arrival rate 2 on Pry, Pp, L, and
E(W) in Figures 18-21. In the following subsections, we summarize some investigations:
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Figure 20. Impact of A on E(y) for dierent Y values.

Impact of packet arrival rate A on probability that the server is in sleep period Pgy
for different values of maximum number of sleep Y
From Figure 18, we observe that
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Figure 21. Impact of A on E(W) for dierent Y values.

1.

The system state probability Pry increases sharply in the beginning while arrival
rate A increases and then decreases slowly for different values of Y. A possible
explanation for this situation is as follows: for any value of Y, while the arrival
rate A is comparatively small then it is obvious that the probability that the ser-
ver goes for sleep period Py increases rapidly whereas it decreases slowly while
the arrival rate 4 becomes high.

The probability that the server goes for sleep period Pry decreases with the
increasing value of Y, this is because as the maximum number of sleep Y
increases the probability of that Y sleep decreases (as Y follows a geometric dis-
tribution), which leads to decrease in probability of the server is in sleep period
Pry .

For a large value of 4, the difference between the values of Pgy is small as
Y increases.

Impact of packet arrival rate 4 on probability that the server is in warm-up period Pp
for different maximum number of sleep Y
From Figure 19, we see that

1.

For a fixed value Y, the probability that the server is in warm-up period Pp
decreases in the increasing value of /. This is because as the packet arrival rate 1
increases the probability of the server goes for awake period increases which
decreases the probability that the server is in warm-up period.

For a fixed value of A, the probability that server goes for warm-up Pp increases
in the increasing value of Y. This is because as the maximum number of sleeps
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Figure 22. Impact of v on Py and Pp.

Y increases, the probability of that Y sleep decreases (as Y follows geometric
distribution), which leads to increase in probability that the server goes for
warm-up period.

The figures are useful for finding the optimal value of Y. It displays that the values of
Prv and Pp for Y=4 and Y tends to co are very close, therefore, it may be rewarding if
we select the value of Y between 4 and oo.

Impact of packet arrival rate 2 on mean number E(y) of batches served during the
awake period and mean waiting time E(W) for different values of maximmum number
of sleep Y

From Figures 20 and 21, we observe that

1. For a fixed value Y, E(y) and E(W) both increase for increasing A as it should
be. This means as the packet arrival rate increases but service rate does not
change (i.e., only arrival rate increases), then it is obvious that the mean waiting
time of packets and mean number of batches served during awake period in sys-
tem increases.

2. For a fixed value of 4, E() and E(W) both decrease with an increasing value of
Y. The reason is that as maximum number of sleeps Y increases, the probability
of that Y sleep decreases (as Y follows a geometric distribution), i.e., the prob-
ability that the server takes consecutive vacations decreases and the probability
that the customers are served through a service rate u increases, which gives rise
to decrease in E(iy) and E(W).



COMMUNICATIONS IN STATISTICS—THEORY AND METHODS ‘ 5353

Example 5. Considering the model parameters as 4 = 0.05, u=38, b =1, p=0.5, we dis-
plays the impact of sleep rate v on Pry and Pp, in Figure 22. Here, we presume that the ser-
vice time, sleep time, batch size and Y follows the similar distribution as in Figures 18-21.
Impact of sleep rate v on probability that the server is in sleep period Pgy and prob-
ability that the server is in warm-up period Pp,
Figure 22 reveals that

1. As the values of sleep rate v increases, the probability that the server is sleep
period Pry decreases and the probability that the server is in warm-up period Pp
increases. This is in view of the fact that while sleep rate increases the average
sleep time decreases and a probability of packets in the arriving batches served
in the system increases, which gives rise to the decrease in system state probabil-
ity Pry and increase in the system state probability Pp.

2. Two curves are intersected at one point and this intersection point is the opti-
mum point which gives us the value of v at which probability Pgy is minimized
and probability Pp, is maximized.

Thus, as shown in the analysis, we can conclude that the probability associated with
sleep (vacation) has a significant role. Also, batch arrival plays an important role in sys-
tem performance measures and cannot be disregarded when we analyze a continuous
time system because by presuming batch arrival in the system, it turns into a very com-
plex system. Thus, the system designers must carefully observe how customers arrive in
the system and what distribution it follows in designing their particular system.

9. Conclusion and future work

In this paper, we have analyzed an M*/G/1 queueing system with random vacation
policy. To the best of the knowledge, MRGP approach is applied first time to study the
steady state system size probabilities for the MX/G/1 system with random vacation pol-
icy. It has been believed that the proposed model may be of great interest in the design
and operation of various digital systems such as telecommunication systems, manufac-
turing systems, production or inventory systems.

Managerial implication: The proposed model also discusses the embedded Markov
chain technique to obtain steady state queue size distribution at service completion
point and some other system performance measures that can provide the information
about the efficiency of the model so that it can be used in an IEEE802.16e standard. As
shown in the numerical analysis with different example, we can say that-

e As the sleep rate (i.e., the rate at which the MS takes sleep) increases the service
rate u=38, arrival rate A =0.05, batch size parameter b=1/3, set-up cost
(Cs.)=10, holding cost (Cp;)=2, sleep period cost (Cry) =7, warm-up period cost
(Cp) = 3, service cost (Cs) = 50 and service time follows exponential, hyper-
exponential and 3-stage Erlang distribution, expected cost per unit time decreases
and for A = 0.05,n = 0.1, C,, = 10, Cy = 2, Cry = 0.5, Cp = 300, Cs = 5000
as sleep rate increases expected cost per unit time increases.
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By comparing the Figures 4-9, we can conclude that if the service rate during
the awake period is comparatively higher i.e., average service time is lesser, also
if the cost for sleep period is higher and cost for warm-up period and awake
period is lesser then the expected cost per unit time is comparatively less. So, the
system engineer should consider the service rate as higher. Set-up cost, holding
cost, arrival rate doesnot effect so much.

e  while the packet arrival rate A is comparatively smaller the probability of the server
goes for sleep period Pry increases and probability of the server goes for warm-up
period Pp, decreases whereas as the arrival rate 2 becomes larger the probability of
the server goes for sleep period Pgry decreases and probability of the server goes for
warm-up period Pp, increases and probability of going for awake period increases.

e If we cosider the service time as hyper- exponential distribution, the probability
that the server goes for sleep period increases as compared to exponential and 3-
stage Erlang distribution. Therefore, when the server provides service through
hyper-exponential distribution, then the service time variation will be greater
and consequently average service time of packets will be less and the probability
that server goes for sleep period will be increase.

e If the packet arrival rate / increases but other model parameter does not change,
for any maximum number of sleep Y the mean waiting time and mean unfin-
ished work increases as it is obvious. On the other hand, as the maximum num-
ber of sleep Y increases the prbability of that Y™ sleep decreases (as Y follows
geometric distribution) then the probability that the packets in a arriving batch
served through a service rate increases which decreases mean waiting time and
mean unfinished work.

Thus we can conclude that probability associated with sleep i.e., considering
maximum number of sleep as a random variable plays a significant role in the
analysis. Also different service time distribution, different cost parameter, system
parameter plays a important role in the analysis.

We hope this investigation will definitely help the system engineer and system
developer to modify or built their system. They should carefully observe how
system behaves as the parameter changes.

It would be interesting to investigate some other queueing systems, e.g., the proposed
model can be extended to gated or limited service discipline or the corresponding batch
service queue under random vacation policy.
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Appendix

Transition from random vacation period to dormant period: We presume that the general transition
of server random vacation, i.e., 7, is distributed with CDF Fy(.). Server random vacation period
(which consists of maximum Y number of random vacations) (i.e., s =0) is enabled if and only if no
batch is waiting in a queue, i.e., the system is empty. After completing a random vacation period if
the server stays empty, it goes to a dormant period (i.e., s = 0,s’ = 1). Hence, we have

t

K(O,O);(O,l)(t) = JO POI(O,O,X)dFL)(X) (Al)

Transition from random vacation period to service period: Here, we consider server random vac-
ation as the transition between two sequential regeneration epochs, i.e., 7; is distributed with
CDF Fy(.). As soon as the system becomes empty, the server goes to a random vacation period
(i.e,, s=0). If any batch arrives during the random vacation period, the server directly goes to an
awake period or service period (i.e., s = 0,s' = 2). Hence, we have
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t

Koy (1) :J Poa (s 1, x)dFy (x)ym = h = 1,2, .. (A2)
0

Transition from dormant period to service period: Here, we presume the case of the server’s dor-
mant period, i.e., after completion of a random vacation period if the server finds no batch hold-
ing in a queue, it directly goes to a dormant period and waits for the first batch arrival. If any
batch arrival occurs during the dormant period, it immediately goes to an awake period or ser-
vice period (i.e., s = 1,5 = 2). Thus, we have

K(h,l);(n,z)(t) =P, (I’l7 n, t), n=h=12,.. (A3)

Transition from service period to random vacation period: Here, we suppose that the batch service
is the transition between two sequential regeneration epochs, ie., 7; is distributed with CDF
Fs(.). When the server completes the service of all customers in the arriving batches and no
batch is waiting in the queue, i.e., the leaving batch is the final batch (i.e,, s = 2,h = 1), then the
server goes to a random vacation period (i.e., s = 0,n = 0). Therefore, we have

t
K(1,2):0,0)(t) :J Pyy(1; 0, x)dFs(x) (A4)
0

Transition from service period to service period: Here, we presume the general transition of the
system’s service period, i.e., 7, is distributed with CDF Fq(.). Clearly, service period is available
only when at least one batch is waiting in a queue. If the service termination of each batch does
not empty the queue, the system stays in the service period (i.e., s = 2,s' = 2). Hence, we have

t

K2y (8) :J Pon (s 1, X)dFs(x)y 1 = 1,2, s h = 1,2, ... (A5)
0
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