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Analysis of a model of batch arrival single server queue
with random vacation policy

Choudhury Gautama, Kalita Priyankaa, and Selvamuthu Dharmarajab

aMathematical Sciences Division, Institute of Advanced Study in Science and Technology, Guwahati,
Assam, India; bIndian Institute of Technology Delhi, New Delhi, India

ABSTRACT
This article deals with batch arrival single server queue with random
vacation policy, in which the server takes the maximum number of
random vacations till it finds some customers waiting in a queue at
a vacation completion epoch. If no arrival occurs after completing
maximum number of random vacations, the server stays dormant in
the system and waits for the upcoming arrival. Here, it is assumed
that the customer’s arrival in batches conforms to compound
Poisson process, although service time and vacation time are gener-
ally distributed. Explicit expressions are obtained for steady state
queue size distribution at service completion point and steady state
system size probabilities. Some significant measures such as a mean
number of batches served during the busy period, Laplace-Stieltjes
transform of waiting time, unfinished work and its corresponding
mean values are also obtained. A cost optimal policy is developed in
terms of the average cost function to determine a locally optimal
random vacation policy at a lower cost. Finally, various numerical
results are presented for the above system performance measures.
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1. Introduction

Queueing models with server vacations have been effectively studied by many research-
ers in the last few decades and successfully applied in the various problems such as
computer communication networks, modern telecommunication systems, production,
manufacturing systems, etc. An excellent survey on the vacation queueing models have
been documented in Doshi (1986, 1990), Takagi (1991), Tian and Zhang (2006) and
others. There are two basic vacation queueing models namely, multiple vacation queue-
ing model and single vacation queueing model. In multiple vacation queueing models,
the server keeps on taking consecutive vacations until it finds some customers waiting
in a queue at a vacation completion epoch. However, in single vacation queueing mod-
els, the server takes exactly one vacation between two consecutive busy periods. These
two types of vacation models were first introduced by Levy and Yechiali (1975).
Batch arrival in a queueing systems is common as well as important in many practical

situations for an effective and efficient utilization of resources. Baba (1996) was first to
study the batch arrival queueing system with multiple vacation policy. He discussed the
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queue size distribution, waiting time distribution and busy period distribution for an
MX=G=1 queueing system with multiple vacations using the well known supplementary
variable technique. Later, Bratiichuk (2000) derived the probability generating function
(PGF) of a number of customers served during a busy period, the exact formula for a busy
period and queue size distribution of an MX=G=1 type queueing system but with a finite
buffer capacity. Choudhury (2002a) studied a batch arrival queueing system with single
vacation policy and obtained an explicit expression for steady state queue size distribution
at different points in time, as well as steady state distributions of the busy period and unfin-
ished work. Ke, Huang, and Chu (2010) investigated batch arrival queue with N-policy and
atmost J vacations. If the system is empty by the end of Jth vacation, the server remains idle
in the system until the number of arrivals in the queue reaches N. Kempa (2011, 2014) also
investigated these types of batch arrival queueing systems with both multiple and single
vacation policies. In the same paper, the departure process in transient state and Laplace
transform of the queue size distribution are also obtained.
In this paper, we consider an MX=G=1 queueing system with random vacation policy

(RVP). When the server finishes the service of all customers in the arriving batches and
the system becomes empty, the server leaves for a vacation. The server is allowed to
take a maximum number, denoted by Y, successive vacations if the system remains
empty after the end of a vacation. After completing Y successive vacations if the system
is still empty, the server becomes dormant in the system and waits for the upcoming
arrival. The maximum number of Y vacations taken by the server is a discrete random
variable (r.v) with probability mass function (PMF) P Y ¼ jf g ¼ yj; j ¼ 1, 2, ::::
There have been several models evolved in recent years for the vacation queueing sys-

tems with a dormant period. The notion of a dormant period was first introduced by
Heyman (1968), where he assumed that the dormant period is a period in which the
server is waiting for some customers. Later, Choudhury (2002a) studied the dormant
period, which arises between vacation period and busy period. Moreover, Ke, Huang,
and Pearn (2010) investigated such a vacation queueing system with dormant period
and its application in production and inventory systems.
The optimal control policy has received a great interest in recent years in the vacation

queueing systems. The first study of vacation queueing systems with control policy was
done by Kella (1989). The variations and expansions of these vacation queueing systems
with control policy can be referred to Lee and Srinivasan (1989), Lee et al. (1994, 1995),
Zhang, Vickson, and van Eenige (1997), Tadj and Choudhury (2005) and others.
Further, Ke (2007) analyzed the operating characteristic of an MX=G=1 system with
multiple variant vacation policy and balking. In the same paper, it is presumed that the
server takes at most Y number of vacations repeatedly until it finds some customers at
a vacation completion epoch and obtained the steady state system size probabilities and
steady state queue size distribution at departure point using the well known supplemen-
tary variable technique. Recently, Yang, Chang, and Ke (2016) discussed an optimal
control policy of an unreliable retrial MX=G=1 system with general repeated attempts
and J optional multiple vacations. In this queueing system, when the unreliable server
becomes empty, it leaves for the first essential vacation, after which it may either
remains idle within the system or take one of J optional vacations. It is also presumed
that when the server is busy, it is subject to random breakdowns and repair.
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Many researchers have generalized multiple and single vacation queueing model due
to its numerous applications in production management, computer communication net-
works, telecommunication systems, etc. Takagi (1991) and Leung (1992) considered
such a model in which they introduced the notion of RVP (a generalization of multiple
and single vacation), where the server takes at most Y number of random vacations
repeatedly until it finds some customers at a vacation completion epoch. If no arrival
occurs by the end of the vacation the server becomes idle. Choudhury (2002b) general-
ized this model for a batch arrival queueing system as a modification of multiple and
single vacation model. Later, Ke, Wu, and Zhang (2010) have made an extensive investi-
gation of RVP queueing systems. However, a further generalization of such a model is
also possible by considering Y as a random variable instead of a fixed number (i.e., the
maximum number of vacations). Yang, Hou, and Wu (2018) discussed a discrete-time
Geo=Geo=1 queueing system with multiple working vacations (a generalization of mul-
tiple vacations). In the same paper, it is presumed that when the system becomes empty,
the server enters into a working vacation i.e., during a working vacation the arriving
customers are served by a lower service rate. They also investigated customers equilib-
rium strategies for joining or balking. Later, Jeyakumar and Senthilnathan (2017) also
studied such type of multiple working vacations but with an unreliable MX=G=1 queue-
ing system. They obtained the PGF the system size distribution at a random epoch as
well as other completion epoch. More recently, Ke, Chang, and Liu (2019) discussed an
M=M=C balking retrial queueing system with both single and multiple vacation policy.
In the same paper, some useful formula and various system performance measures are
also obtained.
In the literature, the steady state performance measures are studied for various

exhaustive service queueing systems with a random vacation policy which focuses on
the maximum number of random vacations Y, which is a fixed number. However, no
work has been done in a queueing model taking into account batch arrival and random
vacation policy together. Thus, in this paper, we propose to investigate an MX=G=1
queueing system with random vacation policy.
This type of model has a potential application in the IEEE 802.16e standard, which

supports the mobility of a mobile station (MS) by involving Sleep/Awake period
(mode) operational sequence to save the battery power of MS. Here, sleep period is
modeled as random vacation period (contains maximum Y number of random vaca-
tions), warm-up period is modeled as dormant period and awake period is modeled as
busy period. The detailed justification of the proposed model with application is illus-
trated in section 2 and in numerical section 8, we have shown some examples of
IEEE802.16e standard. This motivates us to study such a model in the form of random
vacation policy in this paper. Hence, in this paper, we proposed to investigate such a
type of MX=G=1 queueing system with random vacation policy.
The rest of the paper is arranged as follows: The practical implementation of the

queueing model under consideration is presented in Section 2. In Section 3, the math-
ematical model is described. In Section 4, the queue size distribution at service comple-
tion epoch and steady state system size probabilities using embedded Markov chain
(EMC) and Markov regenerative process (MRGP) are derived. Some other essential sys-
tem performance measures of this model are obtained in Section 5. Some important
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particular case of this model is demonstrated in Section 6. Section 7 display the cost
optimal policy of the proposed model along with average cost function. Finally, in
Section 8, some important numerical results are presented followed by concluding
remarks in Section 9.

2. Practical implementation of the proposed model

In an IEEE802.16e system, power handling is a significant component of mobility sup-
port of a mobile station (MS) by involving Sleep/Awake period (mode) operational
sequence, see Seo et al. (2004). Sleep period is a state in which MS chooses a period of
absence from the serving base station (BS). Before starting the sleep period, an MS in
the awake period sends a signal to a being served BS and waits for BS’s approval. After
receiving the positive approval (i.e., there is no data to be sent to MS), it begins a sleep
period. The sleep period consist of many sleep intervals. The sleep intervals are denoted
by Sl which is considered to be a generic random variable. After the end of every sleep
interval, it wakes up and inspects whether there are any frames or packets for it or not.
This task is carried out in the ON interval and is denoted by Top. Here, we are assum-
ing Top to be a constant. Any arrival during sleep interval can only be notified in the
following ON interval. Here, the initial sleep interval starts with an ON interval. If no
arrival occurs at the end of a sleep interval, it will continue for an upper bound on a
number of sleep intervals, whereas if any packet arrived to MS during the ON interval
(i.e., after the sleep interval), it starts awake period, otherwise it goes for the last ON
interval. The last ON interval is included in the warm-up period and is denoted by Tw1

(in practice, Top ¼ Tw1) (see Seo et al. (2004) and Alouf, Altman, and Azad (2008)).
Warm-up period is a period where the MS waits for the arrivals after completing a
maximum number of sleep.
Now, we define two regeneration cycle namely, Type 1 cycle and Type 2 cycle. The

regeneration cycle is defined as the elapsed time from the epoch in which a random
vacation period is enabled, until the epoch where the next random vacation period is
about to begin. Figures 1 and 2 show the period (mode) of an MX=G=1 system with
random vacation policy to the feasible operational mode of an MS during type 1 cycle
and type 2 cycle respectively.
Type 1 cycle is defined as the elapsed time from the epoch in which a random vac-

ation period is enabled, until the epoch where the next random vacation period is about
to begin i.e., till busy period ends. Therefore in type 1 cycle, if any arrival occurs during
the random vacation period (i.e., sleep period), the server starts service immediately at
that random vacation completion epoch i.e., busy period starts and as the busy period
ends, again random vacation period starts.
Similarly, type 2 cycle is defined as the elapsed time from the epoch in which a ran-

dom vacation period is enabled, until the epoch where the next random vacation period
is about to begin i.e., till busy period ends. After random vacation period, dormant
period (warm-up period) starts and after the dormant period, busy period starts. After
the end of busy period, again random vacation period is about to begin. Therefore in
type 2 cycle, if no arrival occurs during a random vacation period, the server stays dor-
mant (warm-up) in the system and if any batch arrival occurs during this dormant
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period, it immediately starts service at that dormant period completion epoch i.e., busy
period starts. After the end of busy period the next random vacation period starts.
Seo et al. (2004) proposed an M=G=1 queueing system with multiple vacations to

evaluate the dropping probability, average waiting time and average delay of the packets
in a BS’s buffer. Park and Hwang (2007) suggested an M=G=1=k finite buffer queueing
system with multiple vacations to analyze the sleep-period operation of a standard IEEE

Figure 1. Mapping the MX=G=1 system with random vacation policy to the mobile station oper-
ational mode during type 1 cycle.

Figure 2. Mapping the MX=G=1 system with random vacation policy to the mobile station oper-
ational mode during type 2 cycle.
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802.16e system. Moreover, Azad et al. (2009, 2011) formulate an optimization problem
for an MX=G=1 queueing system with different vacation policies to analyze the sleep
period in an IEEE 802.16e system. Here, we propose to study an MX=G=1 queueing sys-
tem with a random vacation policy, where each ON and sleep interval (except the first
sleep) is modeled as random vacation period and warm-up period is modeled as dor-
mant period, i.e.,

Random vacation period (1st random vacation)¼ Sleep interval (Sleep 1)(Sl)
Random vacation period (Contains a maximum Y number of random vacations) ¼
ON interval ðTopÞ þ Sleep interval (maximum Y number of sleep intervals)
(Sl), Y ¼ 2, 3, ::::

Dormant period¼Warm-up period ðTw1Þ:

The batch arrival process conforms to compound Poisson process and the delivering
period of packets is generally (non exponentially) distributed. The Poisson process with
batch arrival can be a practical abstraction of video traffic. Any new batch arrival during
the random vacation period brings back the MS into the normal service period. These char-
acteristics of the random vacation period in a random vacation policy model can reduce
holding time of an arriving packet, which appears at a future stage of the sleep period.

3. Model description

In this section, we consider an MX=G=1 queue with random vacation policy, where the
server takes a maximum number of Y random vacations until the server finds a batch
of minimum one packet or customer in the queue. The detailed description of the
model, based on the information given in section 2, is stated below:
Customers arrive in batches with rate k > 0 conforming to a compound Poisson pro-

cess. Let X be the batch size r.v and X1,X2, :::, are corresponding batch sizes of arriving
customers which are independently and identically distributed (i.i.d.) random variables
(r.vs), with probability mass function (PMF)

P Xi ¼ kf g ¼ bk, k ¼ 1, 2, :::

probability generating function (PGF), PXðzÞ ¼
P1

k¼1 z
kbk and finite moments

EðXrÞ; r ¼ 1, 2, :::: Here, the first moment E(X) is the mean batch size. Let us consider

b#ðkÞ
n ¼ P½X1 þ X2 þ :::þ Xk ¼ n� is the k-fold convolution of bnf g with itself and b#ð0Þ

n

is defined to be 1.
The service time provided by a single server is an i.i.d. r.v S with cumulative distribution

function (CDF) FSðxÞ, probability density function (PDF) fSðxÞ, Laplace Stieltjes transform
(LST) S�ðhÞ ¼ Eðe�hSÞ and finite moments EðSrÞ; r ¼ 1, 2, :::: Here, the first moment E(S)
is the average length of service time S. Once the server finishes the service of all customers
in the arriving batches, i.e., at the end of each service period, the server enters into a vac-
ation period of random duration # (say). The duration of vacation period # is i.i.d. r.v with
CDF F#ðxÞ, the corresponding PDF f#ðxÞ, LST #�ðhÞ ¼ Eðe�h#Þ and finite moments
Eð#rÞ; r ¼ 1, 2, :::: On return from the initial vacation if the server finds no batch waiting
in the queue it goes for the second vacation. This procedure will be continued until either
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the server finds a batch of minimum one customer at a vacation completion epoch or it has
taken a maximum Y number of random vacations (random vacation period). In case of
arrivals occurred during a random vacation, the server resumes service immediately at that
random vacation completion epoch, which is shown in Figure 1. In case of no arrival
occurred during a random vacation period, the server stays dormant in the system and
waits to serve the first batch arrival, which is shown in Figure 2. Y is presumed to be a dis-
crete r.v instead of a fixed integer, such that

P Y ¼ jf g ¼ yj; j ¼ 1, 2, :::

and PYðzÞ ¼ EðzYÞ, its corresponding PGF. Moreover, the system remains idle during a
random vacation period and a dormant period, i.e., in case of Figure 1, random vac-
ation period is an idle period and in case of Figure 2, random vacation period and a
dormant period together constitute an idle period.
Now, if we define xk and .k as the probabilities that k individual batches arrive dur-

ing the service time S and random vacation time # respectively, then for k ¼ 1, 2, :::, we

have xk ¼
Ð1
0 e�kx ðkxÞk

k!

h i
dFSðxÞ and .k ¼

Ð1
0 e�kx ðkxÞk

k!

h i
dF#ðxÞ: Here, .0 ¼ #�ðkÞ is the

probability that no individual batch arrives during a random vacation time #.
If we consider two events namely,
c ¼ No batch arrives during the random vacation periodand
u ¼ At least one batch arrives during the random vacation period,then, the probabil-

ity of event c and u will be
PðcÞ ¼P1

n¼1ð#�ðkÞÞnyn ¼ PYð#�ðkÞÞ and PðuÞ ¼ 1� PYð#�ðkÞÞ:
Further, it is presumed that batch arrival process, service time r.v, vacation time r.v

and discrete r.v Y are all mutually independent. It is essential to note that here we con-
sider the concept of a warm-up period in an IEEE802.16e system, which refers to the
time that is necessary for the server to waits for the first batch arrival after completing
a random vacation period and this warm-up period is modeled as a dormant period in
the underlying queueing system.

4. Model analysis

4.1. Queue size distribution at service completion epoch

In this subsection, we derive the PGF of queue size distribution at service completion
epoch. Let tm denote the service completion epoch of mth batch. Then the sequence Nm ¼
ZðtþmÞ (where ZðtmÞ represents the total number of customers in the arriving batches to the
system at time epoch tm) construct a discrete time Markov chain (DTMC), which is an
embedded Markov chain in the underlying queueing system. The sequence Nm,m � 0f g is
a homogeneous Markov chain and it is because of the transition

Nmþ1 ¼
Nm � 1þ Lmþ1 while Nm > 0

Amþ1 þ Lmþ1 � 1 while Nm ¼ 0

�

where Lm is the number of batches arrived during the service time of mth batch and Am

is the number of batches arrived either during the mth random vacation period or dor-
mant period.
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Clearly, the transition probability matrix Kð1Þ ¼ ðPhnÞ readily seen to be a so called
D2 matrix, which is a special case of Dm, n matrix (see Abolnikov and Dukhovny
(1991)), which is of the form

Kð1Þ ¼ ðPhnÞ ¼

P00 P01 P02 � � �
P10 P11 P12 � � �
0 P21 P22 � � �
0 0 P31 � � �

2
6664

3
7775

where Phn ¼ P Nmþ1 ¼ n=Nm ¼ hf g is the transition probability associated with the
Markov Chain Nm,m ¼ 0, 1, :::f g:
It is clear that Nm,m ¼ 0, 1, :::f g is an irreducible and aperiodic discrete time Markov

chain. Therefore, the one-step transition probabilities of Nm are given by

Ph, n ¼

Xnþ1

c¼1

1� PYð#�ðkÞÞ� �Xc

k¼1
b#ðkÞ
c .k

ð1� .0Þ
þ PYð#�ðkÞÞbc

" #
ln�cþ1 if h ¼ 0, n ¼ 0, 1, :::,

ln�hþ1 if n ¼ h� 1, h, hþ 1, :::, h � 1,

0 if h � 1, n ¼ 0, 1, :::, h� 2

8>>>><
>>>>:

(1)

where ln ¼
Pn

k¼0 b
#ðkÞ
n xk ¼

Ð1
0

Pn
k¼0 e

�kx ðkxÞk
k! b#ðkÞ

n dFSðxÞ; n ¼ 0, 1, 2, ::: is the probability
that several batches with total of n customers arrive during a service time S.
Now, it is presumed that the Markov chain Nm,m ¼ 0, 1, :::f g is positive recurrent to

ensure that the following limiting probabilities
pn ¼ lim

m!1P Nm ¼ n½ �, n ¼ 0, 1, :::

exist. Using Equation (1), we can write the steady state equation as

pn ¼ po
Xnþ1

c¼1

1� PYð#�ðkÞÞ� �Pc
k¼1b

#ðkÞ
c .k

ð1� .0Þ
þ PYð#�ðkÞÞbc

" #
ln�cþ1 þ

Xnþ1

c¼1

pcln�cþ1, n ¼ 0, 1, :::

(2)

Now, the probability generating functions for jzj � 1 is defined as
PLðzÞ ¼

P1
n¼0 z

nln, and PPðzÞ ¼
P1

n¼0 z
npn:

Clearly, PLðzÞ can be written as

PLðzÞ ¼
X1
n¼0

zn
Xn
k¼0

b#ðkÞ
n

ð1
0
e�kx ðkxÞk

k!
dFSðxÞ

¼
X1
k¼1

ð1
0
e�kx ðkxÞk

k!

X1
n¼1

znb#ðkÞ
n dFSðxÞ þ

ð1
0
e�kxdFSðxÞ

¼
X1
k¼1

ð1
0
e�kx ðkxÞk

k!
ðPXðzÞÞkdFSðxÞ þ

ð1
0
e�kxdFSðxÞ,

¼
ð1
0
e�kxdFSðxÞ ekPXðzÞx � 1½ � þ

ð1
0
e�kxdFSðxÞ

¼
ð1
0
e� kx�kPXðzÞx½ �dFSðxÞ

¼S�ðkð1� PXðzÞÞÞ
where ðPXðzÞÞk ¼

P1
n¼1 z

nb#ðkÞ
n :
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Also, d
dz PLðzÞjz¼1 ¼ kEðXÞEðSÞ is the average number of batch arrivals during the ser-

vice time.
Now, multiplying Equation (2) by zn and then taking summation over n ¼ 0, 1, :::, we get

PPðzÞ ¼
p0 1� ð1� PYð#�ðkÞÞÞ ðPVðzÞ � #�ðkÞÞ

1� #�ðkÞ þ PYð#�ðkÞÞPXðzÞ
1� PYð#�ðkÞÞ

� �� �� �
PLðzÞ

ðPLðzÞ � zÞ
(3)

where PVðzÞ ¼
P1

n¼0 z
nPn

k¼0 b
#ðkÞ
n .k ¼ #�ðkð1� PXðzÞÞÞ and #�ðkÞ is defined on page 5.

Clearly, d
dz PVðzÞjz¼1 ¼ kEðXÞEð#Þ is the average number of batch arrivals during the

random vacation time.
Now, applying the normalizing condition PPð1Þ ¼ 1, we obtain

p0 ¼ ð1� kEðXÞEðSÞÞð1� #�ðkÞÞð1� PYð#�ðkÞÞÞ�1

EðXÞ kEð#Þ þ ð1� #�ðkÞÞPYð#�ðkÞÞ
1� PYð#�ðkÞÞ

� �
(4)

Utilizing Equation (4) in (3), we obtain

PPðzÞ ¼
ð1� kEðXÞEðSÞÞð1� #�ðkÞÞ 1

ð1� PYð#�ðkÞÞÞ �
ðPVðzÞ � #�ðkÞÞ

1� #�ðkÞ þ PYð#�ðkÞÞPXðzÞ
1� PYð#�ðkÞÞ

� �� �
PLðzÞ

EðXÞ kEð#Þ þ ð1� #�ðkÞÞPYð#�ðkÞÞ
1� PYð#�ðkÞÞ

� �
ðPLðzÞ � zÞ

(5)
which is the PGF of queue size distribution at service completion epoch.
Let EðPÞ be the mean queue size at service completion epoch, then by differentiating

Equation (5) both sides with respect to z and then taking limit z ! 1, we obtain

EðPÞ ¼ 2kEðXÞEðSÞ � ðkEðXÞÞ2ð2ðEðSÞÞ2 � EðS2ÞÞ þ kEðX2ÞEðSÞ
2ð1� kEðXÞEðSÞÞ

ðkEðXÞÞ2Eð#2Þ þ PYð#�ðkÞÞð1� #�ðkÞÞEðX2Þ þ EðX2ÞkEð#Þ
2EðXÞ kEðXÞ þ ð1� #�ðkÞÞPYð#�ðkÞÞ

1� PYð#�ðkÞÞ
� � (6)

Remark 1. It can be observed from Equation (4) that kEðXÞEðSÞ < 1, which is a neces-
sary and sufficient condition for the stable solution of the model. It is basically the sta-
bility condition of the model. Since kEðXÞEðSÞ < 1, therefore the equation
PLðzÞ � z ¼ 0 never vanishes inside the region jzj � 1, which can be proved by using
Rouche’s Theorem (see Takacs (1962)).

4.2. Steady state system size probabilities

To obtain an explicit expression for steady state system size probabilities, we follow the
method of Markov regenerative process, which gives much quicker result than the more
popular method of supplementary variables techniques.
Let h 2 0, 1, :::f g denote the total number of customers in the arriving batches to the sys-

tem (including the one being served if any) and s 2 0, 1, 2f g indicate whether the system is
in random vacation period (which consists of maximum Y number of random vacations)
or dormant period or busy period at time t. Thus, the state of the system can be described
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by a 2-tuple or ordered pair ðh, sÞ 2 0, 1, :::f g � 0, 1, 2f g 	 X: Consider the system state
process UðtÞ, t � 0

� �
, where U(t) denote the total number of customers in the arriving

batches to the system at time t. The process UðtÞ, t � 0
� �

is not a continuous time Markov
chain (CTMC) since the sojourn time in each state is not exponentially distributed.
Moreover, U(t) is not even a semi-Markov process since between two completion epochs
(i.e., between two sequential regeneration epochs) system state can change due to batch
arrivals in random vacation period or dormant period or service completion. Define
sn, n ¼ 0, 1, :::f g as the sequence of epochs in which either service is terminated or random
vacation is terminated or dormant period is terminated and let fn 2 X be the state of the
system at these epochs. Here, the elements of X are called regeneration epochs and they
occur at service completion epoch, random vacation completion epoch, dormant period
completion epoch. Hence, we can claim that fn, n ¼ 0, 1, :::f g is a DTMC with one-step
transition probability matrix Kð1Þ: By observing stochastic process UðtÞ, t � 0

� �
at these

epochs, we see that the sequence fn, snf g is an embedded Markov renewal sequence and
UðtÞ, t � 0
� �

is a MRGP (see Kulkarni (1995)).
We now proceed to establish the local kernel E(t) and global kernel K(t) of the MRGP. To

simplify the analysis, we first draw the state transition diagram and it is shown in Figure 3. In
Figure 3, we have not considered the state 0, 2 because when the server is in a busy state,
there is at least one batch for service and if no batch is waiting in a queue, the system moves
to random vacation period. In the state transition diagram, we apply an oval symbol with
ordered pair (h, s) (as stated above) to show the state and apply a directed line to show a state
transition. There are two types of state transitions as follows.


 Transition with a generally distributed sojourn times (corresponding to the ser-
vice time and random vacation time) and is denoted by FSð:Þ and F#ð:Þ with dot-
ted line respectively.


 Transition with exponentially distributed sojourn time (corresponding to inter-
arrival time) with transition rate rijðh, nÞ, 0 � i, j � 2, h ¼ 0, 1, . . . , n ¼ 0, 1, . . .
and is represented by the solid line. The possible transitions and corresponding
rates are given in the following Table 1

Figure 3. State transition diagram for MX=G=1 system with random vacation policy.
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Now, to obtain the system state probabilities of MRGP, we find the closed form
expression for K(t) and E(t) as follows.

4.2.1. Closed form expression for K(t)
K(t) is a global kernel matrix. The interpretation for the elements of the global kernel
matrix K(t) is as follows: Kðh, sÞ;ðn, s0ÞðtÞ denotes the probability that the system will be in
state ðn, s0Þ, s0 2 0, 1, 2f g, n ¼ 0, 1, ::: at the time of the next regeneration epoch which
occur on or before time t, given that it was in state (h, s) just after the previous regener-
ation epoch. The evolution of MRGP between two sequential Markov regeneration
epochs can be explained through a CTMC infinitesimal generator matrix which involves
an exponential transition. Hence, by removing general transition FSð:Þ and F#ð:Þ in
Figure 3 we can construct the CTMC infinitesimal generator matrix with the ordered
pair {(0,0), (0,1), (1,0), (1,1), (1,2), (2,0), (2,1), (2,2), … } as follows:

where q00¼�ðr01ð0, 0Þ þ k
P1

k¼1bkÞ, q01¼�k
P1

k¼1bk, q
1
0¼�ðr02ð1, 1Þ þ k

P1
k¼1bkÞ, q11¼

�r12ð1,1Þ, q12 ¼ �ðr20ð1,0Þþk
P1

k¼1bkÞ, q20 ¼ �ðr02ð2,2Þþk
P1

k¼1bkÞ, q21 ¼ �r12ð2, 2Þ,
q22¼�ðr20ð2,0Þþr22ð2,1Þþk

P1
k¼1bkÞ and kbk is the batch arrival rate.

Let NðtÞ 2 0, 1, :::f g be the total number of customers in the arriving batches to the sys-
tem during time interval ð0, t� and DðtÞ 2 0, 1, 2f g be the state of the system. Then we define

Pijðh; n, tÞ ¼ P NðtÞ ¼ n,DðtÞ ¼ jjNð0Þ ¼ h,Dð0Þ ¼ i
� �

; n ¼ h ¼ 0, 1, ::: (7)

Pijðh; n, tÞ is the probability that the subordinate CTMC will be in state (n, j) during time
t given that it was initialy in state (h, i). Let PðtÞ be the corresponding probability matrix.
Then

d
dt

PðtÞ ¼ PðtÞQ,Piiðh; h, 0Þ ¼ 1, i 2 0, 1, 2f g (8)

where Piiðh; h, 0Þ is the probability that the subordinate CTMC will be in the same state
with h customers initially.

Table 1. Table for transition and corresponding rates.
From To Transition rate

(0, 0) (0, 1) r01 (0, 0)
(h, 0) (n, 2) r02 (h, n) for h¼ n ¼ 1, 2,…
(1, 1) (1, 2) r12 (1, 1)
(1, 2) (0, 0) r20 (1, 0)
(h, 2) (n, 2) r22 (h, n) for h ¼ 2, 3,… , n¼ h� 1.
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By solving Equation (8), we obtain Pijðh; n, tÞ and from the properties of transition

probabilities, we get rijðh, nÞ ¼ limt!0
Pijðh;n, tÞ

t < 1, 8 i 6¼ j 6¼ h 6¼ n:
Now, according to the defination of global kernel K(t) in Kulkarni (1995), we want to find

Kðh, sÞ;ðn, s0ÞðtÞ ¼ P f1 ¼ ðn, s0Þ, s1 � tjf0 ¼ ðh, sÞ� �
, 0 � s � 2, s0 2 0, 1, 2f g (9)

where s1 is the interval between two sequential regeneration epochs.
Now, we define the elements of global kernel for each transition as follows: (See

the Appendix)
In summary, the global kernel Kðh, sÞ;ðn, s0ÞðtÞ of MRGP (see Equation (9)) can be given as

Kðh, sÞ;ðn, s0ÞðtÞ ¼

ðt
0

P01ð0; 0, xÞdF#ðxÞ,

ðt
0

P02ðh; n, xÞdF#ðxÞ, n ¼ h ¼ 1, 2, :::,

P12ðh; n, tÞ, n ¼ h ¼ 1, 2, :::,ðt
0

P20ð1; 0, xÞdFSðxÞ,

ðt
0

P22ðh; n, xÞdFSðxÞ, n ¼ 1, 2, :::, h ¼ 1, 2, :::,

0, otherwise

8>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>:

4.2.2. Closed form expression for E(t)
The local kernel matrix E(t) describes the local behavior of the process between two
sequential regeneration epochs. The description for the elements of local kernel matrix
E(t) is as follows: Eðh, sÞ;ðn, s0ÞðtÞ denotes the probability that the system will be in state
ðn, s0Þ at time t and the next regeneration epoch occurs after time t given that the sys-
tem was in state (h, s). Hence, we can write the elements of E(t) as

Eðh, sÞ;ðn, s0ÞðtÞ ¼ P UðtÞ ¼ ðn, s0Þ, s1 � t j f0 ¼ ðh, sÞ� �
(10)

where s1 is the time period between two sequential regeneration epochs.
Following the similar procedure in obtaining the global kernel K(t), we find E(t) as

Eðh, sÞ;ðn, s0ÞðtÞ ¼

P02ðh; n, tÞð1� F#ðtÞÞ, n ¼ h ¼ 1, 2, :::,

P12ðh; n, tÞ, n ¼ h ¼ 1, 2, :::,

P22ðh; n, tÞð1� FSðtÞÞ, n ¼ 1, 2, :::, h ¼ 1, 2, :::,

0, otherwise

8>>>><
>>>>:

4.2.3. System state probabilities
To obtain the system state probabilities, we define a new variable ass0 ðh; nÞ which repre-
sents the average amount of time the MRGP spends in state s0 with n total customers in
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the arriving batches between two sequential regeneration epochs, given that it was in
state s with h total customers in the arriving batches after last regeneration:

ass0 ðh; nÞ ¼
ð1
0
Eðh, sÞ;ðn, s0ÞðtÞdt

It is easy to show that for s¼ 0, s0 ¼ 2 and n ¼ h ¼ 1, 2, :::

a02ðh; nÞ ¼EðXÞ
Xn
k¼0

b#ðkÞ
n 1� PYð#�ðkÞÞ½ � 1� #�ðkÞ� ��1

ð1
0

e�ktðktÞk
k!

ð1� F#ðtÞÞdt

�EðXÞ PYð#�ðkÞÞ � bnPYð#�ðkÞÞ½ �
k

(11)

For s¼ 1, s0 ¼ 2 and h ¼ n ¼ 1, 2, :::

a12ðh; nÞ ¼ bn
k

(12)

and for s¼ 2, s0 ¼ 2, n ¼ 1, 2, ::: and h ¼ 1, 2, :::, we have

a22ðh; nÞ ¼ EðXÞgn�hþ1; n � maxð0, h� 1Þ (13)

where gn ¼
Pn

k¼0

Ð1
0 e�kt ðktÞk

k!

h i
b#ðkÞ
n ð1� FSðtÞÞdt; n ¼ 0, 1, :::

Since the system state is basically based on the value of h while s 2 0, 1, 2f g, therefore
the system state probabilities are defined as

/ðn, s0Þ ¼
P1

h¼0phass0 ðh; nÞP1
h¼0phbh

(14)

where ph’s are the solution of p ¼ pKð1Þ and
P1

h¼0 ph ¼ 1: Here bh ¼P
t2 0, 1, 2f g ats0 ðh; nÞ; n ¼ 0, 1, ::: and

P1
h¼0 phbh ¼ 1

k :

Since, the arrival process in batches is Poisson, therefore, by obeying Burke’s theorem
(see Cooper (1981), page 187–188) it is achieved that the system state probabilities
/ðn, s0Þ; ðn, s0Þ 2 X
� �

are positive and exist under the similar condition of limiting
probabilities pn; n ¼ 0, 1, :::f g of the Markov chain Nm,m ¼ 0, 1, :::f g, i.e., if and only
if kEðXÞEðSÞ < 1:
Now, we consider the case of stationary system size distribution when the server state

is in random vacation, i.e., s0 ¼ 0, a probability argument with Equation (14) gives rise
to

/ðn, 0Þ ¼ kEðXÞ p0
1� #�ðkÞ� � 1� PYð#�ðkÞÞ½ �

Xn
k¼0

b#ðkÞ
n

ð1
0

e�ktðktÞk
k!

ð1� F#ðtÞÞdt

� EðXÞ p0ðPYð#�ðkÞÞ � bnPYð#�ðkÞÞÞ½ �; n ¼ 0, 1, :::

(15)

Next, we consider the case of stationary system size distribution when the server state is
in dormant period, i.e., s0 ¼ 1, a probability argument with Equation (14) gives rise to

/ðn, 1Þ ¼ p0bnPYð#�ðkÞÞ, n ¼ 0, 1, ::: (16)

At the end we consider the case of stationary system size distribution when the server
state is in busy period, i.e., s0 ¼ 2, a probability argument with Equation (14) gives rise to
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/ðn, 2Þ ¼ kEðXÞ po
Xnþ1

c¼1

1� PYð#�ðkÞÞ� �Pc
k¼1b

#ðkÞ
c .k

ð1� .0Þ
þ PYð#�ðkÞÞbc

" #
gn�cþ1 þ

Xnþ1

c¼1

pcgn�cþ1

2
4

3
5
(17)

Now, we find the PGF of the above Equations (15)–(17), which are given in the follow-
ing theorem.

Theorem 1. Under stability condition kEðXÞEðSÞ < 1, the PGF P0ðzÞ of system size distri-
bution when the server state is in random vacation period (i.e., s0 ¼ 0) is found as

P0ðzÞ ¼
ð1� kEðXÞEðSÞÞð1� PYð#�ðkÞÞÞ ð1� PVðzÞÞ þ ð1� #�ðkÞÞPYð#�ðkÞÞ

ð1� PYð#�ðkÞÞÞ ð1þ ðPXðzÞÞ2 � 2PXðzÞÞ
� �

ð1� PXðzÞÞ kEð#Þ þ PYð#�ðkÞÞð1� #�ðkÞÞ
1� PYð#�ðkÞÞ

� �

(18)

The PGF P1ðzÞ of system size distribution when the server state is in dormant period
(i.e., s0 ¼ 1) is found as

P1ðzÞ ¼ ð1� kEðXÞEðSÞÞð1� #�ðkÞÞPXðzÞPYð#�ðkÞÞ
EðXÞð1� PYð#�ðkÞÞÞ kEð#Þ þ PYð#�ðkÞÞð1� #�ðkÞÞ

1� PYð#�ðkÞÞ
� �

(19)

and the PGF P2ðzÞ of system size distribution when the server is busy (i.e., s0 ¼ 2) is
found as

P2ðzÞ ¼
ð1� kEðXÞEðSÞÞð1� #�ðkÞÞ 1

ð1� PYð#�ðkÞÞÞ �
ðPVðzÞ � #�ðkÞÞ

1� #�ðkÞ þ PYð#�ðkÞÞPXðzÞ
1� PYð#�ðkÞÞ

� �� �
ð1� PLðzÞÞ

ð1� PYð#�ðkÞÞÞ PLðzÞ þ zPXðzÞ � PXðzÞPLðzÞ � z½ � kEð#Þ þ PYð#�ðkÞÞð1� #�ðkÞÞ
1� PYð#�ðkÞÞ

� �

(20)

Proof. Multiplying Equations (15)–(17) by zn in both sides and summing over n ¼
0, 1, ::: and then utilizing the established result from renewal theoryð1

0
e�hxð1� FðxÞÞdx ¼ 1� f �ðhÞ

h

where Fð:Þ represents the CDF of an r.v and f �ð:Þ its LST, we obtain the results
(18)–(20) respectively.

Next, from the PGF of Theorem 1, we find the system state probabilities, where the
server can be in random vacation period(RV), in a dormant period (D), in a busy
period (S) or in an idle period (I), which are summarized in Corollary 1.

Corollary 1. For kEðXÞEðSÞ < 1, the probability that the server is in random vacation
period during a random vacation PRV, the probability that the server is in dormant period
PD, the probability that the server is in busy period PS and in idle period PI are obtained as

PRV ¼ ð1� kEðXÞEðSÞÞkEð#Þ
kEð#Þ þ ð1� #�ðkÞÞPYð#�ðkÞÞ

1� PYð#�ðkÞÞ
� �

(21)
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PD ¼ ð1� kEðXÞEðSÞÞð1� #�ðkÞÞPYð#�ðkÞÞ
ð1� PYð#�ðkÞÞÞ kEð#Þ þ ð1� #�ðkÞÞPYð#�ðkÞÞ

1� PYð#�ðkÞÞ
� �

(22)

PS ¼ kEðXÞEðSÞ (23)

PI ¼1� kEðXÞEðSÞ (24)

Proof. From Equations (18)–(20) by taking limit as z ! 1 and after calculation,
we obtain the results (21)–(23), i.e., limz!1 P0ðzÞ ¼ PRV , limz!1 P1ðzÞ ¼ PD and
limz!1 P2ðzÞ ¼ PS: By adding (21) and (22), Equation (24) is obtained.
Lastly, we find the PGF, mean and second moment of system size, which are given in

Corollary 2.

Corollary 2. Let N denote the system size in steady state. Then, under the stability condi-
tion kEðXÞEðSÞ < 1, the corresponding PGF is given by

PNðzÞ ¼ ð1� kEðXÞEðSÞÞð1� zÞPLðzÞ
PLðzÞ � z
� �

�
ð1� #�ðkÞÞ

ð1� PYð#�ðkÞÞÞ 1� ð1� PYð#�ðkÞÞÞ ðPVðzÞ � #�ðkÞÞ
1� #�ðkÞ þ PYð#�ðkÞÞPXðzÞÞ

1� PYð#�ðkÞÞ
� �� �� �

kEð#Þ þ PYð#�ðkÞÞð1� #�ðkÞÞ
1� PYð#�ðkÞÞ

� �
ð1� PXðzÞÞÞ

(25)

The mean of system size, E(N) is given by

EðNÞ ¼ kEðXÞEðSÞ þ ðkEðXÞÞ2EðS2Þ þ kEðX2ÞEðSÞ
2ð1� kEðXÞEðSÞÞ

þ
2PYð#�ðkÞÞ

1� PYð#�ðkÞÞ ð1� #�ðkÞÞEðX2Þ þ kðkðEðXÞÞ2Eð#2Þ þ 2EðX2ÞEð#ÞÞ

2EðXÞ kEð#Þ þ ð1� #�ðkÞÞPYð#�ðkÞÞ
1� PYð#�ðkÞÞ

� � (26)

and the second moment of system size, EðN2Þ is given by

EðN2Þ ¼ kEðXÞEðSÞ þ EðXÞðEðXÞ þ 3EðX3ÞÞ � 3ðEðX2ÞÞ2
2ðEðXÞÞ2

þ ðkEðXÞÞ2ðkEðXÞEðS3Þ þ EðS2ÞÞ
2ð1� kEðXÞEðSÞÞ þ kEðSÞðEðX3Þ þ EðX2ÞÞ

2ð1� kEðXÞEðSÞÞ

þ ð1� kEðXÞEðSÞÞk2EðXÞEðX2ÞEðSÞ � ððkEðXÞÞ2EðS2Þ þ kEðX2ÞEðSÞÞ2
2ð1� kEðXÞEðSÞÞ2

þ k2ðEðXÞÞ3ðkEðXÞEð#3Þ þ Eð#2ÞÞ
2ðEðXÞÞ2 kEð#Þ þ ð1� #�ðkÞÞPYð#�ðkÞÞ

1� PYð#�ðkÞÞ
� �

(27)

Proof. From Equations (15)–(17), we get the probability of total system size in steady
state as follows
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nn ¼/ðn, 0Þ þ EðXÞ/ðn, 1Þ þ ð1� dn, 0Þ/ðn, 2Þ; forn ¼ 0, 1, ::: (28)

where nn ¼ P N ¼ nf g and

dm, n ¼
1, if m ¼ n

0, if m 6¼ n

8<
:

denotes Kronecker’s delta function. Then multiplying Equation (28) by zn and taking
summation over n ¼ 0, 1, :::, we obtain

PNðzÞ ¼P0ðzÞ þ EðXÞP1ðzÞ þ zP2ðzÞ (29)

which represents the connection between the 4 PGFs namely, P0ðzÞ,P1ðzÞ, P2ðzÞ and
PNðzÞ: After simplifying Equation (29), we obtain the result (25). The result (25), i.e.,
PNðzÞ can also be written as

PNðzÞ ¼ EðXÞð1� zÞ
1� PXðzÞ
� � PPðzÞ (30)

which represents the relation between the PGF of system size and PGF of queue size
distribution at service completion epoch.
The result (26) follows directly from Equation (25) on differentiation with respect to

z and assigning z¼ 1. Again, calculating the second differentiation of Equation (25)
with respect to z and assigning z¼ 1 and then adding the result with (25), after simplifi-
cation we obtain the formula (27).

Remark 2. It is essential to note that the stochastic decomposition property (see
Fuhrmann and Cooper (1985)) can be exhibited for the underlying queueing system.
We can write the Equation (25) as

PNðzÞ ¼ PoðzÞPYðzÞ
where PoðzÞ ¼ ð1�kEðXÞEðSÞð1�zÞPLðzÞ

ðPLðzÞ�zÞ , the PGF of system size distribution of an ordinary

MX=G=1 queue and

PYðzÞ ¼
1� ð1� PYð#�ðkÞÞÞ ðPV ðzÞ�#�ðkÞÞ

1�#�ðkÞ þ PY ð#�ðkÞÞPXðzÞ
1�PY ð#�ðkÞÞ

h i
ð1� PYð#�ðkÞÞÞ kEð#ÞEðXÞ

ð1�#�ðkÞÞ þ PY ð#�ðkÞÞEðXÞ
1�PY ð#�ðkÞÞ

h i
ð1� zÞ

is the PGF of additional system size distribution when the server is idle.
Thus, PNðzÞ ¼ PoðzÞPYðzÞ confirms that the stochastic decomposition property of

Fuhrmann and Cooper (1985) is also valid for the underlying queueing system under
the stability condition.

5. System performance measures

In this section, we derive some essential system performance measures namely distribu-
tion of a number of batches served during the busy period, waiting time distribution
and unfinished work.
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5.1. Distribution of a number of batches served during the busy period

Here, we derive the PGF and mean number of batches served during the busy period in
this model under stability condition kEðXÞEðSÞ < 1, which are given in the follow-
ing theorem.

Theorem 2. Let w denote the number of batches served during the busy period. Then,
under stability condition kEðXÞEðSÞ < 1, the corresponding PGF PwðzÞ and mean EðwÞ
are determined as

PwðzÞ ¼ð1� PYð#�ðkÞÞ ðPVðPðzÞÞ � #�ðkÞÞ
1� #�ðkÞ þ PYð#�ðkÞÞPXðPðzÞÞ

1� PYð#�ðkÞ
� �

(31)

and

EðwÞ ¼EðXÞPYð#�ðkÞÞ
1� kEðXÞEðSÞ 1þ kEð#Þð1� PYð#�ðkÞÞÞ

ð1� #�ðkÞÞPYð#�ðkÞÞ
� �

(32)

Proof. The idle period is terminated if and only if at least one batch arrives either dur-
ing a random vacation period or dormant period. Therefore, the probability that several
batches with total of n customers arrives in the system at the idle period completion
epoch is

an ¼ 1� PYð#�ðkÞÞ� �Pn
k¼1b

#ðkÞ
n .k

ð1� .0Þ
þ PYð#�ðkÞÞbn; n ¼ 1, 2, :::

Now, if there are several batches with total of n customers in the system at the idle
period completion epoch, then utilizing the argument of Takagi (1991), we have

PwðzÞ ¼
X1
n¼1

anðPðzÞÞn

¼ ð1� PYð#�ðkÞÞ
X1
n¼1

Xn

k¼1
b#ðkÞ
n .k

ð1� .0Þ
ðPðzÞÞn þ PYð#�ðkÞÞ

X1
n¼1

bnðPðzÞÞn

¼ ð1� PYð#�ðkÞÞ
1� #�ðkÞ

X1
n¼0

ðPðzÞÞn
Xn
k¼0

b#ðkÞ
n

ð1
0
e�kx ðkxÞk

k!
dF#ðxÞ � ðPðzÞÞ0b#ð0Þ

n

ð1
0
e�kxdF#ðxÞ

" #

þ PYð#�ðkÞÞ
X1
n¼1

bnðPðzÞÞn

¼ ð1� PYð#�ðkÞÞ ðPVðPðzÞÞ � #�ðkÞÞ
1� #�ðkÞ þ PYð#�ðkÞÞPXðPðzÞÞ

1� PYð#�ðkÞ
� �

(33)

where P(z) follows the following function equation under stability

PðzÞ ¼PXðzÞS�ðk� kPXðPðzÞÞÞ
Then differentiating Equation (33) with respect to z and assigning z¼ 1, we obtain the
result (32).
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5.2. Waiting time distribution

To obtain the waiting time distribution of a queue, first of all, we derive the waiting
time of the first customer in an arriving batch which is denoted by W1. Next, we derive
the waiting time of a random customer in a batch which is denoted by W.
By considering a batch with a single customer, its (the batch’s) service time is the

total service time of customer constituting the batch. The LST of this service time is
PXðS�ðhÞÞ: In this case the batch will have as its batch size PXðzÞ ¼ z and the mean
arrival rate of the batch is k. Using the information and results obtained by Chaudhry
and Templeton (1983) [see Chapter 3, page 147–150] and from Equation (5), we have

PPðzÞ ¼
ð1� kEðSÞÞð1� #�ðkÞÞ 1

ð1� PYð#�ðkÞÞÞ �
ð#�ðk� kzÞ � #�ðkÞÞ

1� #�ðkÞ þ PYð#�ðkÞÞz
1� PYð#�ðkÞÞ

� �� �
PXðS�ðk� kzÞÞ

kEð#Þ þ ð1� #�ðkÞÞPYð#�ðkÞÞ
1� PYð#�ðkÞÞ

� �
ðPXðS�ðk� kzÞÞ � zÞ

(34)

Utilizing above explanation and result (34), we find the results for waiting time distribu-
tion in the following theorem:

Theorem 3. If kEðXÞEðSÞ < 1, then the LST of waiting time distribution of the first cus-
tomer in an arriving batch is W�

1 ðhÞ, the LST of waiting time distribution of a random
customer in a batch is W�ðhÞ, the mean waiting time is E(W) and the mean sojourn time
is EðWsÞ, of the underlying queueing system. These are obtained as

W�
1 ðhÞ ¼

ð1� kEðXÞEðSÞÞ ð1� #�ðkÞÞ2 � ð1� PYð#�ðkÞÞÞð1� #�ðkÞÞð#�ðhÞ � #�ðkÞÞ
� 	

ð1� PYð#�ðkÞÞÞð1� #�ðkÞÞ kEð#Þ þ ð1� #�ðkÞÞPYð#�ðkÞÞ
1� PYð#�ðkÞÞ

� �
PXðS�ðhÞÞ � 1þ h

k

� �

þ
ð1� kEðXÞEðSÞÞ h

k
� 1


 �
PYð#�ðkÞÞð1� #�ðkÞÞ2

� �

ð1� PYð#�ðkÞÞÞð1� #�ðkÞÞ kEð#Þ þ ð1� #�ðkÞÞPYð#�ðkÞÞ
1� PYð#�ðkÞÞ

� �
PXðS�ðhÞÞ � 1þ h

k

� �

(35)

W�ðhÞ ¼
ð1� kEðXÞEðSÞÞð1� #�ðkÞÞ2

X1
k¼1

ðS�ðhÞÞk�1 �
X1

k¼1

Xk�1

n¼1
bnðS�ðhÞÞk�1

� �

EðXÞð1� PYð#�ðkÞÞÞð1� #�ðkÞÞ kEð#Þ þ ð1� #�ðkÞÞPYð#�ðkÞÞ
1� PYð#�ðkÞÞ

� �
PXðS�ðhÞÞ � 1þ h

k

� �

�
ð1� kEðXÞEðSÞÞðð1� #�ðkÞÞð#�ðhÞ � #�ðkÞÞ

X1
k¼1

ðS�ðhÞÞk�1 1�
Xk�1

n¼1
bn

� �

EðXÞð1� PYð#�ðkÞÞÞð1� #�ðkÞÞ kEð#Þ þ ð1� #�ðkÞÞPYð#�ðkÞÞ
1� PYð#�ðkÞÞ

� �
PXðS�ðhÞÞ � 1þ h

k

� �

þ
ð1� kEðXÞEðSÞÞPYð#�ðkÞÞð1� #�ðkÞÞð#�ðhÞ � #�ðkÞÞ

X1
k¼1

ðS�ðhÞÞk�1 1�
Xk�1

n¼1
bn

� �

EðXÞð1� PYð#�ðkÞÞÞð1� #�ðkÞÞ kEð#Þ þ ð1� #�ðkÞÞPYð#�ðkÞÞ
1� PYð#�ðkÞÞ

� �
PXðS�ðhÞÞ � 1þ h

k

� �

þ
ð1� kEðXÞEðSÞÞ h

k
� 1


 �
PYð#�ðkÞÞð1� #�ðkÞÞ

X1
k¼1

ðS�ðhÞÞk�1 1�
Xk�1

n¼1
bn

� �

EðXÞð1� PYð#�ðkÞÞÞ kEð#Þ þ ð1� #�ðkÞÞPYð#�ðkÞÞ
1� PYð#�ðkÞÞ

� �
PXðS�ðhÞÞ � 1þ h

k

� �

(36)
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EðWÞ ¼
ðkðEðXÞÞ2EðS2Þ þ EðX2ÞEðSÞÞ kEð#Þ þ ð1� #�ðkÞÞPYð#�ðkÞÞ

1� PYð#�ðkÞÞ
� �

2EðXÞð1� kEðXÞEðSÞÞ kEð#Þ þ ð1� #�ðkÞÞPYð#�ðkÞÞ
1� PYð#�ðkÞÞ

� �

þ kEð#2ÞEðXÞð1� kEðXÞEðSÞÞ
2EðXÞð1� kEðXÞEðSÞÞ kEð#Þ þ ð1� #�ðkÞÞPYð#�ðkÞÞ

1� PYð#�ðkÞÞ
� �

þ kEð#2ÞEðXÞð1� kEðXÞEðSÞÞ
2EðXÞð1� kEðXÞEðSÞÞ kEð#Þ þ ð1� #�ðkÞÞPYð#�ðkÞÞ

1� PYð#�ðkÞÞ
� �

(37)

EðWsÞ ¼ 2EðXÞEðSÞ þ EðX2ÞEðSÞ þ kðEðXÞÞ2ðEðS2Þ � 2ðEðSÞÞ2Þ
� 	

2EðXÞð1� kEðXÞEðSÞÞ

þ kEð#2ÞEðXÞ
2EðXÞ kEð#Þ þ ð1� #�ðkÞÞPYð#�ðkÞÞ

1� PYð#�ðkÞÞ
� � (38)

Proof. Consider that the waiting time of each batch does not depend on the arrival pro-
cess. Then the arrival time of batches which are left in the system are those, where
arrival stays in the system (i.e., in queue and in service). It follows from Equation (34)
that (see Fuhrmann and Cooper (1985))

PPðzÞ ¼W�
1 ðk� kzÞPXðS�ðk� kzÞÞ (39)

Now, assigning h ¼ k� kz in (39) and utilizing Equation (34), we obtain the
result (35).
Suppose, the arrival customers are selected randomly in a batch. Then, the probability

of a random customer being at kth position in its arrival batch is

1k ¼
1�

Xk�1

n¼1
bn

EðXÞ ; k ¼ 1, 2, :::

Now, as the waiting time of this kth customer in a batch is the sum of the waiting time
of the first customer in an arriving batch and the service times of the first k� 1 custom-
ers of the arriving batch. Hence it follows (since we are considering the random cus-
tomer) that the LST of waiting time distribution of a random customer in a batch is
given by (see Chaudhry and Templeton (1983))

W�ðhÞ ¼W�
1 ðhÞ �

X1
k¼1

1kðS�ðhÞÞk�1
(40)

Now, exploiting (35) in (40), we get Equation (36). The result (37) is obtained directly
from Equation (36) on differentiating both sides with respect to h and putting h¼ 0.
Adding E(S) with (37), we obtain the result (38).
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Corollary 3. The second moment of waiting time EðW2Þ and sojourn time EðW2
s Þ are

given by

EðW2Þ ¼ kðEðXÞÞ2ðEðS3Þ þ ð1� kEðXÞEðSÞÞEðS2ÞÞ
2EðXÞð1� kEðXÞEðSÞÞ2

þ EðSÞðEðX3Þ � 2kðEðX2ÞÞ2EðSÞ þ ð1� kEðXÞEðSÞÞEðX2ÞÞ
2EðXÞð1� kEðXÞEðSÞÞ2

þ kEðXÞðEðS2ÞEðX2Þ þ ðEðSÞÞ2EðX3ÞÞ þ k2ðEðXÞÞ3ðEðSÞEðS3Þ � ðEðS2ÞÞ2Þ
2EðXÞð1� kEðXÞEðSÞÞ2

þ EðX2ÞEðS2ÞðEðXÞ � EðX2ÞÞ
2ðEðXÞÞ2ð1� kEðXÞEðSÞÞ2 þ

kðEð#3Þ þ Eð#2ÞÞ
2 kEð#Þ þ ð1� #�ðkÞÞPYð#�ðkÞÞ

1� PYð#�ðkÞÞ
� �

(41)

and

EðW2
s Þ ¼ EðX2Þ þ kðEðXÞÞ2EðS3Þ þ kEðXÞðEðS2ÞEðX2Þ þ EðSÞEðX3ÞÞ

2EðXÞð1� kEðXÞEðSÞÞ2

þ EðSÞðEðX3Þ � 2kðEðX2ÞÞ2EðSÞÞ þ k2ðEðSÞÞ3ðEðSÞEðS3Þ � ðEðS2ÞÞ2Þ
2EðXÞð1� kEðXÞEðSÞÞ2

þ EðXÞð1� kEðXÞEðSÞÞð2EðXÞEðSÞ þ EðX2ÞEðSÞ þ kðEðXÞÞ2ðEðS2Þ � 2ðEðSÞÞ2ÞÞ
� 	

2ðEðXÞÞ2ð1� kEðXÞEðSÞÞ2

þ EðX2ÞEðS2ÞðEðXÞ � EðX2ÞÞ
2ðEðXÞÞ2ð1� kEðXÞEðSÞÞ2 þ

kðEð#3Þ þ Eð#2ÞÞ
2 kEð#Þ þ ð1� #�ðkÞÞPYð#~ðkÞÞ

1� PYð#�ðkÞÞ
� �

(42)

5.3. Unfinished work

In this subsection, the main objectives are to determine the LST of the distribution
function of the unfinished work and the mean unfinished work. The following theorem
summarizes the results:

Theorem 4. Let - be the r.v representing the length of an unfinished work and -�ðhÞ be
its corresponding LST. For kEðXÞEðSÞ < 1,

-�ðhÞ ¼
hð1� kEðXÞEðSÞÞ ð1� PVðS�ðhÞÞÞ þ PYð#�ðkÞÞð1� #�ðkÞÞ

1� PYð#�ðkÞÞ ð1� PXðS�ðhÞÞÞ
� �

kEð#Þ þ PYð#�ðkÞÞð1� #�ðkÞÞ
1� PYð#�ðkÞÞ

� �
ðh� kþ kPXðS�ðhÞÞÞEðXÞð1� S�ðhÞÞ

(43)

and
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L- ¼Eð-Þ ¼ k2ðEð#ÞÞ2EðXÞEð#rÞ
kEð#Þ þ PYð#�ðkÞÞð1� #�ðkÞÞ

1� PYð#�ðkÞÞ
� �þ kEðXÞEðSÞEðSrÞ þ EðXrÞ

ð1� kEðXÞEðSÞÞ (44)

where EðSrÞ ¼ EðS2Þ
2EðSÞ and Eð#rÞ ¼ Eð#2Þ

2Eð#Þ represents the mean residual service time and vac-

ation time respectively. EðXrÞ ¼ EðX2Þ
2EðXÞ represent mean residual batch size.

Proof. Let v be the r.v describing the length of an unfinished work of an idle period
and v�ðhÞ be its LST, then by utilizing the standard argument of queueing theory (see
Takagi (1991)), we can write

v�ðhÞ ¼PYðS�ðhÞÞ

¼
1� ð1� PYð#�ðkÞÞÞ ðPVðS�ðhÞÞ � #�ðkÞÞ

1� #�ðkÞ þ PYð#�ðkÞÞPXðS�ðhÞÞ
1� PYð#�ðkÞÞ

� �

ð1� PYð#�ðkÞÞÞ kEð#ÞEðXÞ
ð1� #�ðkÞÞ þ

PYð#�ðkÞÞEðXÞ
1� PYð#�ðkÞÞ

� �
ð1� S�ðhÞÞ

(45)

Since -�ðhÞ is the LST of the distribution function of the unfinished work, therefore by
utilizing the decomposition result of Leung (1992), we can write

-�ðhÞ ¼v�ðhÞ-�
Mx=G=1ðhÞ (46)

where -�
Mx=G=1ðhÞ ¼ hð1�kEðXÞEðSÞÞ

h�kþkPXðS�ðhÞÞ is the LST of waiting time distribution of the first cus-

tomer in a batch and it belongs to an ordinary MX=G=1 queue. Thus, utilizing (45) in
(46), the result (43) is obtained.
Again, by differentiating Equation (43) both sides with respect to h and assigning

h¼ 0, formula (44) is obtained.

Remark 3. It is necessary to note that the result (43) can be rearranged for the underly-
ing queueing model and for that we need to define some other general descriptors
which are listed below:
Let TRV denote the length of a random vacation period during a regeneration cycle.

Then the average residence time say EðTRVÞ, of the server in the random vacation
period during a regeneration cycle is given by

EðTRVÞ ¼ EðXÞPYð#�ðkÞÞEð#Þ
PYð#�ðkÞÞð1� #�ðkÞÞ

1� PYð#�ðkÞÞ
� �

(47)

Consider TD as the length of a dormant period during a regeneration cycle. Then the
average residence time say EðTDÞ, of the server in the dormant period during a regener-
ation cycle is given by

EðTDÞ ¼EðXÞPYð#�ðkÞÞ
k

(48)

Similarly, consider TI as the length of an idle period during a regeneration cycle.
Then the average residence time say EðTIÞ, of the server in the idle period during a
regeneration cycle is given by
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EðTIÞ ¼EðTRVÞ þ EðTDÞ ¼
EðXÞ kEð#ÞPYð#�ðkÞÞ þ PYð#�ðkÞÞ2ð1� #�ðkÞÞ

1� PYð#�ðkÞÞ

" #

k
PYð#�ðkÞÞð1� #�ðkÞÞ

1� PYð#�ðkÞÞ
� � (49)

Now, by utilizing the theory of regenerative process, we get the following conditional
time average probabilities �PRV and Pd as follows:

�PRV ¼ Pðserverisinrandomvacation=serverisidleÞ

¼ EðTRVÞ
EðTIÞ

¼ kEð#Þ
kEð#Þ þ ð1� #�ðkÞÞPYð#�ðkÞÞ

1� PYð#�ðkÞÞ
� � (50)

and

Pd ¼ Pðserverisindormantperiod=serveris idleÞ

¼ EðTDÞ
EðTIÞ

¼ ð1� #�ðkÞÞPYð#�ðkÞÞ
ð1� PYð#�ðkÞÞÞ kEð#Þ þ ð1� #�ðkÞÞPYð#�ðkÞÞ

1� PYð#�ðkÞÞ
� � (51)

Using (50) and (51), we can rearrange the Equation (43) as

-�ðhÞ ¼ PdðhkEð#Þ � k2EðXÞEð#ÞEðSÞÞð1� PXðS�ðhÞÞÞ þ �PRVðh� hkEðXÞEðSÞÞð1� PVðS�ðhÞÞÞ
kEð#ÞEðXÞð1� S�ðhÞÞðh� kþ kPXðS�ðhÞÞÞ

(52)

Now, by assigning Pd ¼ 0 and �PRV ¼ 1 in Equation (52), the result justifies the
Equation (3.7) of Takagi (1991). Similarly, by putting Pd ¼ 1 and �PRV ¼ 0 in Equation
(52), the result justifies with Takagi (1991).

6. Some special cases

Here, we discuss momentarily some particular cases of the model, which is consistent
with the existing literature.

Case 1: If we are considering point mass distribution at Y, then PYð#�ðkÞÞ ¼ ð#�ðkÞÞY
and therefore Equation (5) yields
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PPðzÞ ¼
ð1� kEðXÞEðSÞÞð1� #�ðkÞÞ 1

ð1� ð#�ðkÞÞYÞ �
ðPVðzÞ � #�ðkÞÞ

1� #�ðkÞ þ ð#�ðkÞÞYPXðzÞ
1� ð#�ðkÞÞY

( )" #
PLðzÞ

EðXÞ kEð#Þ þ ð1� #�ðkÞÞð#�ðkÞÞY
1� ð#�ðkÞÞY

" #
ðPLðzÞ � zÞ

(53)

Equations (53) represent the PGF of queue size distribution at a service completion
epoch of the MX=G=1 with atmost Y vacation. Also we note that Equation (53) is con-
sistent with Ke and Chu (2006)

Case 2: Suppose Y follows geometric distribution, then the probability mass function of
the r.v Y is

yi ¼pð1� di, JÞ�pi�1 þ di, J�p
J�1, i ¼ 1, 2, :::, J (54)

then the Equations (5) and (38) yield

PPðzÞ ¼
ð1� kEðXÞEðSÞÞ ð1� ð�p#�ðkÞÞJÞðPVðzÞ � 1Þ

#�ðkÞ ð�p#�ðkÞÞJ�1ð1� �p#�ðkÞÞ þ pð1� ð�p#�ðkÞÞJ�1Þ
� 	� 1þ PXðzÞ

 !
PLðzÞ

EðSÞ 1þ kEð#Þð1� ð�p#�ðkÞÞJÞ
#�ðkÞ ð�p#�ðkÞÞJ�1ð1� �p#�ðkÞÞ þ pð1� ð�p#�ðkÞÞJ�1Þ

� 	
 !

ðz � PLðzÞÞ

(55)

and

EðWsÞ ¼ EðSÞ þ EðXÞEðSÞ þ kðEðXÞÞ2EðS2Þ
2EðXÞð1� kEðXÞEðSÞÞ

þ kð1� ð�p#�ðkÞÞJÞEð#2Þ
2ðkEð#Þð1� ð�p#�ðkÞÞJÞ þ #�ðkÞ ð�p#�ðkÞÞJ�1ð1� �p#�ðkÞÞ þ pð1� ð�p#�ðkÞÞJ�1Þ

� 	
Þ

(56)

Equations (55) and (56) represents the PGF of queue size distribution at a service com-
pletion epoch and average sojourn time of the MX=G=1 system having randomized vac-
ation policy with at most J vacations respectively. Note that for J tends to 1 and p¼ 0,
the above Equations (55) and (56) are in accordance with the results obtained by
Choudhury (2002b). Also, we note that the Equations (55) and (56) are consistent with
Ke, Huang, and Pearn (2010).

7. Cost optimal policy

In this section, we develop a long run average cost function for MX=G=1 queue in
which we can compare different random vacation policies. To compare it, we build a
homologous cost function that has been widely used in various practical works (see Lee
and Srinivasan (1989), Tadj and Choudhury (2005)). For this purpose, we need to find
out an explicit expression for EðScÞ defined as average length of the busy cycle which is
given in the following theorem.
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Theorem 5. Under stability condition kEðXÞEðSÞ < 1,

EðScÞ ¼
kPYð#�ðkÞÞEð#Þ þ PYð#�ðkÞÞ2ð1� #�ðkÞÞ

1� PYð#�ðkÞÞ
kð1� kEðXÞEðSÞÞ PYð#�ðkÞÞð1� #�ðkÞÞ

1� PYð#�ðkÞÞ
� � (57)

Proof. Let Sc denote the length of a busy cycle of a system which consists of a server’s
random vacation period ðTRVÞ, dormant period ðTDÞ and a busy period ðTSÞ during a
regeneration cycle, i.e., the cycle length Sc can be written as Sc ¼ TRV þ TD þ TS:

Now, we consider Tð1Þ as the length of a busy period of the server started with a
batch of one customer. Then, under stability condition kEðXÞEðSÞ < 1, the LST of Tð1Þ
in terms of Takacs functional equation (see Takagi (1991)) is given by

T�
ð1ÞðhÞ ¼S�ðkþ h� kPXðT�

ð1ÞðhÞÞÞ (58)

Differentiating the result of Equation (58) with respect to h and taking h¼ 0, the aver-
age length of a busy period initiated by a batch of one customer is found as

EðTð1ÞÞ ¼ kEðXÞEðSÞ
kð1� kEðXÞEðSÞÞ (59)

Now, we are going to find out the average residence time say EðTSÞ, during which the
server is in busy period during a regeneration cycle. Clearly if a batch of minimum one
customer arrives during the random vacation period (with probability 1� PYð#�ðkÞÞ), a
busy period with a batch of one customer is started. In this case, the average residence
time of the server in the busy period during a regeneration cycle (type 1 cycle) is

EðT1
SÞ ¼

EðXÞPYð#�ðkÞÞEð#Þ
PYð#�ðkÞÞð1� #�ðkÞÞ

1� PYð#�ðkÞÞ
� �EðTð1ÞÞ

¼ EðXÞPYð#�ðkÞÞEð#Þ
PYð#�ðkÞÞð1� #�ðkÞÞ

1� PYð#�ðkÞÞ
� � kEðXÞEðSÞ

kð1� kEðXÞEðSÞÞ
(60)

Now, we presume the case that the random vacation period has expired without any
batch and the server enters into a dormant period. In this case, if a batch of minimum
one customer arrives during the dormant period, a busy period is initiated. Then, the
average residence time of the server in the busy period during a regeneration cycle
(type 2 cycle) is

EðT2
SÞ ¼

EðXÞPYð#�ðkÞÞ
k

EðTð1ÞÞ ¼ ðEðXÞÞ2PYð#�ðkÞÞEðSÞ
kð1� kEðXÞEðSÞÞ (61)

Therefore, the total average residence time of the server in busy period during a regen-
eration cycle is given by

EðTSÞ ¼EðT1
SÞ þ EðT2

SÞ (62)
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Finally, adding Equations (47) (48), and (62), we obtain

EðScÞ ¼EðTRVÞ þ EðTDÞ þ EðTSÞ ¼
kEð#ÞPYð#�ðkÞÞ þ PYð#�ðkÞÞ2ð1� #�ðkÞÞ

1� PYð#�ðkÞÞ
kð1� kEðXÞEðSÞÞ PYð#�ðkÞÞð1� #�ðkÞÞ

1� PYð#�ðkÞÞ
� � (63)

which represents the average length of a busy cycle of the system.

7.1. Average cost function

Here, the purpose is to establish an optimum random vacation policy in order to min-
imize the average cost function which is stated below. Let us define:
Csu ¼ Setup cost per unit time for each busy cycle in the system. Thus, in long run

the average setup cost is Csu
EðScÞ :

Chl ¼ Holding cost per unit time for each batch available in the system. Therefore, in
long run the average holding cost is ChlEðPÞ
CRV ¼ Per unit time cost while the server is in random vacation. Therefore, in long

run the average cost owing to server is in random vacation is CRVPRV :
CD ¼ Per unit time cost while the server is in dormant. Thus, in long run the average

cost owing to server is in dormant is CDPD:
CS ¼ Per unit time cost for holding the server busy. Therefore, in long run the aver-

age cost owing to server being busy is CSkEðXÞEðSÞ:
Using the above cost parameter and renewal reward theory (see Ross (1983)), in long

run the average cost per unit time is given by

TðRVPÞ ¼Csu
1

EðScÞ þ ChlEðPÞ þ CRVPRV þ CDPD þ CSkEðXÞEðSÞ (64)

We determine the optimal value of the control parameter by minimizing the average
cost function obtained in Equation (64). To find the optimum random vacation policy,
i.e., where the cost is minimum, we have to select a locally optimal vacation policy
RVP� so that in each selection it satisfies the following inequality

TðRVP1Þ � TðRVP2Þ � TðRVP�Þ
where TðRVP�Þ depict the expected cost per unit time of locally optimal random vac-
ation policy and TðRVP1Þ and TðRVP2Þ represents the expected cost per unit time of
other two random vacation policies with different probability distributions of the dis-
crete r.v Y. The above inequality holds because locally optimal random vacation policy
(RVP�) will always give the minimum expected cost per unit time and hence, the
expected cost per unit time of locally optimal random vacation policy (TðRVP�Þ) is less
than or equal to the other two policies. The relation between the other two policies
TðRVP1Þ and TðRVP2Þ is first policy TðRVP1Þ will be greater than or equal to the other
one TðRVP2Þ:
In order to show the applicability of cost optimal policy in the problem, we present

six numerical examples in Example 1 in numerical section for three different service
time distributions and different cost parameters.
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In the numerical examples, we consider IEEE 802.16e standard as describe in section 2.
For the purpose of numerical examples, We presume that the sleep time follows an expo-
nential distribution with PDF f#ðxÞ ¼ �e��x, x > 0:

8. Numerical illustration

In this section, we present the numerical results for the performance measures that we
have obtained in the previous section for IEEE 802.16e standard which is described in
Section 2. Here, basically we are going to show the impacts of system parameters on the
previously obtained key performance measures in the form of graphs. In the previous
sections, we have obtained the probability PRV of a server is in random vacation peri-
od(which is a sleep period in IEEE802.16e standard), the probability PD of a server is in
dormant period (Warm-up period), the mean waiting time E(W), mean number EðwÞ
of batches served during the busy period (service period) and mean unfinished
work L-:
Here, the packet arrival rate in arriving batch is lambda. For the purpose of numer-

ical illustration, we consider that the batch size has a geometric distribution starting
with minimum one customer, then using the parameter b we have the PMF

P Xi ¼ kf g ¼ bð1� bÞk�1; k ¼ 1, 2, :::, 0 < b < 1, PGF PXðzÞ ¼ bz
1�ð1�bÞz , mean EðXÞ ¼ 1

b

and second moment EðX2Þ ¼ 2�b
b2 respectively.

Next, we assume that the vacation time which is considered as a sleep period in
IEEE802.16e standard follows an exponential distribution with parameter �, then we
have the PDF f#ðxÞ ¼ �e��x, x > 0, LST #�ðhÞ ¼ �

�þh , mean Eð#Þ ¼ 1
� and second

moment Eð#2Þ ¼ 2
�2 respectively.

Again, we presume that the service time conforms to:


 3-stage Erlang distribution (denoted by 3-stage Erlang) with parameter l, then
we have the PDF fSðxÞ ¼ 1

2 l
3x2e�lx, x > 0, LST S�ðhÞ ¼ 3l

ð3lþhÞ2 , mean EðSÞ ¼ 3
l

and second moment EðS2Þ ¼ 3ð3þ1Þ
l2 respectively.


 Exponential distribution (denoted by Exp) with parameter l, then we have the
PDF fSðxÞ ¼ le�lx, x > 0, LST S�ðhÞ ¼ l

lþh , mean EðSÞ ¼ 1
l and second moment

EðS2Þ ¼ 2
l2 respectively.


 Hyper-Exponential distribution (denoted by Hyper-Exp) with parameter l, then
we have the PDF fSðxÞ ¼ 0:5le�lx þ 0:5l2e�l2x, x > 0, LST S�ðhÞ ¼ 0:5l

lþh þ 0:5l2

l2þh ,
mean EðSÞ ¼ 0:5ðlþ1Þ

l2 and second moment EðS2Þ ¼ lþ1
l2 respectively.

Now, we consider that the maximum number of sleep Y follows:


 Degenerate distribution (denoted by Deg) at point j, then we have the PMF
P Y ¼ jf g ¼ 1, PGF PYðzÞ ¼ 1

1�z , mean E(X) ¼ j and second moment EðX2Þ ¼
j2 respectively.


 Geometric distribution (denoted by Geo) with parameter p, then we have the
PMF P Y ¼ jf g ¼ pð1� pÞj�1; j ¼ 1, 2, . . . , 0 < p < 1, PGF PYðzÞ ¼ pz

1�ð1�pÞz ,
mean EðYÞ ¼ 1

p and second moment EðY2Þ ¼ 2�p
p2 respectively.
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Now, we are going to display some examples of IEEE802.16e standard with different
parameters i.e., for different parametric values, the IEEE 802.16e standard apply in dif-
ferent systems for example WIMAX, WIFI, 3G etc.

Example 1. Considering the cost parameters as Csu ¼ 10,Chl ¼ 2,CRV ¼ 7,CD ¼ 3,CS ¼
50, model parameters as k ¼ 0:05 and l¼ 8, we displays the impact of sleep (vacation)
rate � on expected cost per unit time (64) for three sleep (vacation) policies as well as
for three service time distributions in Figures 4–6. Figures 7–9 also show the effect of �
on expected cost per unit time (64) for three sleep policies as well as for three service

Figure 4. Impact of � on expected cost per unit time.

Figure 5. Impact of � on expected cost per unit time.
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time distributions but here l ¼ 0:1,CRV ¼ 0:5,CD ¼ 300,CS ¼ 5000: Other parameters
are same as in Figures 4–6.
In Figures 4–6 as well as in Figures 7–9, we compare the expected cost per unit time

of three sleep (vacation) policies: multiple sleep policy (MSP), multiple variant sleep
policy (MVSP) and multiple randomized sleep policy (MRSP) for three service time dis-
tributions namely, 3-stage Erlang, exponential and hyper-exponential. MSP is a policy
where the server takes multiple numbers of consecutive sleeps until it finds one batch

Figure 6. Impact of � on expected cost per unit time.

Figure 7. Impact of � on expected cost per unit time.
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waiting in a queue at a sleep period completion epoch. MVSP is a policy where the ser-
ver takes a fixed number of multiple sleeps until it finds at least one batch waiting in a
queue at a sleep period completion epoch. If no batch is found after completing a fixed
number of multiple sleeps, the server goes for the warm-up state and waits for the first
arrival. MRSP is described as follows: After the system becomes empty, the server
immediately goes for a sleep. If there is at least one batch waiting in the queue upon
returning from a sleep, the server is immediately activated for service. Otherwise, if no

Figure 8. Impact of � on expected cost per unit time.

Figure 9. Impact of � on expected cost per unit time.
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batch is waiting in a queue at a sleep period completion epoch, the server either
remains idle in the system with probability p or leaves for another sleep with probability
1� p: This pattern continues until a fixed number of multiple sleeps are completed. If
the system is still empty after completing a fixed number of multiple sleeps, the server
goes for the warm-up state and waits for the first arrival. The effect of � on expected
cost per unit time are also shown in Figures 4–6, when Csu ¼ 10,Chl ¼ 2,CRV ¼
7,CD ¼ 3,CS ¼ 50, model parameters k ¼ 0:05 and l¼ 8, and in Figures 7–9, when
Csu ¼ 10,Chl ¼ 2,CRV ¼ 0:5,CD ¼ 300,CS ¼ 5000, model parameters k ¼ 0:05 and l ¼
0:1: We summarize some findings:

1. When Y tends to 1 and Y follows a degenerate distribution and CD ¼ 3, CRV ¼
7, CS ¼ 50 and l¼ 8 in Figures 4–6, we can see that expected cost decreases as
the sleep rate � increases whereas for CD ¼ 300, CRV ¼ 0.5, CS ¼ 5000 and l ¼
0:1, in Figures 7–9, we notice that as the sleep rate � increases, expected cost
also increases before attains stability, this is because the model becomes an
M=G=1 system with multiple sleep policy.

2. If Y¼ 4, i.e., a finite value and Y follows a degenerate distribution, the model
becomes the M=G=1 queue with multiple variant sleep policy and for CD ¼ 3,
CRV ¼ 7, CS ¼ 50 and l¼ 8, in Figures 4–6, we see that the expected cost per
unit time decreases as � increases whereas for CD ¼ 300, CRV ¼ 0.5, CS ¼ 5000
and l ¼ 0:1, in Figures 7–9, we observe that as � increases expected cost also
increases before it reaches stability.

3. When Y¼ 4 (a finite value) and Y follows a geometric distribution with param-
eter p¼ 0.5 and CD ¼ 3, CRV ¼ 7, CS ¼ 50 and l¼ 8, in Figures 4–6, we can
find that expected cost decreases as the values of � increases whereas for CD ¼
300, CRV ¼ 0.5, CS ¼ 5000 and l ¼ 0:1, in Figures 7–9, we observe that as �

increases, expected cost also increases, this is because that the model becomes an
M=G=1 system with randomized sleep policy.

It is clear that when CD ¼ 3, CS ¼ 50 i.e., comparatively small and l¼ 8 and CRV ¼
7, i.e., comaratively large, expected cost decreases as the values of � increases, on the
other hand, when CD ¼ 300, CS ¼ 5000 i.e., comparatively large, and CRV ¼ 0.5 and
l ¼ 0:1: i.e., comaratively small, expected cost increases as the values of � increases.
By comparing expected cost per unit time in terms of three vacation policies yields,

MSP > MV SP > MRSP, i.e., MRSP is better than the two other policies. We also
observe that the expected cost per unit time is larger for 3-stage Erlang service time dis-
tribution as compared to exponential and hyper-exponential distribution.
Therefore, if we want to minimize the expected cost per unit time, we can consider

multiple randomized sleep (vacation) policy as a optimal policy, which shows minimum
expected cost per unit time compared to the expected cost of other two policies.
From a practical point of view, some other useful measures are the probability PRV of

a server when it is in sleep period, the Probability PD of a server when it is in warm-up
period, mean number EðwÞ of batches served during the awake period and mean unfin-
ished work L- respectively.
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Example 2. Considering the sleep time as exponential distribution, while batch size and
Y follows a geometric distribution and parametric values as l¼ 8, � ¼ 0:2, b ¼ 1

3 ,
p¼ 0.5, we exhibit the behavior of arrival rate k on PRV, PD, EðwÞ and L- due to three
service time distributions namely, 3-stage Erlang, exponential and hyper-exponential in
Figures 10–13. In the following subsections, we summarize some findings:
Impact of packet arrival rate k on probability that the server goes for sleep period

PRV for different service time distributions
In Figure 10, we observe that

1. While arrival rate k increases the probability that the server goes for sleep period
PRV increases initially and then decrease before it reaches stability, i.e., while the
packet arrival rate k is comparatively smaller the probability that the server goes
for sleep period PRV increases whereas the arrival rate k becomes larger the prob-
ability that the server goes for sleep period PRV decreases and probability of
going for awake period increases.

2. The hyper-exponential distribution provides highest system state probability PRV,
3-stage Erlang provides lowest system state probability PRV and exponential dis-
tribution remains in between hyper-exponential and 3-stage Erlang distribution.
It is clear from the fact that a higher coefficient of variation (or variance) of dis-
tribution gives the higher PRV values.

Impact of packet arrival rate k on probability that the server goes for warm-up period
PD for different service time distributions

Figure 10. Impact of k on PRV for different service time distribution.
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From Figure 11, we see that

1. The system state probability PD decreases with the increasing value of arrival
rate k as it should be i.e., as the arrival rate k increases, the probability that the
server goes for warm-up period (as it is a waiting period) decreases and the
probability that server goes for awake period increases.

2. The comparison of three service time distributions namely, hyper-exponential,
exponential and 3-stage Erlang for the system state probability PD is similar as in
Figure 7.

Impact of packet arrival rate k on mean number EðwÞ of batches served during the
awake period and mean unfinished work L- for different service time distributions
In Figures 12 and 13, we observe that

1. The mean EðwÞ and L- increases while the arrival rate k increases i.e., as the val-
ues of arrival rate k increases, the mean number of batches served during awake
period and mean unfinished work increases i.e., as the arrival rate increases,
mean number of batches also increases which increases the mean number of
batches served during awake period and mean unfinished work.

2. For the fixed value of k, the mean number of batches EðwÞ served during awake
period and mean unfinished work L- are larger for 3-stage Erlang distribution
compared to the other two distributions, i.e., exponential and hyper-exponential.
This means that when the service time follows 3-stage Erlang distribution, the
server can serve maximum number of batches during awake period as compared
to other two distribution (since 3-stage Erlang distribution have lower coefficient
of variation (C.V) and lower C.V value gives more precise estimate).

Figure 11. Impact of k on PD for different service time distribution.
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Example 3. Presuming the model parameters as k ¼ 0:05, � ¼ 0:2, b ¼ 1
3 , p¼ 0.5, we

display the impact of service rate l on PRV ,PD,EðwÞ and L- for varied service time dis-
tributions namely, 3-stage Erlang, exponential and hyper-exponential in Figures 14–17.

Figure 12. Impact of k on EðwÞ for different service time distribution.

Figure 13. Impact of k on L- for different service time distribution.
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Here, we consider that the sleep time follows an exponential distribution, batch size and
Y follows a geometric distribution. In the following subsections, we summarize
some findings:

Figure 14. Impact of l on PRV for different service time distribution.

Figure 15. Impact of l on PD for different service time distribution.
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Impact of service rate l on probability that server goes for the sleep period PRV and probabil-
ity that server goes for the warm-up period PD for different service time distributions
While the other model parameters are fixed, Figures 14 and 15 show

1. The system state probabilities PRV and PD both increase with the increasing value
of service rate l i.e., as the service rate (the rate at which service has been given)
increases, the probability that the server completing the service of all packets in
awake period increases which leads to increase the probability that the server
goes for sleep period and warm-up period.

2. Hyper-exponential distribution provides highest system state probabilities PRV
and PD whereas 3-stage Erlang provides the lowest and exponential stays in
between hyper-exponential and 3-stage Erlang.

Impact of service rate l on mean number EðwÞ of batches served during the awake
period and mean unfinished work L- for different service time distributions
From Figures 16 and 17, we observe that

1. The averages EðwÞ and L- both decrease for the increasing value of l before it
arrives stability, which is completely opposite from Figures 11 and 12. This is
because, as the service rate in the awake period increases the average service
time for the batches decreases which decreases the mean number of batches
served during awake period and mean unfinished work.

2. The averages EðwÞ and L- are larger for 3-stage Erlang service time distribution
as compared to exponential and hyper-exponential service time distribution.

Figure 16. Impact of l on EðwÞ for different service time distribution.
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Example 4. Presuming the sleep time and service time as exponential distribution, while
batch size and Y follows a geometric distribution and model parameters as l¼ 8, � ¼
0:2, b ¼ 1

3 and p¼ 0.5, we display the impact of packet arrival rate k on PRV ,PD, L- and
E(W) in Figures 18–21. In the following subsections, we summarize some investigations:

Figure 17. Impact of l on L- for different service time distribution.

Figure 18. Impact of k on PRV for dierent Y values.
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Impact of packet arrival rate k on probability that the server is in sleep period PRV
for different values of maximum number of sleep Y
From Figure 18, we observe that

Figure 19. Impact of k on PD for dierent Y values.

Figure 20. Impact of k on EðwÞ for dierent Y values.
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1. The system state probability PRV increases sharply in the beginning while arrival
rate k increases and then decreases slowly for different values of Y. A possible
explanation for this situation is as follows: for any value of Y, while the arrival
rate k is comparatively small then it is obvious that the probability that the ser-
ver goes for sleep period PRV increases rapidly whereas it decreases slowly while
the arrival rate k becomes high.

2. The probability that the server goes for sleep period PRV decreases with the
increasing value of Y, this is because as the maximum number of sleep Y
increases the probability of that Yth sleep decreases (as Y follows a geometric dis-
tribution), which leads to decrease in probability of the server is in sleep period
PRV .

3. For a large value of k, the difference between the values of PRV is small as
Y increases.

Impact of packet arrival rate k on probability that the server is in warm-up period PD
for different maximum number of sleep Y
From Figure 19, we see that

1. For a fixed value Y, the probability that the server is in warm-up period PD
decreases in the increasing value of k. This is because as the packet arrival rate k
increases the probability of the server goes for awake period increases which
decreases the probability that the server is in warm-up period.

2. For a fixed value of k, the probability that server goes for warm-up PD increases
in the increasing value of Y. This is because as the maximum number of sleeps

Figure 21. Impact of k on E(W) for dierent Y values.
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Y increases, the probability of that Yth sleep decreases (as Y follows geometric
distribution), which leads to increase in probability that the server goes for
warm-up period.

The figures are useful for finding the optimal value of Y. It displays that the values of
PRV and PD for Y¼ 4 and Y tends to 1 are very close, therefore, it may be rewarding if
we select the value of Y between 4 and 1:

Impact of packet arrival rate k on mean number EðwÞ of batches served during the
awake period and mean waiting time E(W) for different values of maximmum number
of sleep Y
From Figures 20 and 21, we observe that

1. For a fixed value Y, EðwÞ and E(W) both increase for increasing k as it should
be. This means as the packet arrival rate increases but service rate does not
change (i.e., only arrival rate increases), then it is obvious that the mean waiting
time of packets and mean number of batches served during awake period in sys-
tem increases.

2. For a fixed value of k, EðwÞ and E(W) both decrease with an increasing value of
Y. The reason is that as maximum number of sleeps Y increases, the probability
of that Yth sleep decreases (as Y follows a geometric distribution), i.e., the prob-
ability that the server takes consecutive vacations decreases and the probability
that the customers are served through a service rate l increases, which gives rise
to decrease in EðwÞ and E(W).

Figure 22. Impact of � on PRV and PD.
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Example 5. Considering the model parameters as k ¼ 0:05, l¼ 8, b ¼ 1
3 , p¼ 0.5, we dis-

plays the impact of sleep rate � on PRV and PD in Figure 22. Here, we presume that the ser-
vice time, sleep time, batch size and Y follows the similar distribution as in Figures 18–21.
Impact of sleep rate � on probability that the server is in sleep period PRV and prob-

ability that the server is in warm-up period PD
Figure 22 reveals that

1. As the values of sleep rate � increases, the probability that the server is sleep
period PRV decreases and the probability that the server is in warm-up period PD
increases. This is in view of the fact that while sleep rate increases the average
sleep time decreases and a probability of packets in the arriving batches served
in the system increases, which gives rise to the decrease in system state probabil-
ity PRV and increase in the system state probability PD.

2. Two curves are intersected at one point and this intersection point is the opti-
mum point which gives us the value of � at which probability PRV is minimized
and probability PD is maximized.

Thus, as shown in the analysis, we can conclude that the probability associated with
sleep (vacation) has a significant role. Also, batch arrival plays an important role in sys-
tem performance measures and cannot be disregarded when we analyze a continuous
time system because by presuming batch arrival in the system, it turns into a very com-
plex system. Thus, the system designers must carefully observe how customers arrive in
the system and what distribution it follows in designing their particular system.

9. Conclusion and future work

In this paper, we have analyzed an MX=G=1 queueing system with random vacation
policy. To the best of the knowledge, MRGP approach is applied first time to study the
steady state system size probabilities for the MX=G=1 system with random vacation pol-
icy. It has been believed that the proposed model may be of great interest in the design
and operation of various digital systems such as telecommunication systems, manufac-
turing systems, production or inventory systems.
Managerial implication: The proposed model also discusses the embedded Markov

chain technique to obtain steady state queue size distribution at service completion
point and some other system performance measures that can provide the information
about the efficiency of the model so that it can be used in an IEEE802.16e standard. As
shown in the numerical analysis with different example, we can say that-


 As the sleep rate (i.e., the rate at which the MS takes sleep) increases the service
rate l¼ 8, arrival rate k ¼ 0:05, batch size parameter b¼ 1/3, set-up cost
(Csu)¼10, holding cost (Chl)¼2, sleep period cost (CRV) ¼7, warm-up period cost
(CD) ¼ 3, service cost (CS) ¼ 50 and service time follows exponential, hyper-
exponential and 3-stage Erlang distribution, expected cost per unit time decreases
and for k ¼ 0:05, l ¼ 0:1, Csu ¼ 10, Chl ¼ 2, CRV ¼ 0.5, CD ¼ 300, CS ¼ 5000
as sleep rate increases expected cost per unit time increases.
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By comparing the Figures 4–9, we can conclude that if the service rate during
the awake period is comparatively higher i.e., average service time is lesser, also
if the cost for sleep period is higher and cost for warm-up period and awake
period is lesser then the expected cost per unit time is comparatively less. So, the
system engineer should consider the service rate as higher. Set-up cost, holding
cost, arrival rate doesnot effect so much.


 while the packet arrival rate k is comparatively smaller the probability of the server
goes for sleep period PRV increases and probability of the server goes for warm-up
period PD decreases whereas as the arrival rate k becomes larger the probability of
the server goes for sleep period PRV decreases and probability of the server goes for
warm-up period PD increases and probability of going for awake period increases.


 If we cosider the service time as hyper- exponential distribution, the probability
that the server goes for sleep period increases as compared to exponential and 3-
stage Erlang distribution. Therefore, when the server provides service through
hyper-exponential distribution, then the service time variation will be greater
and consequently average service time of packets will be less and the probability
that server goes for sleep period will be increase.


 If the packet arrival rate k increases but other model parameter does not change,
for any maximum number of sleep Y the mean waiting time and mean unfin-
ished work increases as it is obvious. On the other hand, as the maximum num-
ber of sleep Y increases the prbability of that Yth sleep decreases (as Y follows
geometric distribution) then the probability that the packets in a arriving batch
served through a service rate increases which decreases mean waiting time and
mean unfinished work.
Thus we can conclude that probability associated with sleep i.e., considering
maximum number of sleep as a random variable plays a significant role in the
analysis. Also different service time distribution, different cost parameter, system
parameter plays a important role in the analysis.
We hope this investigation will definitely help the system engineer and system
developer to modify or built their system. They should carefully observe how
system behaves as the parameter changes.

It would be interesting to investigate some other queueing systems, e.g., the proposed
model can be extended to gated or limited service discipline or the corresponding batch
service queue under random vacation policy.
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Appendix

Transition from random vacation period to dormant period: We presume that the general transition
of server random vacation, i.e., s1 is distributed with CDF F#ð:Þ: Server random vacation period
(which consists of maximum Y number of random vacations) (i.e., s¼ 0) is enabled if and only if no
batch is waiting in a queue, i.e., the system is empty. After completing a random vacation period if
the server stays empty, it goes to a dormant period (i.e., s ¼ 0, s0 ¼ 1). Hence, we have

Kð0, 0Þ;ð0, 1ÞðtÞ ¼
ðt
0
P01ð0; 0, xÞdF#ðxÞ (A1)

Transition from random vacation period to service period: Here, we consider server random vac-
ation as the transition between two sequential regeneration epochs, i.e., s1 is distributed with
CDF F#ð:Þ: As soon as the system becomes empty, the server goes to a random vacation period
(i.e., s¼ 0). If any batch arrives during the random vacation period, the server directly goes to an
awake period or service period (i.e., s ¼ 0, s0 ¼ 2). Hence, we have
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Kðh, 0Þ;ðn, 2ÞðtÞ ¼
ðt
0
P02ðh; n, xÞdF#ðxÞ, n ¼ h ¼ 1, 2, ::: (A2)

Transition from dormant period to service period: Here, we presume the case of the server’s dor-
mant period, i.e., after completion of a random vacation period if the server finds no batch hold-
ing in a queue, it directly goes to a dormant period and waits for the first batch arrival. If any
batch arrival occurs during the dormant period, it immediately goes to an awake period or ser-
vice period (i.e., s ¼ 1, s0 ¼ 2). Thus, we have

Kðh, 1Þ;ðn, 2ÞðtÞ ¼P12ðh; n, tÞ, n ¼ h ¼ 1, 2, ::: (A3)

Transition from service period to random vacation period: Here, we suppose that the batch service
is the transition between two sequential regeneration epochs, i.e., s1 is distributed with CDF
FSð:Þ: When the server completes the service of all customers in the arriving batches and no
batch is waiting in the queue, i.e., the leaving batch is the final batch (i.e., s ¼ 2, h ¼ 1), then the
server goes to a random vacation period (i.e., s0 ¼ 0, n ¼ 0). Therefore, we have

Kð1, 2Þ;ð0, 0ÞðtÞ ¼
ðt
0
P20ð1; 0, xÞdFSðxÞ (A4)

Transition from service period to service period: Here, we presume the general transition of the
system’s service period, i.e., s1 is distributed with CDF FSð:Þ: Clearly, service period is available
only when at least one batch is waiting in a queue. If the service termination of each batch does
not empty the queue, the system stays in the service period (i.e., s ¼ 2, s0 ¼ 2). Hence, we have

Kðh, 2Þ;ðn, 2ÞðtÞ ¼
ðt
0
P22ðh; n, xÞdFSðxÞ, n ¼ 1, 2, :::, h ¼ 1, 2, ::: (A5)
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