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Summary

Fifth-generation (5G) networks deal with high-frequency data rates, ultra-low

latency, more reliability, massive network capacity, more availability, and a

more uniform user experience. To validate the high-frequency rates, 5G net-

works engage beam searching operation. By adopting a beam searching state

between the short and long sleep, one can reduce the system's delay. The

energy consumption of user equipment (UE) in 5G networks is much higher

than in the 4G networks. To reduce the energy consumption and increase the

energy saving in UE, Long-Term Evolution (LTE)-5G networks adopt the dis-

continuous reception (DRX) scheme with a fixed number of short sleep. LTE-

DRX without beam search operation (i.e., beam alignment) cannot work in 5G

networks. Hence, keeping this scenario in mind, we have modeled a new mod-

ified directional discontinuous reception (MD-DRX) mechanism for LTE-5G

networks. The MD-DRX mechanism captures the behavior of a beam

searching, an inactive, an active, a long sleep, an ON, and a short sleep states.

The short sleep state consists of a maximum M short sleep. To get the optimal

energy saving and energy consumption (i.e., energy efficiency) from the MD-

DRX mechanism, it is required to check the system's throughput. The trade-off

between energy saving/energy consumption and throughput will provide the

system's optimal energy saving and optimal energy consumption. In this paper,

we have obtained the system's optimal energy saving and throughput by opti-

mizing the maximum short sleep and short sleep duration. To get the energy

efficiency for LTE-5G networks, the trade-off between average energy con-

sumption/energy saving and throughput is shown.
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1 | INTRODUCTION

The Third Generation Partnership Project (3GPP) started one fastest wireless technology, named Long-Term Evolution-
fifth generation (LTE-5G). LTE-5G is meant for higher data speed, lower latency, greater capacity, and ubiquitous. The
extremely impressive increase in demand for any smart device with its better quality of service (QoS) leads to the stan-
dardization of the fifth-generation New Radio (5G-NR) wireless system.
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Since 2009, LTE has entered the commercial markets and is accessible in more than 10 countries with fast enlarging
users. The expected user throughput was 50 Mbps for uplink and 100 Mbps for downlink, with less than 5 ms user-
plane latency.1 It is concluded that it is important but not straightforward to understand the actual user-centric network
performance for LTE networks. Then, in 2013, the LTE network was developed as LTE-Advanced (LTE-A), that is, 4G,
which provides a higher bandwidth and a high-speed data rate. Huang et al2 studied LTE-A networks which can work
directly from end users.

Although LTE-A provided a higher bandwidth capacity, high-speed data rate, more power saving, better QoS, and
so on, the delay is more. Keeping it in mind, Tseng et al3 represent an extensive analysis of the average power consump-
tion and average delay of the DRX mechanism.

LTE-DRX is managed by the radio resource control (RRC) layer at eNobe-B (eNB). Through a physical downlink
control channel (PDCCH), RRC sends the packets signal to UE. RRC performs in two modes: RRCCONNECTED and
RRCIdle. As mentioned in the LTE standard for RRC,4 a device or UE can be either in RRCCONNECTED or in RRCIdle mode
whenever it is attached to the network. In RRCIdle mode, the UE performs only paging cycle functions where it neither
transmits nor receives any data packets. On the other hand, all the data interchange between eNB and UE happens dur-
ing RRCCONNECTED mode. Since all data packet transmission happens during the RRCCONNECTED mode, this mode is
only responsible for consuming more energy of UE. Therefore, the main task is to obtain optimal energy saving and
energy consumption in the MD-DRX mechanism on RRCCONNECTED mode.

The MD-DRX mechanism captures the operations of a beam searching state, an inactive state, an active state, a long
sleep state, an ON state, and a short sleep state. MD-DRX mechanism is the modification of the directional DRX (D-
DRX) mechanism. The short sleep consists of a maximum M number of short sleep. Agiwal et al5 discussed the D-DRX
mechanism, which represents a separate beam searching state. The beam searching state allows UE to detect the best
transmission–reception beam pair through the beamforming algorithm shown in Figure 1. The beam pair detection is
over by using a directional antenna. The detection of the best beam pair (TX–RX) and for sweeping the total transmitted
beams by UE beams in matrix form A�B,6 it needs a beam searching period tbs. Here, A represents the number of
transmitted beams (from TX0 to TX(A-1)), and B represents the number of UE beams (from RX0 to RX(B-1)) as shown
in Figure 2. Agiwal et al5 presented a beam searching state in which the UE looks for the best beam pair after every
sleep cycle but shows higher energy consumption in UE. To overcome this difficulty, we proposed the MD-DRX mecha-
nism. In the MD-DRX mechanism, the system goes for a beam searching state after taking a maximum number of M
short sleep. If it finds no beam pair in beam searching state, it goes for a long sleep. After completing the long sleep, if
it finds no beam pair again, it goes for a beam searching state. If it finds the best beam pair in this state, it goes for an
ON period for a short duration. After the expiration of the ON period, it goes to an active state.

In the beam searching state, UE measures the reference signal of various transmission beams (A beams) with each
one of its receiver beams (B beams).6,7 The UE must be sweep the total of A�B beams. After UE sweeps the transmitted
beam, a period exists between the UE and the base station (BS) named as feedback period. When UE recognize the best
beam pair, it sends the feedback period to BS which is shown in Figure 1.

In beam searching state, one indication occurs, named as power-saving indication (PSI). Based on the PSI,
the system will stay in the beam searching state. Philip and Balakrishnan8 proposed a semi-Markov model (SMM)
to show the behavior of the hybrid directional DRX (HD-DRX) mechanism for 5G communication with beam
searching state. From the EH-DRX mechanism, they enhanced the power saving at the UE/M2M device up to 16%.
They have not considered the packets interchange (i.e., transmits/receive) between UE and BS during reoccurring beam
patterns. In the proposed MD-DRX mechanism, we have considered both the data packets interchange between UE
and BS and also with eNB.

FIGURE 1 Beam searching algorithm
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LTE-5G networks cannot be imaginable without considering the beam searching state after completing short and
long sleep. Thus, to obtain optimal energy saving and reduce energy consumption, there is a need to explore more into
the performance analysis of the MD-DRX mechanism for LTE-5G communications. To get the optimal energy saving
and energy consumption (i.e., energy efficiency) from the MD-DRX mechanism, we need to check the system's through-
put. The trade-off between energy saving/energy consumption and throughput will provide the system's optimal energy
saving and energy consumption. In a practical scenario, capturing the energy consumption by the system via stochastic
modeling is a difficult task. Based on the mathematical tractable, the stochastic model is developed in this paper, which
is almost closer to the practical scenario.

The rest of the paper is presented as follows: Section 2 describes the state of the art of DRX mechanism for
LTE/LTE-A/LTE-5G networks. In Section 3, the MD-DRX mechanism is explained. In Section 4, the stochastic model
using Markov regenerative process (MRGP) is developed. Section 5 demonstrates the performance measures. Section 6
displays the energy saving and throughput optimization. Numerical illustration is presented in Section 7. Finally, in
Section 8, the conclusion and future work are given.

2 | STATE OF THE ART

In the previous research work, various efforts were made on the DRX mechanism in LTE/LTE-A networks to get maxi-
mum energy efficiency. In today's world, one of the well-known communication technology is machine-type communi-
cation (MTC). To reduce the energy consumption in MTC UE, Balasubramanya et al9 proposed a modified D-DRX
(MD-DRX) mechanism incorporating the quick sleeping indication (QSI), which is an energy-efficient solution for sim-
ple and low-mobility MTC UE devices. At the UE receiver, DRX with QSI mechanism provides 45% up-gradation in the
energy efficiency and 66% decrement in the computational complexity. In LTE/LTE-A networks, DRX is a popular
mechanism for energy saving. Depending on the traffic running at the UE, Gautam et al10 proposed a switching tech-
nique to get the more energy saving in the DRX mechanism. Gautam et al10 mapped the switching technology in the
DRX mechanism with the MX=G=1 vacation queueing system along with N-policy. Another necessary criterion to
achieve the maximum energy efficiency in wireless communication is less energy consumption in UE. Because of the
high speed of processing signal on LTE-A (4G) UE, the energy consumption is higher and latency is lower. By using the
DRX mechanism, one can get the optimal energy consumption and optimal latency.11 Arunsundar et al11 studied the
effects of a short cycle, long cycle, arrival rate, and short cycle timer value (which are the component of the DRX mech-
anism) on energy consumption by using Markov chain and semi-Markov modeling. DRX for LTE-A communication

FIGURE 2 Analog beamforming process
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saves power, but at the same time, the delay may increase. Various networks have various traffic arrival patterns and
require different optimal balances between transmission delay and energy efficiency. Therefore, the trade-off between
transmission delay and energy efficiency is necessary to achieve the optimal utilization of the DRX mechanism in a
wide range of cases. To get the energy efficiency of the DRX mechanism in LTE-A networks, Wu and Park12 proposed a
new metric named as real power-saving (RPS) factor. In RPS, all the states and state transitions are considered in the
DRX specification.

Although LTE-A (4G) reached to fulfill all the demands of customers, the delay is more when the power saving is
more. Therefore, to save more power and to get the optimal delay, LTE-A (5G) is configured with extra features like
beamforming or beam searching state. Beamforming is the key facilitator, which facilitates the millimeter wave
(mmWave)-based directional communication in 5G-NR systems. mmWave in 5G wireless networks can come across
the growing demands of mobile subscriptions and data rates. Jasim et al13 discussed an effective accessible scheme for
analog beamforming cascaded codebooks. When the DRX mechanism is used in mmWave-5G networks, it is required
to incorporate with the beam searching procedure by making it less effective. By introducing beam searching state in
the DRX mechanism, it is sometimes called as HD-DRX or D-DRX mechanism. Philip and Malarkodi14 proposed an
SMM to show the performance of HD-DRX for 5G (4G BS) communication with beam search. Dual connectivity with
both LTE eNB (4G BS) and NR NodeB (5G New RAN BS) from UE is possible in HD-DRX system.6 Sallam et al6 used
semi-Markov process (SMP) to obtain the UE state probability, and by using the probability, they found power-saving
factor and average delay. In Maheshwari et al,7 for directional air interface, a new D-DRX is discussed in mmWave-
enabled 5G communications. For directional beam alignment between gNodeBs (gNBs) and UE, the D-DRX mecha-
nism highlights the importance of the beam searching state after every sleep cycle. To reduce the barrier to power sav-
ing, Maheshwari et al7 proposed three new D-DRX mechanisms: integrated D-DRX (ID-DRX), standalone D-DRX (SD-
DRX), and cooperative D-DRX (CD-DRX). For all the three different D-DRX mechanisms, they obtained the probabilis-
tic results of UE's delay and power saving. In wireless technology, one of the necessary techniques is artificial intelli-
gence (AI), by which one can understand and predict the packet's arrival-time values from the real wireless traffic.
Memon et al15 discussed a DRX mechanism based on AI (AI-DRX) for energy efficiency in LTE-5G connected devices.
To facilitate dynamic short and long sleep cycles in DRX, Memon et al15 propose an AI-DRX algorithm for multiple
beam communications.

Without human interference, another communication technology has received substantial attention nowadays, ter-
med MTC. In MTC, intelligent machines can communicate with each other. Mehmood et al16 has used the DRX mech-
anism in MTC devices to deal with energy-saving factors and wake-up latency. For the analytical model, they have used
SMM. Maheswari et al17 proposed a signaling-based DRX mechanism to upgrade UE's energy saving in LTE-5G net-
works by removing the concept of beam searching. They obtained the probabilistic estimation of delay and power sav-
ing by analyzing SMM. Energy harvesting in the DRX mechanism upgrades the performance of the machine-to-
machine (M2M) devices by fully utilizing the extra sleep cycles. Philip and Balakrishnan8 discussed a model combining
energy harvesting-DRX (EH-DRX) with a beam-aware mechanism in the M2M mmWave LTE-5G networks to upgrade
the energy efficiency.

LTE-A (4G) networks offer much faster peak speeds for downlink and uplink data packet arrivals. Although LTE-A
(4G) processes a higher speed of data, has lower latency, and saves power but energy consumption is high, that is,
energy efficiency is low. To get more energy efficiency, that is, optimal delay, energy consumption, and energy saving,
LTE-5G comes with a new feature named beam searching or beamforming. Beamforming is used to identify the most
efficient route for delivering. To save the power in UE, DRX mechanism is used in LTE/LTE-A networks by switching
off the radio circuitry. DRX mechanism in LTE-A networks saves the power, but the delay is more. In Wu and Park,12

it is mentioned that LTE/LTE-A networks with DRX mechanism saves the power, but delay may increase. In previous
studies,14,15,17 it is mentioned that LTE-5G with DRX mechanism (by introducing beam searching state) can reduce the
delay in the system and also provide energy efficiency. This leads to the motivation of studying the DRX mechanism for
LTE-5G communication.

In the previous research work, many authors analyzed the performance of the DRX mechanism for LTE/LTE-A/
LTE-5G networks using the Markov model (MM), queueing model (QM), and SMM. Among them, Wang et al18 and
Tseng et al3 used the MM to show the performance of the DRX mechanism for LTE and LTE-A networks. Baek and
Choi19 and Gautam et al10 used the M=G=1 queue and MX=G=1 queue with multiple vacations and N-policy to display
the performance of the DRX mechanism for LTE and LTE-A networks. Recently, Philip and Malarkodi,14 Sallam et al.,6

Mehmood et al.,16 Maheshwari et al.,7,17 Philip and Balakrishnan,8 and Arunsundar et al11 presented the SMM to get
the probabilistic results of the UE's power saving, energy consumption, and delay based on the DRX mechanism for

4 of 33 KALITA AND SELVAMUTHU

 10991131, 2023, 6, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/dac.5434 by IN

D
IA

N
 IN

ST
IT

U
T

E
 O

F T
E

C
H

N
O

L
O

G
Y

 (N
O

N
 -E

A
L

), W
iley O

nline L
ibrary on [15/04/2023]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



LTE-A and LTE-5G networks. However, no work has been recorded in literature by focusing on optimize the energy
saving and energy consumption with the use of system's throughput and stochastic model using MRGP. Hence, in this
study, we develop a stochastic model for the MD-DRX mechanism in LTE-5G networks using MRGP.

2.1 | Comparison with existing work

In this subsection, we compare the performance results of this manuscript with the existing works. To get a brief idea
about the comparison of our work with some existing works, Table 1 is provided.

According to the research works mentioned in Table 1, a few analytical models has studied LTE/LTE-A/LTE-5G for
the DRX mechanism. Among them, only five articles have presented the SMM for DRX mechanism in LTE-5G commu-
nication.6–8,14,22 Sallam et al6 focused on the comparative study of different DRX mechanisms considering the perfor-
mance measures only power saving and delay. Maheshwari et al7 focused on D-DRX mechanism for mmWave-enabled
LTE-5G communication and Maheshwari et al22 focused on D-DRX mechanism for LTE-5G communication consider-
ing performance measures only power saving and delay. For the validation of the model, Sallam et al6 investigated a
comparative study among different DRX mechanisms but only for the power-saving factor. Among these papers, only
Maheshwari et al22 focused on D-DRX mechanism for LTE-5G which is closer to our proposed model. They assumed
some simplistic assumptions in their modeling. Hence, the notable research works for comparison is the research works
in Maheshwari et al.22

Some of the detailed drawbacks of Maheshwari et al22 and the strength of our paper are as follows:
• Advantage of D-DRX: Maheshwari et al17 proposed a SMM to show the performance of the D-DRX mechanism

for LTE-5G networks. In the D-DRX mechanism, after the active state is expired, that is, no packets are waiting in the
queue, UE transits to the ON state. If no arrival occurs in ON state, the system switches to short sleep state or long sleep
state. In between short sleep state, the UE can repeat nss times short sleep cycle. In each short sleep cycle, the UE sleeps
for short sleep time tss. At the expiry of each short sleep time tss, if the system finds empty, the UE transits to the beam
search state. If any packets arrive during this state, the UE transits to the active state. After nss times short sleep cycle,
if the system is empty, the UE switches to a long sleep cycle. At the expiry of a long sleep cycle, if the system finds
empty, the UE switches to the beam search state.

• Disadvantage of D-DRX: In the D-DRX mechanism, after the expiry of each short sleep time tss, if the system is
empty, the UE switches to beam search state. The energy saving will be less because of switching beam search state
after each short sleep.

In the proposed MD-DRX mechanism, after taking the maximum M number of short sleep in a short sleep state, if
the system finds empty, the UE switches to beam searching state. In this way, the UE can save more power.

• Advantage of Maheshwari et al22 paper: They show the behavior of the performance measures (power saving and
delay), which varies as the parameter value changes.

• Disadvantage of Maheshwari et al22 paper: They have not mentioned the system's throughput, which is related to
obtain the system efficiency. Basically, to obtain the optimal energy saving and energy consumption, one should check
the trade-off between the throughput and the performance measures. This will provide the optimal value of the perfor-
mance measures (like energy saving and energy consumption).

In this research work, all the optimality issues regarding energy saving and throughput, considering the optimiza-
tion problem and energy consumption are mentioned.

Therefore, based on the above comparison, it is clear that the proposed model may be more precise and closer to
making the real-time simulation results.

3 | MD-DRX MECHANISM FOR LTE-5G

In LTE networks, any DRX mechanism is managed by the RRC layer. A device or UE in LTE can be either in
RRCCONNECTED mode or RRCIdle mode. In RRCIdle mode, the UE only monitors the paging signals during the paging
cycle operation where UE neither receives nor transmits any data packets, whereas all the interchange of data between
eNB and UE happens during RRCCONNECTED mode. Therefore, in this paper, we consider mainly the use of MD-DRX
mechanism in RRCCONNECTED mode and is shown in Figure 3. The DRX mechanism is meant for power saving by dis-
continuously monitoring the PDCCH. Here, we explain the MD-DRX mechanism of UE for LTE-5G networks. The
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TABLE 1 Comparison related papers with our work

Related papers LTE LTE-A LTE-5G

Energy
consumption
ðEconsÞ

Energy
saving
ðES)

Delay
(Dl) Throughput

Analytical/
simulation
models

Baek and Choi √ - - √ √ √ - M/G/1 queue

(2011)19 with multiple

vacation

Huang et al. - √ - √ √ √ √ Simulation

(2012)2

Wang et al. √ - - √ √ √ - Markov

(2016)18

Tseng et al. - √ - √ √ √ - Markov

(2016)3

Corcoran et al. - - √ √ √ √ - Simulation

(2017)20

Philip and Malarkodi
(2019)14

- - √ - √ √ - Semi-Markov

Sallam et al. - - √ - √ √ - Semi-Markov

(2018)6

Mehmood et al. - √ - √ √ √ - Semi-Markov

(2019)16

Verma et al. - - √ √ - √ - Simulation

(2019)21

Memon et al. - - √ - √ √ - Simulation

(2019)15

Maheshwari et al. - - √ - √ √ - Semi-Markov

(2018)22

Maheshwari et al. - - √ - √ √ - Semi-Markov

(2018)7

Gautam et al. - √ - √ - √ - MX=G=1 queue

(2020)10 with multiple

vacation

N-policy

Maheshwari et al. - - √ √ √ √ - Semi-Markov

(2021)17

Philip and - - √ √ √ √ - Semi-Markov

Balakrishnan

(2020)8

Arunsundar et al. - √ - √ √ - - Semi-Markov

(2020)11

Wu and Park (2021)12 - √ - √ √ √ - Simulation

Our proposed paper - - √ √ √ - √ Markov

regenerative

process
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proposed MD-DRX mechanism captures the operations of a beam searching state, an inactive state, an active state, a
long sleep state, an ON state, and a short sleep state. The short sleep consists of a maximum M number of short sleep.
The states are as follows:

• Active state: During the active state, the UE receives/transmits the data packets, that is, it is the state where UE is
available or active and provides service to each packet.

• Inactive state: After the active state, the UE enters the inactive state for a random duration of time. If any
packet arrives before expiration of inactive duration, it will wait till the duration is over, then it switches to the ON
period. At the completion of inactive duration, if no packets is available in the buffer, the UE switches to short sleep
state.

• Short sleep state: During short sleep periods, the UE turns off most of its components. The UE takes a maximum M
number of short sleep in this state. If no data packets are available after completing each short sleep, the UE takes a
maximum M number of short sleep in this state. If no data packets arrive till the Mth short sleep, the UE goes to the
beam searching state. If any data packets arrive during the short sleep, it will wait till the duration is over, then it
switches to the ON period state.

• Beam searching state: UE switches to this state after completion of a maximum M short sleep and long sleep. In this
state, the UE measures the reference signal of available beams to align the best beam pair. During this beam align-
ment process, if the UE receives a data packet, it will wait till the duration is over, then it switches to the ON period
state. If no beam pair and data packets are found during the beam searching state, it goes for the long sleep state.

• Long sleep state: During the long sleep state, the UE can receives the data packets but cannot served them. At the
completion of long sleep duration, if the system finds empty, it goes for the beam searching state. On the other hand,

FIGURE 3 LTE-DRX in RRC connected for the proposed model as in current 5G system
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at the completion of long sleep duration, if the buffer is loaded with minimum one data packet, the UE goes for the
ON period.

• ON period state: At the completion of inactive state, short sleep state, beam searching state, and long sleep state, if
the buffer is loaded with minimum one data packet, the UE enters to the ON period. It is the state where UE takes a
very short amount of time before starting the service of packets, that is, before going to the active state.

After service completion of each data packet, the UE enters the inactive state for a random duration of time. At the
expiry of the inactive duration, if any data packets are found in the buffer, the UE moves to the ON period. After spend-
ing some random amount of time (which is a little amount of time to start the system) in this state, the UE goes for the
active state. During the ON period, any packets may arrive, which will be served in the active period. At the completion
of an active state, if the system finds empty, it enters the inactive state. If no data packets are found during the inactive
state, it goes for the first short sleep for a random amount of time. If no data packets are available during the first short
sleep, the UE moves to second short sleep, and this procedure will be continue up to a maximum M number of short
sleep. If any data packets are available during the short sleep, the UE enters to the ON period. If no data packets arrive
during the short sleep, the UE enters to the beam searching state. If any data packets are found during the beam
searching state, it will wait till the duration is over, then it switches to the ON state. If no packet indication is found in
the beam searching state, the UE moves to the long sleep state for a random amount of time. If any packets arrive dur-
ing the long sleep, it has to wait till the long sleep time is over. At the completion of a long sleep duration, it goes for
the ON period. After completion of the ON period, the UE moves to the active period. If there is no packet indication
during the long sleep, after spending a random amount of time, the UE enters the Beam searching state. In the beam
searching state, the UE waits for the first arrival. If any packet is found in the beam searching state, after completing
the random duration, it enters the ON period state.

We consider that the service time of each packet in the active state follows a deterministic distribution with parame-
ter 1

μ. Also, we assume that the packets' inter-arrival times are independent and are exponentially distributed with
parameter λ.

4 | THE MRGP MODEL

The system state bivariate stochastic process for the MD-DRX mechanism is consider as fðNðtÞ,SðtÞÞ; t≥ 0g, where
fNðtÞ; t≥ 0g indicates the number of packets in the system at time t and fSðtÞ; t≥ 0g denotes the state of the system at
time t with state space Ω. Consider Ω� ςði,jÞ � f0,1,…g�f0,1,2,3,4,5,6,…,Mþ4g. Here, i� f0,1,2,…g denotes the num-
ber of packets in the system (if any packets is being served, incorporating the one also) and j� 0,1,2,3,4,5,6,…,Mþ4
indicates the states of the system, that is, whether the system is in beam searching state (B), or in inactive system (I), or
in active state (A), or in long sleep state (L), or in ON state (0), or first short sleep, or in second short sleep, …, or in Mth
short sleep (which are in between short sleep [S]). Let Ai,2; i¼ 1,2,… indicates the system is in the active state with i
number of packets, Ii,1; i¼ 0,1,… indicates it is in the inactive state with i number of packets, Bi,0; i¼ 0,1,… indicates it is
in the beam searching state with i number of packets, Li,3, i¼ 0,1,2,… indicates it is in the long sleep state with i number
of packets, Oi,4, i¼ 1,2,… indicates it is in the ON state with i number of packets, Si,j, i¼ 0,1,2,…, j¼ 5,6,…,Mþ4 indi-
cates it is in the first short sleep, second short sleep, … Mth short sleep with i number of packets. Hence,
Ω¼fBi,0; i¼ 0,1,…, Ii,1; i¼ 0,1,…,Ai,2; i¼ 1,2,…,Li,3; i¼ 0,1,…,Oi,4; i¼ 1,2,…,Si,j; i¼ 0,1,…, j¼ 5,6,…,Mþ4g. The process
fðNðtÞ,SðtÞÞ; t≥ 0g is not a continuous time Markov chain (CTMC) as the sojourn times in each states are not exponen-
tially distributed. Also, fðNðtÞ,SðtÞÞ; t≥ 0g is not even a SMP since between two sequential service completion points
(as the service completion points are the regeneration epochs), the system state with number of packets can be changed
due to new packets arrival before completing the service of previous packets. Also, the states (beam search state, inac-
tive state, active state long sleep state, ON state, and short sleep state) do not proceed immediately as the new arrivals
occur.

Hence, because of the remaining time of the new arrivals during the time duration in beam search state, inactive
state, active state, long sleep state, ON state, short sleep state (i.e., in first short sleep, second short sleep, …, Mth short
sleep), all the states completion points are the regeneration points. Assume that the succession of epochs fτn,n≥ 0g
where the process fðNðtÞ,SðtÞÞ; t≥ 0g is observed. Define fτn,n≥ 0g as the regeneration epochs at which beam search
period, inactive period, service, long sleep period, ON period, and short sleep period are terminated. Let ζn �Ω repre-
sent the state of the system at these regeneration epochs. The elements of Ω are called regeneration epochs as they
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occur at the service completion point, inactive period completion epoch, long sleep period completion epoch, ON period
completion epoch, and short sleep completion epoch. Hence, we can say that fζn,n≥ 0g is a DTMC with one-step tran-
sition probability matrix Kð∞Þ. By observing the behavior of the stochastic process fðNðtÞ,SðtÞÞ; t≥ 0g at these epochs,
we conclude that the sequence fζn,τng is an embedded Markov renewal sequence and fðNðtÞ,SðtÞÞ; t≥ 0g is a MRGP.23

4.1 | Description of the proposed model

The proposed model is discussed in detail in this section. Let the packet arrival in the system conforms to a Poisson pro-
cess with parameter λ. The inter-arrival time of packets are independent and are exponentially distributed with parame-
ter λ. The service time, inactive time, beam searching duration, short sleep duration, long sleep duration, and ON
duration are follow deterministic distributions with parameter 1

μ,
1
ν,

1
ζ,

1
β,

1
γ,

1
α respectively. The state transition diagram for

FIGURE 4 State transition diagram for the proposed MRGP model

KALITA AND SELVAMUTHU 9 of 33
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the proposed model is shown in Figure 4. Table 2 explains all the cumulative distribution functions (CDFs) with the
corresponding parameters.

Theorem 1. The steady-state probabilities for the MRGP model are given as

ϕB0,0
¼ 1
G

e�
λ
β

� �M�1
e�λ 1

μþ1
νð Þ 1� e�

λ
β

� �
þ
e�λ 1

ζþ1
νð Þ e�

λ
β

� �M
1� e�λ 1

γþ1
ζð Þ� � 1� e�

λ
γ

� �
e�

λ
μ

2
64

3
75, ð1Þ

ϕI0,1 ¼
1
G

1� e�
λ
μ

� �
, ð2Þ

ϕL ¼
1
G

e�λ 1
μþ1

νð Þ e�
λ
β

� �M
1� e�λ 1

γþ1
ζð Þ� � 1� e�

λ
ζ

� �
, ð3Þ

ϕOi,4
¼ 1
G

1� e
λ
ν

� �i
e�

λ
μ 1� e�

λ
ν

� �
þ e�

λ
β

� �j�5
1� e�

λ
β

� �i
e�λ 1

νþ1
μð Þ

�

1� e�
λ
β

� �
þ 1� e�

λ
ζ

� �i e�
λ
ν e�

λ
β

� �M
1� e�λ 1

ζþ1
γð Þ� �e�λ

μ 1� e�
λ
ζ

� �375;
i¼ 0,1,…, j¼ 5,6,…,Mþ4,

ð4Þ

ϕS ¼
1
G

e�
λ
μ 1� e�

λ
ν

� �
þ e�

λ
ν 1� e�

λ
β

� �M� �� �� 	
, ð5Þ

where G is given in Appendix 3. The steady-state probability for ϕAi,2
is given in Appendix 3.

Proof. Details of the proof are given in Appendix 3.

Here, the system state probabilities ϕn 8n�Ω exist as λ< μ.

TABLE 2 Cumulative distribution functions with parameters

CDF Parameter CDF Parameter

FBi,jOi,jþ4 ðtÞ; i¼ 1,2,…, 1
ζ

FB0,0L0,3 ðtÞ 1
ζ

j¼ 0

FI0,1S0,5ðtÞ 1
ν

FIi,jOi,jþ3 ðtÞ; 1
ν

i¼ 1,2,…, j¼ 1

FA1,2I0,1 ðtÞ 1
μ

FSi,jOi,j�k ðtÞ; 1
β

i¼ 1,2,…, j�k¼ 4

j¼ 5,6,…,Mþ4,k¼ 1,2,…,M

FAi,2Ai�1,2 ðtÞ; i¼ 2,3,…, 1
μ

FL0,3B0,0 ðtÞ 1
γ

FLi,jOi,jþ1 ðtÞ; i¼ 1,2,…, 1
γ

FOi,jAi,j�2 ðtÞ 1
α

j¼ 3

FS0,jS0,jþ1 ðtÞ; j¼ 5,6,…,Mþ4 1
β

FS0,Mþ4B0,0ðtÞ 1
β
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Note: Since we assume that the arrival of packet follows Poisson process, the service time follows deterministic dis-
tribution and infinite capacity single server model; hence, it is a M=D=1 queue. From the steady-state probabilities of
EMC of M=D=1 queue mentioned in Medhi,24, p261 we conclude that ρ ¼ λ

μ

� �
should be less than 1 to obtain the stabil-

ity condition from the results. Therefore, λ< μ is the stability condition for the proposed model.

5 | PERFORMANCE MEASURES

Performance measures for the proposed model are presented in this section. Section 5.1 deals with the system state
probabilities of the Markov generative process model.

5.1 | System state probabilities

Let PL, PB, PI , PS, PA, PO be the steady- state probabilities for being in long sleep state, beam searching state, inactive
state, short sleep state, active state, and ON state, respectively.

PL ¼ 1
G

e�λ 1
μþ1

νð Þ e�
λ
β

� �M
1� e�λ 1

γþ1
ζð Þ� � 1� e�

λ
ζ

� �
, ð6Þ

PB ¼ 1
G

e�
λ
β

� �M�1
e�λ 1

μþ1
νð Þ 1� e�

λ
β

� �
þ
e�λ 1

ζþ1
νð Þ e�

λ
β

� �M
1� e�λ 1

γþ1
ζð Þ� � 1� e�

λ
γ

� �
e�

λ
μ

2
64

3
75, ð7Þ

PI ¼ 1
G

1� e�
λ
μ

� �
, ð8Þ

PS ¼ 1
G

e�
λ
μ 1� e�

λ
ν

� �
þ e�

λ
ν 1� e�

λ
β

� �M� �� �� 	
, ð9Þ

PO ¼ 1
G

e
λ
νe�

λ
μ 1� e�

λ
ν

� �
þ e

λ
β

1� e�
λ
β

� �M� �
1� e�

λ
β

e�λ 1
μþ1

νð Þ 1� e�
λ
β

� �
þ
e�λ 1

νþ1
μð Þeλζ e�

λ
β

� �M
1� e�λ 1

ζþ1
γð Þ� � 1� e�

λ
ζ

� �2
664

3
775, ð10Þ

PA¼
X∞
i¼6

ϕAi,2
: ð11Þ

The result of PA is given in Appendix 3.

5.2 | Energy-saving factor

Now, we obtain the energy-saving factor (ES), which is defined as the percentage of time the device (UE) spends in
sleep state, i.e., in short sleep and long sleep. Using the Equations (6) and (9), we obtain

ES¼ðPLþPSÞ�100%: ð12Þ

KALITA AND SELVAMUTHU 11 of 33
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5.3 | Average energy consumption

In this subsection, we derive the average energy consumption spent by the UE's transceiver. UE consumes a different
amount of power in different states.17 Let ECL, ECS, ECA, ECI , ECB, ECO be the energy consumed during the long sleep
state, short sleep state, active state, inactivity timer, beam searching state, and ON state.

Hence, using Equations (6)–(11), we obtain the average energy consumption by UE:

Econs ¼PLECLþPSECSþPAECAþPIECI þPBECBþPOECO: ð13Þ

The energy consumption in the MD-DRX mechanism in LTE-5G is demonstrated in Figure 5.

5.4 | Throughput of the system

In this subsection, we have derived the throughput of the system. To get the optimal energy consumption and energy
saving, we need to find out the system's throughput. The maximum throughput is the fraction of time the system is
available to customers multiplied by the servicing rate for the infinite capacity model.25 Therefore, the system's
throughput is defined as

Throughput¼ PA�μ, ð14Þ

where PA is given in Equation (11) and μ is the service rate.

6 | ENERGY SAVING AND THROUGHPUT OPTIMIZATION

In this section, we optimize the energy saving and throughput to get the maximum efficiency from the proposed model.
Hence, we choose a multi-objective optimization problem. The decision variables are the short sleep duration 1

β and a
maximum number of short sleep M.

FIGURE 5 Energy consumption in MD-DRX mechanism
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There are many different ways to set up the optimization problem. Among them, we choose M and 1
β as the

objective function such that energy saving and throughput are optimized at the same value, which is imposed as
a constraint.26 That is, we need to obtain optimal values of M and 1

β such that energy saving and throughput are

optimized.

To obtain the optimum energy saving ES M, 1β

� �
and optimal throughput throughput M, 1β

� �
, the optimal values of

the control parameters M and 1
β, namely, M ∗ and 1

β
∗ are determined as in Gautam et al.10 Depends on the dynamic

optimization concept, we calculate the optimal values of M ∗ , 1β
∗

� �
.27 Following the procedure as Gautam et al,10 we

obtain M ∗ , 1β
∗

� �
which gives the optimal throughput at the point energy saving is also optimized.Step 1: Set M¼ 1.

Find
1
β
∗ ðMÞ¼min 1

β¼ ½2,5,8,10,16,20,32,40,64,80,128,160,256,320,512,640�j
n

-

ES M, 1βþ c
� �

�ES M, 1β

� �
, throughput M, 1βþ c

� �
� throughput M, 1β

� �o
>0 and compute ES M, 1β

� �
and

throughput M, 1β

� �
.

Note that this code should run separately for the similar increments between the parameter 1
β values (the values of

1
β can

be in the specified values in 5G).

Step 2: Compute 1
β
∗ ðMþ1Þ, ES Mþ1, 1β

∗ ðMþ1Þ
� �

and throughput Mþ1, 1β
∗ ðMþ1Þ

� �
.

Step 3: If ES Mþ1, 1β
∗ ðMþ1Þ

� �
>ES M, 1β

∗ ðMÞ
� �

and throughput Mþ1, 1β
∗ ðMþ1Þ

� �
> throughput M, 1β

∗ ðMÞ
� �

, then

stop. The optimal values are M ∗ , 1β
∗

� �
¼ M ∗ , 1β

∗ ðMÞ
� �

.

Otherwise, go to Step 2.

7 | NUMERICAL ILLUSTRATION

Using MATLAB, we numerically show the trade-off between the performance measures presented in Section 5. On uti-
lization of above-mentioned optimization technique with the parameter values λ¼ 0:004, ν¼ 0:02, γ¼ 0:0125, μ¼ 0:05,

ζ¼ 1:5,α¼ 1, we obtain the optimal value of M ∗ ¼ 6 and 1
β
∗ ¼ 2 for which optimal energy-saving factor

ES M ∗ , 1β
∗ ðMÞ

� �
¼ 32:6340 and optimal throughput throughput M ∗ , 1β

∗ ðMÞ
� �

¼ 0:0025.

To show the trade-off between the performance measures, we have used the parameters as given in Table 3.20

7.1 | Trade-off between energy-saving factor and throughput as arrival rate varies

Now, by setting the parameter values as ν¼ 0:02, μ¼ 0:05, ζ¼ 0:01,α¼ 1, γ¼ 0:0125, and M ∗ ¼ 6, the trade-off between
energy-saving factor and throughput as arrival rate varies from 0.001 to 0.004 and is shown in Figure 6. From Figure 6,
the observations are as follows:

TABLE 3 Possible parameter values for MD-DRX mechanism

Parameter Possible values

Inactive duration (ms) 1, 2, 3, 4, 5, 6, 8, 10, 20, 30, 40, 50, 60, 80, 100, 750, 1280, 1920, 2560

Short sleep duration (ms) 2, 5, 8, 10, 16, 20, 32, 40, 64, 80, 128, 160, 256, 320, 512, 640

ON duration (ms) 1, 2, 3, 4, 5, 6, 8, 10, 20, 30, 40, 50, 60, 80, 100, 200

Long sleep duration (ms) 10, 20, 32, 40, 64, 80, 128, 160, 256, 320, 512, 640, 1024, 1280, 2048, 2560

KALITA AND SELVAMUTHU 13 of 33
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• As the arrival rate ðλÞ varies from 0.001 to 0.004, the energy-saving factor ðESÞ decreases, and the throughput
increases as it should be.

• As the short sleep duration 1
β

� �
increases, the energy-saving factor ðESÞ increases whereas the throughput

decreases. The reason is that, in short sleep duration, only a few components of UE are working, and most of
the components are not working. Hence, the longer short sleep duration increases the energy-saving factor ðESÞ
of UE.

7.2 | Trade-off between average energy consumption and throughput as arrival rate
varies

By considering the same parameter as in Figure 6, the trade-off between average energy consumption and throughput
as arrival rate varies from 0.001 to 0.004 and is presented in Figure 7. The energy consumption in different states are
ECL ¼ 11:4, ECS ¼ 11:4, ECA ¼ 1680:2, ECI ¼ 1060, ECB ¼ 1060, ECO ¼ 1280:04.17 From Figure 7, our observations are
as follows:

• As the arrival rate ðλÞ varies from 0.001 to 0.004, the average energy consumption ðEconsÞ and the throughput increase
as they should be.

• As the short sleep duration 1
β

� �
increases, the average energy consumption ðEconsÞ decreases, and hence, the through-

put also decreases. This happens because, in short sleep duration, only a few components of UE are working, and
most of the components are not working. Hence, the longer short sleep duration decreases the average energy con-
sumption ðEconsÞ of UE.

FIGURE 6 Trade-off between energy-saving factor and throughput as arrival rate varies

FIGURE 7 Trade-off between average energy consumption and throughput as arrival rate varies
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7.3 | Trade-off between energy-saving factor and throughput as inactivity duration
varies

Presuming the parameter as λ¼ 0:004, μ¼ 0:05, ζ¼ 0:01,γ¼ 0:0125, 1
β
∗ ¼ 2, and M ∗ ¼ 6, the trade-off between energy-

saving factor ðESÞ and throughput as inactivity duration 1
ν


 �
varies in between ½1,2,3,4,5,6,8,10,20,30,40,50,60� is shown

in Figure 8.
It is observed from Figure 8A-C that

• As the inactivity duration 1
ν


 �
varies in between ½1,2,3,4,5,6,8,10,20,30,40,50,60�, the energy-saving factor ðESÞ

decreases whereas the throughput increases. The reason is that, as the inactive duration of the UE increases, the
components of UE will be active for a longer period, which will increase the average energy consumption and
decrease the energy-saving factor.

• As the ON duration 1
α


 �
increases, the energy-saving factor ðESÞ decreases whereas throughput increases. This hap-

pens because, as the time duration in the ON state is higher, the components of UE will be active for a longer period,
which will increase average energy consumption and decrease energy-saving factors.

7.4 | Trade-off between average energy consumption and throughput as inactivity
duration varies

Considering the parameter as λ¼ 0:004, μ¼ 0:05, ζ¼ 0:01,γ¼ 0:0125, 1β
∗ ¼ 2, and M ∗ ¼ 6, the trade-off between average

energy consumption and throughput as inactivity duration 1
ν


 �
varies in between ½1,2,3,4,5,6,8,10,20,30,40,50,60� is

shown in Figure 9.
From Figure 9A-C, the observation are as follows:

FIGURE 8 Trade-off between energy-saving factor and throughput as inactivity duration varies

KALITA AND SELVAMUTHU 15 of 33
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• As the inactivity duration 1
ν


 �
varies in between ½1,2,3,4,5,6,8,10,20,30,40,50,60�, the average energy consumption

ðEconsÞ and throughput increase. The reason is that, as the inactive duration of the UE increases, the components of
UE will be active for a longer period which consumes more energy and this leads to an increase in average energy
consumption ðEconsÞ. On the other hand, if the components of UE are active, it means the probability that packets get
served increases, which leads to an increase in the system's throughput.

• As the ON duration 1
α


 �
increases, the average energy consumption ðEconsÞ and throughput increase. The reason is

similar to Figure 8.

FIGURE 9 Trade-off between average energy consumption and throughput as inactivity duration varies

FIGURE 10 Comparison of energy-saving factor as arrival rate varies
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7.5 | Numerical comparison with D-DRX mechanism

In this subsection, the numerical comparison of an energy-saving factor, average energy consumption, and throughput
for D-DRX22 and the proposed MD-DRX mechanism are shown in Figures 10–12. Here, we presume the parameter
values as νð1=tIÞ¼ 0:02, μ¼ 0:05, ζð1=tbsÞ¼ 0:01, αð1=tonÞ¼ 1, γð1=tlsÞ¼ 0:0125, and MðnssÞ ∗ ¼ 6, 1

β
∗ ðtssÞ¼ 2. Only for

Figure 12, the parameter values for 1
βðtssÞ are not fixed. From Figure 10, the observations are as follows:

• As the arrival rate ðλÞ varies from 0.001 to 0.004, the energy-saving factor ðESÞ for the D-DRX and the proposed MD-
DRX mechanism decreases as it should be.

• As the arrival rate ðλÞ varies from 0.001 to 0.004, the energy-saving factor ðESÞ for the D-DRX mechanism is less than
the proposed MD-DRX mechanism.

From Figure 11, the observation are as follows:

• As the arrival rate ðλÞ varies from 0.001 to 0.004, the average energy consumption ðEconsÞ for the D-DRX and the pro-
posed MD-DRX mechanism increases as it should be.

• As the arrival rate ðλÞ varies from 0.001 to 0.004, the average energy consumption ðEconsÞ for the D-DRX mechanism
is higher than the proposed MD-DRX mechanism.

From Figure 12, the observation are as follows:

FIGURE 11 Comparison of energy-saving factor as arrival rate varies

FIGURE 12 Comparison of energy-saving factor as arrival rate varies

KALITA AND SELVAMUTHU 17 of 33
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• As the arrival rate ðλÞ varies from 0.001 to 0.004, the throughput for the D-DRX and the proposed MD-DRX mecha-
nism increases as it should be.

• As the arrival rate ðλÞ varies from 0.001 to 0.004, initially, the throughput for the D-DRX mechanism is less than the
proposed MD-DRX mechanism. After the arrival rate ðλÞ 0.002, the throughput for the D-DRX is more than the pro-
posed MD-DRX mechanism.

• As the short sleep duration 1
β

� �
increases, the throughput decreases. The reason is that, in short sleep duration, only

a few components of UE are working, and most of the components are not working. Hence, the longer short sleep
duration decreases the system's throughput.

8 | CONCLUSION AND FUTURE WORK

In this research work, we have analyzed an MRGP model for the MD-DRX mechanism to reach the demand for
high-frequency data rates of LTE-5G networks. Observing the behavior of the performance measures, it is noticed
that as the inactivity duration increases, average energy consumption ðEconsÞ increases, and the energy-saving factor
ðESÞ decreases but the throughput increases. To get optimal energy saving and energy consumption, we have shown
the trade-off between energy saving/energy consumption and throughput. It is also predicted that the proposed model
may help system engineers in the design and operation of next-generation wireless communication systems. Here, we
have compared the proposed MRGP model with the existing analytical model, which shows the strength of the
proposed MRGP model and the drawbacks of the existing model. Also, we have numerically compared the proposed
MD-DRX mechanism with the exiting D-DRX mechanism. The comparison makes it clear that the proposed
MRGP model for the MD-DRX mechanism is expected to be more precise, better, and closer to making the real-time
simulation results.

Further, the comparative study of the MD-DRX mechanism can be achieved with the other existing LTE-DRX
mechanisms (D-DRX, HD-DRX, etc.) by using the simulation model. Also, for the validation of model in the real
scenario, the time series data can be used to analyze the number of users connected and sleep mode switching.
The proposed MRGP model for the MD-DRX mechanism may be incorporated with LTE-6G networks with its updated
features.
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APPENDIX A: STEADY-STATE SOLUTION OF THE MRGP MODEL

In this section, the system state probabilities (in steady state) in different states are obtained. To find out these perfor-
mance measures, the expressions for global kernel KðtÞ and local kernel EðtÞ are needed.
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A.1 | Global kernel

The elements of the global kernel matrix KðtÞ is denoted by Km,nðtÞ, where Km,nðtÞ is the probability that the system
will be in state n at time of next regeneration epoch which happen on or before time t, condition that just after
the previous regeneration epoch, the system was in state m. Hence, the nonzero elements of the global kernel matrix
are as follows:

KB0,0B1,0ðtÞ¼
Z t

0
ð1�FB0,0L0,3ðxÞÞdFB0,0B1,0ðxÞ, ðB1Þ

KBi,0Biþ1,0ðtÞ¼
Z t

0
ð1�FBi,0Oi,4ðxÞÞdFBi,0Biþ1,0ðxÞ, i¼ 1,2,…, ðB2Þ

KB0,0B1,0ðtÞ¼KBi,0Biþ1,0ðtÞ¼
1� e�λt if t<

1
ζ
,

1� e�
λ
ζ if t≥

1
ζ
,

8>><
>>: ðB3Þ

KL0,3B0,0ðtÞ¼
Z t

0
ð1�FL0,3L1,3ðxÞÞdFL0,3B0,0ðxÞ, ðB4Þ

KL0,3B0,0ðtÞ¼
e�

λ
γ if t≥

1
γ
,

0 if t<
1
γ
,

8>><
>>: ðB5Þ

KB0,0L0,3ðtÞ¼
Z t

0
ð1�FB0,0B1,0ðxÞÞdFB0,0L0,3ðxÞ, ðB6Þ

KBi,0Oi,4ðtÞ¼
Z t

0
ð1�FBi,0Biþ1,0ðxÞÞdFBi,0Oi,4ðxÞ, i¼ 1,2,…, j¼ 0, ðB7Þ

KB0,0L0,3ðtÞ¼KBi,0Oi,4ðtÞ¼
e�

λ
ζ if t≥

1
ζ
,

0 if t<
1
ζ
,

8>><
>>: ðB8Þ

KI0,1I1,1ðtÞ¼
Z t

0
ð1�FI0,1S0,5ðxÞÞdFI0,1I1,1ðxÞ, ðB9Þ

KIi,1Iiþ1,1ðtÞ¼
Z t

0
ð1�FIi,jOi,jþ3ðxÞÞdFIi,jIiþ1,jðxÞ, i¼ 1,2,…, ðB10Þ
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KI0,1I1,1ðtÞ¼KIi,1Iiþ1,1ðtÞ¼
1� e�λt if t<

1
ν
,

1� e�
λ
ν if t≥

1
ν
,

8><
>: ðB11Þ

KIi,1Oi,4ðtÞ¼
Z t

0
ð1�FIi,1Iiþ1,1ðxÞÞdFIi,1Oi,4ðxÞ, i¼ 1,2,…, ðB12Þ

KIi,1Oi,4ðtÞ¼
e�

λ
ν if t≥

1
ν
,

0 if t<
1
ν
,

8><
>: ðB13Þ

KA1,2A2,2ðtÞ¼
Z t

0
ð1�FA1,2I0,1ðxÞÞdFA1,2A2,2ðxÞ, ðB14Þ

KAi,2Aiþ1,2ðtÞ¼
Z t

0
ð1�FAi,2Ai�1,2ðxÞÞdFAi,2Aiþ1,2ðxÞ, i¼ 2,3,…, ðB15Þ

KA1,2A2,2ðtÞ¼KAi,2Aiþ1,2ðtÞ¼
1� e�λt if t<

1
μ
,

1� e�
λ
μ if t≥

1
μ
,

8>><
>>: ðB16Þ

KL0,3L1,3ðtÞ¼
Z t

0
ð1�FL0,3B0,0ðxÞÞdFL0,3L1,3ðxÞ, ðB17Þ

KLi,3Liþ1,3ðtÞ¼
Z t

0
ð1�FLi,3Oi,4ðxÞÞdFLi,3Liþ1,3ðxÞ, i¼ 1,2,…, ðB18Þ

KL0,3L1,3ðtÞ¼KLi,3Liþ1,3ðtÞ¼
1� e�λt if t<

1
γ
,

1� e�
λ
γ if t≥

1
γ
,

8>><
>>: ðB19Þ

KSi,jSiþ1,jðtÞ¼
Z t

0
ð1�FSi,jOi,j�kðxÞÞdFSi,jSiþ1,jðxÞ, i¼ 1,2,…, j�k¼ 4, j¼ 5,6,…,Mþ4,k¼ 1,2,…,M, ðB20Þ

KS0,jS1,jðtÞ¼
Z t

0
ð1�FS0,jS0,jþ1ðxÞÞdFS0,jS1,jðxÞ, j¼ 5,6,…,Mþ3, ðB21Þ
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KS0,Mþ4S1,Mþ4ðtÞ¼
Z t

0
ð1�FS0,Mþ4B0,0ðxÞÞdFS0,Mþ4S1,Mþ4ðxÞ, ðB22Þ

KSi,jSiþ1,jðtÞ¼KS0,jS1,jðtÞ,KS0,Mþ4S1,Mþ4ðtÞ¼
1� e�λt if t<

1
β
,

1� e�
λ
β if t≥

1
β
,

8>><
>>: ðB23Þ

KOi,4Ai,2ðtÞ¼
Z t

0
ð1�FOi,4Oiþ1,4ðxÞÞdFOi,4Ai,2ðxÞ, i¼ 1,2,…, ðB24Þ

KOi,4Ai,2ðtÞ¼
e�

λ
α if t≥

1
α
,

0 if t<
1
α
,

8><
>: ðB25Þ

KI0,1S0,5ðtÞ¼
Z t

0
ð1�FI0,1I1,1ðxÞÞdFI0,1S0,5ðxÞ, ðB26Þ

KI0,1S0,5ðtÞ¼
e�

λ
ν if t≥

1
ν
,

0 if t<
1
ν
,

8><
>: ðB27Þ

KSi,jOi,j�k ðtÞ¼
Z t

0
ð1�FSi,jSiþ1,jðxÞÞdFSi,jOi,j�k ðxÞ, i¼ 1,2,…, j�k¼ 4, j¼ 5,6,…,Mþ4,k¼ 1,2,…,M, ðB28Þ

KS0,Mþ4B0,0ðtÞ¼
Z t

0
ð1�FS0,Mþ4S1,Mþ4ðxÞÞdFS0,Mþ4B0,0ðxÞ, ðB29Þ

KS0,jS0,jþ1ðtÞ¼
Z t

0
ð1�FS0,jS1,jðxÞÞdFS0,jS0,jþ1ðxÞ, j¼ 5,…,Mþ3, ðB30Þ

KSi,jOi,j�k ðtÞ¼KS0,Mþ4B0,0ðtÞ,KS0,jS0,jþ1ðtÞ¼
e�

λ
β if t≥

1
β
,

0 if t<
1
β
,

8>><
>>: ðB31Þ

KAi,2Ai�1,2ðtÞ¼
Z t

0
ð1�FAi,jAiþ1,jðxÞÞdFAi,jAi�1,jðxÞ, i¼ 2,3,…, ðB32Þ
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KA1,2I0,1ðtÞ¼
Z t

0
ð1�FA1,2A2,2ðxÞÞdFA1,2I0,1ðxÞ, ðB33Þ

KAi,2Ai�1,2ðtÞ¼KA1,2I0,1ðtÞ¼
e�

λ
μ if t≥

1
μ
,

0 if t<
1
μ
,

8>><
>>: ðB34Þ

KOi,4Oiþ1,4ðtÞ¼
Z t

0
ð1�F0i,jAi,j�2ðxÞÞdFOi,4Oiþ1,4ðxÞ, i¼ 1,2,…, ðB35Þ

KOi,4Oiþ1,4ðtÞ¼
1� e�λt if t<

1
α
,

1� e�
λ
α if t≥

1
α
,

8><
>: ðB36Þ

KLi,3Oi,4ðtÞ¼
Z t

0
ð1�FLi,jLiþ1,jðxÞÞdFLi,jOi,jþ1ðxÞ, i¼ 1,2,…, ðB37Þ

KLi,3Oi,4ðtÞ¼
e�

λ
γ if t≥

1
γ
,

0 if t<
1
γ
:

8>><
>>: ðB38Þ

Define Km,nð∞Þ¼ lim t!∞Km,nðtÞ, where m,n�Ω. Hence, the global kernel matrix KðtÞ at t!∞ with its element
Km,nð∞Þ gives the one-step transition probability for the underlying model, and the row sum of Kð∞Þmatrix is 1. There-
fore, by using Equations (B1)–(B38), the one-step transition probabilities for the proposed model are obtained in
Table A.1 as

TABLE A .1 The one-step transition probabilities for the proposed model

KBi,0Biþ1,0 ð∞Þ¼ 1� e�
λ
ζ; i¼ 0,1,…, KIi,1Iiþ1,1ð∞Þ¼ 1� e�

λ
ν; i¼ 0,1,…, KL0,3B0,0ð∞Þ¼ e�

λ
γ

KAi,2Aiþ1,2ð∞Þ¼ 1� e�
λ
μ; i¼ 1,2,…, KLi,3Liþ1,3ð∞Þ¼ 1� e�

λ
γ ; i¼ 0,1,…, KB0,0L0,3ð∞Þ¼ e�

λ
ζ

KOi,40iþ1,4 ð∞Þ¼ 1� e�
λ
α; i¼ 1,2,…, KS0,jS1,j ð∞Þ¼ 1� e�

λ
β; j¼ 5,6,…,Mþ4, KBi,0Oi,4 ð∞Þ¼ e�

λ
ζ;

i¼ 1,2,…,

KIi,10i,4 ð∞Þ¼ e�
λ
ν; i¼ 1,2,…, KOi,4Ai,2 ð∞Þ¼ e�

λ
α; i¼ 1,2,…, KI0,1S0,5ð∞Þ¼ e�

λ
ν

KSi,j0i,j�k ð∞Þ¼ e�
λ
β; i¼ 1,2,…, KAi,2Ai�1,2ð∞Þ¼ e�

λ
μ; i¼ 2,…, KS0,Mþ4B0,0 ð∞Þ¼ e�

λ
β

j�k¼ 4, j¼ 5,6,…,Mþ4,

k¼ 1,2,…,M, KS0,jS0,jþ1 ð∞Þ¼ e�
λ
β; KLi,3Oi,4 ð∞Þ¼ e�

λ
γ;

j¼ 5,…,Mþ3, i¼ 1,2,…,

KA1,2I0,1ð∞Þ¼ e�
λ
μ KSi,jSiþ1,j ð∞Þ¼ 1� e�

λ
β;

i¼ 1,2,…,

j¼ 5,…,Mþ4,

KALITA AND SELVAMUTHU 23 of 33

 10991131, 2023, 6, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/dac.5434 by IN

D
IA

N
 IN

ST
IT

U
T

E
 O

F T
E

C
H

N
O

L
O

G
Y

 (N
O

N
 -E

A
L

), W
iley O

nline L
ibrary on [15/04/2023]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



Let π¼ ½πBi,0 ; i¼ 0,1,…,πIi,1 ; i¼ 0,1,…,πAi,2 ; i¼ 1,2,…,πLi,3 ; i¼ 0,1,…,πOi,4 ; i¼ 1,2,…,πSi,j ; i¼ 0,1,…, j¼ 5,6,…,Mþ4� be the
steady-state probability vector of the embedded Markov chain and πBi,0 ; i¼ 0,1,…,πIi,1 ; i¼ 0,1,…,πAi,2 ; i¼ 1,2,…,πLi,3 ; i¼
0,1,…,πOi,4 ; i¼ 1,2,…,πSi,j ; i¼ 0,1,…, j¼ 5,6,…,Mþ4 are its corresponding probabilities, which can be obtained by solving

π¼ πKð∞Þ,
X
m � Ω

πm ¼ 1:

Hence, by using π¼ πKð∞Þ and the element of the matrix Kð∞Þ as mention in Table A.1, the system of linear
equations is obtained as follows:

πB0,0 ¼ e�
λ
βπS0,Mþ4 þ e�

λ
γπL0,3 , ðB39Þ

πBiþ1,0 ¼ 1� e�
λ
ζ

� �
πBi,j ; i¼ 0,1,…, ðB40Þ

πI0,1 ¼ e�
λ
μπA1,2 , ðB41Þ

πIiþ1,1 ¼ 1� e�
λ
ν

� �
πIi,j ; i¼ 0,1,…, ðB42Þ

πAi�1,2 ¼ e�
λ
απOi�1,jþ2 þ e�

λ
μπAi,j ; i¼ 2,3,…, ðB43Þ

πAiþ1,2 ¼ 1� e�
λ
μ

� �
πAi,j ; i¼ 1,2,…, ðB44Þ

πL0,3 ¼ e�
λ
ζπB0,0 , ðB45Þ

πLiþ1,3 ¼ 1� e�
λ
γ

� �
πLi,j ; i¼ 0,1,…, ðB46Þ

πO1,4 ¼ e�
λ
ζπB1,0 þ e�

λ
γπL1,3 þ e�

λ
βðπS1,5 þπS1,6 þ…þπS1,Mþ4Þþ e�

λ
νπI1,1 , ðB47Þ

πOiþ1,4 ¼ 1� e�
λ
α

� �
πOi,4 þ e�

λ
βðπSiþ1,5 þπSiþ1,6 þ…þπSiþ1,Mþ4Þþ e�

λ
ζπBiþ1,0 þ e�

λ
γπLiþ1,3 þ e�

λ
νπIiþ1,1 ; i¼ 1,2,…, ðB48Þ

πS0,5 ¼ e�
λ
νπI0,1 , ðB49Þ

πSiþ1,j ¼ 1� e�
λ
β

� �
πSi,j ; i¼ 0,1,…, j¼ 5,6,…,Mþ4, ðB50Þ

πS0,jþ1 ¼ e�
λ
βπS0,j ; j¼ 5,6,…,Mþ3: ðB51Þ
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Solving the linear equations in Equations (B39)–(B51), the steady-state probabilities of each state, πm, m�Ω in
terms of πA1,2 , are obtained as

πLi,3 ¼ 1� e�
λ
γ

� �i e�λ 1
ζþ1

νð Þ e�
λ
β

� �M
1� e�λ 1

ζþ1
γð Þ� � e�

λ
μπA1,2 ; i¼ 0,1,…, ðB52Þ

πBi,0 ¼ 1� e�
λ
ζ

� �i e�
λ
ν e�

λ
β

� �M
1� e�λ 1

ζþ1
γð Þ� �e�λ

μπA1,2 ; i¼ 0,1,…, ðB53Þ

πSi,j ¼ 1� e�
λ
β

� �i
e�

λ
β

� �j�5
e�

λ
νe�

λ
μπA1,2 ; i¼ 0,1,…, j¼ 5,6,…,Mþ4, ðB54Þ

πIi,1 ¼ 1� e�
λ
ν

� �i
e�

λ
μπA1,2 ; i¼ 0,1,…, ðB55Þ

πOi,4 ¼ e�
λ
ζ 1� e�

λ
ζ

� � e�
λ
ν e�

λ
β

� �M
1� e�λ 1

ζþ1
γð Þ� �X i

k¼1
1� e�

λ
α

� �ði�kÞ
1� e�

λ
ζ

� �ðk�1Þ
2
64

þe�
λ
γ 1� e�

λ
γ

� � e�
λ
β

� �M
e�λ 1

ζþ1
νð Þ

1� e�λ 1
ζþ1

νð Þ� � X i

k¼1
1� e�

λ
α

� �ði�kÞ
1� e�

λ
γ

� �ðk�1Þ

þe�
λ
β 1� e�

λ
β

� �M� �
e�

λ
ν

X i

k¼1
1� e�

λ
α

� �ði�kÞ
1� e�

λ
β

� �ðk�1Þ

þe�
λ
ν 1� e�

λ
ν

� �Xi

k¼1
1� e�

λ
α

� �ði�kÞ
1� e�

λ
ν

� �ðk�1Þ

#
e�

λ
μπA1,2 , i¼ 1,2,…,

ðB56Þ

πA2,2 ¼ 1� e�
λ
μ

� �
πA1,2 , ðB57Þ

πA3,2 ¼ �e�
λ
μþ e�

λ
αe�

λ
μ e�

λ
ζ 1� e�

λ
ζ

� � e�
λ
ν e�

λ
β

� �M
1� e�λ 1

ζþ1
γð Þ� �

2
64

8><
>:

þe�
λ
γ 1� e�

λ
γ

� �e�λ 1
ζþ1

νð Þ e�
λ
β

� �M
1� e�λ 1

ζþ1
νð Þ� � þ e�

λ
β 1� e�

λ
β

� �M� �
e�

λ
νþ e�

λ
ν 1� e�

λ
ν

� �375
9>=
>;πA1,2 ,

ðB58Þ

πA4,2 ¼ e�
λ
μe�

λ
αe�

λ
ζ

1� e�
λ
ζ

� �
e�

λ
ν e�

λ
β

� �M
1� e�λ 1

ζþ1
γð Þ� � 1þ 1� e�

λ
α

� �
þ 1� e�

λ
ζ

� �� �
þ e�

λ
μe�

λ
αe�

λ
γ 1� e�

λ
γ

� �e�λ 1
ζþ1

νð Þ e�
λ
β

� �M
1� e�λ 1

ζþ1
νð Þ� �

8><
>:
1þ 1� e�

λ
α

� �
þ 1� e�

λ
γ

� �� �
þ e�

λ
μe�

λ
αe�

λ
β 1� e�

λ
β

� �M� �
e�

λ
ν 1þ 1� e�

λ
α

� ��
þ 1� e�

λ
β

� �
þ e�

λ
μe�

λ
αe�

λ
ν 1� e�

λ
ν

� �

1þ 1� e�
λ
α

� �
þ 1� e�

λ
ν

� �� �
�1

)
πA1,2 ,

ðB59Þ
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πA5,2 ¼ e�
λ
μe�

λ
αe�

λ
ζ 1� e�

λ
ζ

� � e�
λ
ν e�

λ
β

� �M
1� e�λ 1

ζþ1
γð Þ� �

8><
>:
1� e�

λ
α

� �
þ 1� e�

λ
ζ

� �
þ 1� e�

λ
α

� �2
þ 1� e�

λ
α

� �
1� e�

λ
ζ

� �
þ 1� e�

λ
ζ

� �2� �

þe�
λ
μe�

λ
αe�

λ
γ 1� e�

λ
γ

� � e�λ 1
ζþ1

νð Þðe�λ
βÞ

M

1� e�λ 1
ζþ1

νð Þ� �
1� e�

λ
α

� �
þ 1� e�

λ
γ

� �
þ 1� e�

λ
α

� �2
þ 1� e�

λ
α

� �
1� e�

λ
γ

� �
þ 1� e�

λ
γ

� �2� �

þe�
λ
μe�

λ
αe�

λ
β 1� e�

λ
β

� �M� �
e�

λ
ν 1� e�

λ
α

� �
þ 1� e�

λ
β

� �
þ 1� e�

λ
α

� �2
þ 1� e�

λ
α

� �
1� e�

λ
β

� �
þ 1� e�

λ
β

� �2� �

þe�
λ
μe�

λ
αe�

λ
ν 1� e�

λ
ν

� �
1� e�

λ
α

� �
þ 1� e�

λ
ν

� �
þ 1� e�

λ
α

� �2�

þ 1� e�
λ
α

� �
1� e�

λ
ν

� �
þ 1� e�

λ
ν

� �2�
� 1� e�

λ
μ

� �)
πA1,2 ,

ðB60Þ

πAi,2 ¼ e�
λ
μe�

λ
αe�

λ
ζ 1� e�

λ
ζ

� � e�
λ
ν e�

λ
β

� �M

1� e�λ 1
ζþ1

γð Þ� �
2
64
X4
k¼3

1� e�
λ
α

� �ði�kÞ
�
X7
k¼6

1� e�
λ
α

� �ði�kÞ
þ
X4
k¼3

1� e�
λ
ζ

� �ði�kÞ
�
X7
k¼6

1� e�
λ
ζ

� �ðiþ1�kÞ
 

þ
Xði�1Þ

k¼4

1� e�
λ
α

� �ði�kÞ
1� e�

λ
ζ

� �ðk�3Þ
þ
Xi

l¼5

1� e�
λ
α

� �ðiþ1�lÞ
1� e�

λ
ζ

� �ðl�4Þ
þ1

!

þ e�
λ
μe�

λ
αe�

λ
γ 1� e�

λ
γ

� �e�λ 1
ζþ1

νð Þ e�
λ
β

� �M

1� e�λ 1
ζþ1

νð Þ� �
X4
k¼3

1� e�
λ
α

� �ði�kÞ
�
X7
k¼6

1� e�
λ
α

� �ði�kÞ
þ
X4
k¼3

1� e�
λ
γ

� �ði�kÞ
 

�
X7
k¼6

1� e�
λ
γ

� �ðiþ1�kÞ
þ
Xði�1Þ

k¼4

1� e�
λ
α

� �ði�kÞ
1� e�

λ
γ

� �ðk�3Þ

þ
Xi

l¼5

1� e�
λ
α

� �ðiþ1�lÞ
1� e�

λ
γ

� �ðl�4Þ
þ1

!
þ e�

λ
μe�

λ
αe�

λ
βe�

λ
ν 1� e�

λ
β

� �M
� � X4

k¼3

1� e�
λ
α

� �ði�kÞ
�
X7
k¼6

1� e�
λ
α

� �ði�kÞ
 

þ
X4
k¼3

1� e�
λ
β

� �ði�kÞ
�
X7
k¼6

1� e�
λ
β

� �ðiþ1�kÞ
þ
Xði�1Þ

k¼4

1� e�
λ
α

� �ði�kÞ
1� e�

λ
β

� �ðk�3Þ

þ
Xi

l¼5

1� e�
λ
α

� �ðiþ1�lÞ
1� e�

λ
β

� �ðl�4Þ
þ1

!

þe�
λ
μe�

λ
αe�

λ
ν 1� e�

λ
ν

� � X4
k¼3

1� e�
λ
α

� �ði�kÞ
�
X7
k¼6

1� e�
λ
α

� �ði�kÞ
þ
X4
k¼3

1� e�
λ
ν

� �ði�kÞ
�
X7
k¼6

1� e�
λ
ν

� �ðiþ1�kÞ
 

þ
Xði�1Þ

k¼4

1� e�
λ
α

� �ði�kÞ
1� e�

λ
ν

� �ðk�3Þ
þ
Xi

l¼5

1� e�
λ
α

� �ðiþ1�lÞ
1� e�

λ
ν

� �ðl�4Þ
þ1

!#
πA1;2 ;

i¼ 6;7,…,ði�kÞ≥ 0,ðiþ1�kÞ>0:

ðB61Þ

Using equation
P

m � Ω πm ¼ 1 and the probabilities, πm,m�Ω ∖ A1,2 in terms of πA1,2 , we obtain

πA1,2 ¼
1
C
,

where
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C ¼
e�λ 1

ζþ1
νð Þ e�

λ
β

� �M

1� e�λ 1
γþ1

ζð Þ� � e�
λ
μ e

λ
γ þ e

2λ
ζ þ 1� e�

λ
ζ

� � 1

e�
λ
ζ � e�

λ
α

� � 1� e�
λ
α

e�
λ
α

�1� e�
λ
ζ

e�
λ
ζ

 !2
4

8<
:

þ e�
λ
α 2þ 1� e�

λ
α

� �
2þ 1� e�

λ
α

� �
1þ2� e�

λ
α

e�
λ
α

 ! "

þ 1� e�
λ
ζ

� �
1þ 2

e�
λ
ζ � e�

λ
α

� � 1� e�
λ
α

� �2
e�

λ
α

�
1� e�

λ
ζ

� �2
e�

λ
ζ

0
B@

1
CA

0
B@

1
CA
1
CAþ1

þ 1� e�
λ
ζ

� �
2þ 1� e�

λ
ζ

� �
1þ2� e�

λ
ζ

e�
λ
ζ

 ! !
� 2

e�
λ
α

�2� e�
λ
ζ

e�
λ
ζ

þ1

##)

þ e�
λ
β 1� e�

λ
β

� �M
� �

e�
λ
νe�

λ
μ

e
2λ
β

1� e�
λ
β

� �þ 1

e�
λ
β � e�

λ
α

� � 1� e�
λ
α

� �
e�

λ
α

�
1� e�

λ
β

� �
e�

λ
β

2
4

3
5þ2e�

λ
αþ e�

λ
α

8<
:

1� e�
λ
α

� �
2þ 1� e�

λ
α

� �
þ 1� e�

λ
β
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þ e�

λ
α 1� e�

λ
β

� �
2þ 1� e�
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β

� �
1þ2� e�

λ
β

e�
λ
β

 ! !
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α
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� �
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β

2
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3
75
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β
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β

 !9>=
>;
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λ
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μe�
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γ
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>;:

ðB62Þ

A.2 | Local kernel

The local kernel EðtÞ narrates the behavior of the process during the time between two consecutive regeneration points
starting from a state of the system just after the next regeneration points occur. Hence, the elements of the local kernel
matrix are as follows:
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Em,nðtÞ¼

EAi,jAi�1,jðtÞ¼ ð1�FAi,jAi�1,jðtÞÞð1�FAi,jAiþ1,jðtÞÞ, i¼ 2,…, j¼ 2,

EAi,2I0,1ðtÞ¼ ð1�FA1,2A2,2ðtÞÞð1�FA1,2I0,1ðtÞÞ,
EI0,1S0,5ðtÞ¼ ð1�FI0,1I1,1ðtÞÞð1�ðFI0,1S0,5ðtÞÞ,
EB0,0L0,3ðtÞ¼ ð1�FB0,0B1,0ðtÞÞð1�FB0,0L0,3ðtÞÞ,

EBi,0Oi,4ðtÞ¼ ð1�FBi,0Oi,4ðtÞÞð1�FBi,0Biþ1,0ðtÞÞ, i¼ 1,…,
EOi,4Ai,2ðtÞ¼ ð1�FOi,4Ai,2ðtÞÞð1�FOi,4Oiþ1,4ðtÞÞ, i¼ 1,2,…,
ELi,3Oi,4ðtÞ¼ ð1�FLi,3Oi,4ðtÞÞð1�FLi,3Liþ1,3ðtÞÞ, i¼ 1,2,…,
EIi,1Oi,4ðtÞ¼ ð1�FIi,1Oi,4ðtÞÞð1�FIi,1Iiþ1,1ðtÞÞ, i¼ 1,2,…,

ESi,jOi,j�k ðtÞ¼ ð1�FSi,jOi,j�kðtÞÞð1�FSi,jSiþ1,jðtÞÞ, i¼ 1,2,…,
j�k¼ 4, j¼ 5,6,…,Mþ4,k¼ 1,2,…,M:

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

To obtain performance measures, we consider a new variable ψm,n which is the average amount of time the MRGP
spends in state n between two sequential regeneration epochs condition that it was in state m after the last
regeneration:

ψm,n ¼
Z ∞

0
Em,nðtÞdt:

For different values of m and n, we have

ψm,n ¼

1� e�
λ
α

λ
,m¼Oi,j,n¼Ai,j�2, i¼ 1,…, j¼ 4,

1� e�
λ
γ

λ
,m¼Li,j,n¼Oi,jþ1, i¼ 1,…, j¼ 3,

1� e�
λ
β

λ
,m¼ Si,j,n¼Oi,j�k, i¼ 1,2,…, j�k¼ 4, j¼ 5,6,…,Mþ4,k¼ 1,2,…,M,

1� e�
λ
ν

λ
,m¼ I0,1,n¼O1,4,

1� e�
λ
β

λ
,m¼ S0,Mþ4,n¼B0,0,

1� e�
λ
μ

λ
,m¼A1,2,n¼ I0,1

1� e�
λ
γ

λ
,m¼L0,3,n¼B0,0,

1� e�
λ
ν

λ
,m¼ I0,1,n¼ S0,5,

1� e�
λ
ζ

λ
,m¼Bi,0,n¼Oi,4,

1� e�
λ
ζ

λ
,m¼B0,0,n¼L0,3:

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

In order to get the energy efficiency from the model, we need to find the system state probabilities. The system state
probabilities are defined as follows:

ϕn ¼
P

k � Ωπkψk,nP
k � Ωπkδk

, n�Ω, ðB63Þ

where δk ¼
P

l � Ωψkl: The stability conditions for the existence of steady-state probabilities of the MRGP model is λ< μ.
Hence, under stability condition using δk and steady-state probabilities probabilities of EMC, we get
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X
k � Ω

πkδk ¼ G
λC

,

where

G ¼ 2� e�
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� �2� �
1� e�

λ
αe�

λ
μ

� �
e�λ 1

μþ1
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� �M 1� e�
λ
ζ
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γ
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@

1
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α 3� e�
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ζ �5þ4e�
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� �
:

The steady-state probability for ϕAi,2
is as follows:
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The steady-state probability for being the system in active state is
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