International Journal of Communication Systems

| RESEARCH ARTICLE

'.) Check for updates

WILEY

Stochastic Modeling of Dependability Attributes for
a Multilayer Satellite-HAP-Terrestrial System

Raina Raj! @ | S. Dharmarajal

| Vladimir Vishnevsky? | Dmitry Kozyrev?3

!Bharti School of Telecommunications Technology and Management, Indian Institute of Technology Delhi, New Delhi, India | 2V.A. Trapeznikov Institute

of Control Sciences of Russian Academy of Sciences, Moscow, Russia | SRUDN University, Moscow, Russia

Correspondence: Raina Raj (rainaraj.curaj@gmail.com)

Received: 10 February 2025 | Revised: 26 May 2025 | Accepted: 22 July 2025

Funding: This work was supported by DST-RSF research project no. 22-49-02023 (RSF) and research project no. 64800 (DST).

Keywords: FSO/RF | mmWave communications | reliability | satellite-HAP-terrestrial systems | semi-Markov process | simulation

ABSTRACT

High-altitude platforms (HAPs) are an attractive solution for delivering long-term and stable relay services in communication

systems, thanks to their superior capabilities such as extensive coverage, high mobility, and high-quality communication chan-

nels. The growing interest in deploying HAPs as relay nodes to bridge terrestrial and satellite networks has contributed to the

advancement of integrated satellite-aerial-terrestrial (SAT) networks. To assess the dependability of such networks, a stochastic

model is developed that incorporates the essential characteristics of satellite, HAP, and terrestrial components. A semi-Markov

process (SMP) is employed to capture the non-Markovian behavior of the system states and to facilitate the evaluation of the

model. The underlying study provides steady-state and time-dependent analysis of the system. The SMP framework enables the

calculation of steady-state and transient probabilities, which are then used to determine key performance metrics such as system

uptime and downtime probabilities, as well as the mean time to failure (MTTF) and reliability of the system. The effects of vari-

ous component failure parameters on overall system performance are illustrated using graphical analysis. Finally, the analytical

results derived from the model are validated through discrete-event simulation, ensuring the reliability of the proposed approach.

1 | Introduction

In recent times, the significance of land-based networks has
significantly risen owing to the emergence of cutting-edge tech-
nologies like the fifth/sixth-generation (5G/6G) technologies
and the Internet of Things (IoT). These networks do, however,
have a number of limitations such as restricted coverage in iso-
lated and rural areas, essentially because of the high costs as-
sociated with their implementation, and diminished network
dependability as a result of environmental variables and natural
disasters. The architecture of wireless networks for 6G is under
development with the aim of enhancing coverage and reliabil-
ity. The objective is to integrate nonterrestrial aerial networks
like unmanned aerial vehicles (UAV), aircraft, and space net-
works with terrestrial aerial networks like cellular networks [1].
The combination of these networks leads to the integration of

© 2025 John Wiley & Sons Ltd.

the space-aerial-terrestrial (SAT) network [2]. The deployment
of satellite communications is essential in numerous military,
emergency, internet service, and commercial applications. The
substantial growth of low earth orbit (LEO) satellites that may
offer SAT network services has led to the establishment of world-
wide connectivity through thousands of these types of satellites.

High-altitude platforms (HAPs), a crucial part of the SAT net-
work, may provide efficient coverage in isolated areas and oper-
ate as a relay station between terrestrial and satellite to enhance
the performance of the entire system. A HAP is a type of aircraft
situated in the lower stratosphere, usually at an altitude of ap-
proximately 17 to 25km [3]. It functions as a pseudo-satellite, of-
fering services similar to those provided by traditional satellites.
If a HAP is connected with a tether that supplies power from the
ground, it is called a tethered high-altitude platform (tHAP) that
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FIGURE1 | Satellite-HAP-terrestrial network.

is established at the height of 200 m. HAP/tHAPs have a lot more
potential than conventional satellites for monitoring natural di-
sasters, observing agriculture and the atmosphere, tracking the
weather, and relaying communications. They are also easier to
deploy and maintain. Figure 1 represents an integrated SAT net-
work where satellites and HAP/tHAPs are connected with each
other through platform satellite links (PSL). HAP/tHAPs are
connected with each other through the inter-platform link (IPL).

Furthermore, HAP/tHAPs are also connected to ground base
stations, which serve as the primary interface for delivering
services to end users. This results in a complex, multitier ar-
chitecture involving terrestrial, aerial, and space-based compo-
nents. Initially, HAPs were not considered part of this structure;
however, their integration has become crucial for improving the
quality of service (QoS), particularly in remote or underserved
areas. Ensuring continuous and reliable service in such a het-
erogeneous SAT network is a major challenge, as it requires the
coordinated operation of all components, including satellites,
HAPs, and ground stations. One critical aspect of addressing
this challenge is maintaining system dependability—minimiz-
ing service disruptions caused by component failures. This can
be partially mitigated through design strategies such as redun-
dancy and rapid component replacement. In the dependability
analysis, reliability and availability are two key performance
indicators for SAT networks, especially when deployed in

Station

mission-critical applications such as disaster recovery, military
communication, and remote internet access.

While numerous studies have focused on the architectural and
design aspects of SAT networks incorporating HAP/tHAPs,
there remains a significant gap in the literature regarding per-
formance modeling and quantitative dependability analysis of
such systems. Without a thorough modeling-based evaluation,
it is difficult to understand how these networks perform under
various failure scenarios or design conditions. Therefore, this re-
search aims to fill that gap by providing a detailed dependability
analysis of SAT networks integrated with HAP/tHAPs, using
stochastic modeling techniques. By quantifying system reliabil-
ity and availability through analytical or simulation-based ap-
proaches, this research aims to support more resilient network
architectures in the deployment of SAT-HAP integrated systems.

1.1 | Relevant Work

Recent advancements in space technology and sophisticated
space-based equipment have ushered in a new era of hybrid free-
space optics (FSO)/radio frequency (RF) satellite communication.
The demand for high data rates and robust satellite communica-
tion (SATCOM) connectivity is becoming increasingly vital, par-
ticularly for critical missions and disaster monitoring. In response,
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several initiatives have proposed hybrid SAT FSO/RF systems,
which aim to integrate satellite networks with terrestrial and ae-
rial systems using both FSO and RF communication links [4].

Wideband communication in the millimeter wave (mmWave)
bands is considered a cornerstone of 5G and is expected to play
an even more significant role in 6G networks. The need for ultra-
high data rates and the development of intelligent environments
in 6G are effectively addressed by mmWave technologies. The
technical potential of mmWave-enabled HAP communication
systems is especially promising, offering a broad range of appli-
cations. The feasibility of using mmWave for HAPs to provide
coverage in underserved areas has been explored in [5].

In recent years, research has increasingly focused on satellite,
HAP, and mobile user integration [6-9]. A hybrid satellite-
aerial-terrestrial network architecture for emergency scenarios
was proposed in [10], where the authors compared terrestrial
networks, low- and high-altitude platforms, and satellite sys-
tems; while also highlighting potential network technologies.

Satellite resource management has also garnered attention in
recent studies [11-14]. For instance, [11] examined spectrum
sharing between satellites and terrestrial networks; [12] inves-
tigated massive access via HAPs and LEO satellite backhaul
solutions for rural regions lacking ground base stations; [13] pro-
posed a hierarchical resource allocation strategy to manage the
complexity of multilayer HAP-LEO architectures; and [14] ana-
lyzed asymmetry in optical wireless communication involving
HAPs. Additionally, [15] proposed a unified space-air-ground
IoT framework integrating HAPs and satellites, while [16] de-
veloped a constellation design methodology for large-scale HAP
networks to ensure quality of service (QoS) and meet user de-
mand. Dong et al. [17] presented a stochastic geometry-based ap-
proach for modeling the heterogeneous nonterrestrial networks
(NTNs) by using the classical binomial point process and intro-
ducing a novel point process called the Matern hard-core cluster
process (MHCCP) which possesses both properties of exclusivity
and clustering. They validated the results through simulations.
Dong et al. [18] proposed a stochastic geometry-based innova-
tive model to characterize the impact of the finite-size distribu-
tion region of terrestrial terminals in the CSATN by jointly using
a binomial point process (BPP) and a type-II Matern hard-core
point process (MHCPP). The accuracy of the theoretical deriva-
tions was confirmed by Monte Carlo simulations.

To evaluate the reliability of HAP-enabled systems, several stud-
ies have proposed queueing models [19-21]. These works analyzed
the reliability of various HAP components, such as tethers and
rotors, using the k-out-of-n: F reliability model. However, their re-
liance on exponential failure and repair time distributions limits
the applicability of their results to real-world scenarios. Recent
contributions have advanced system modeling and performance
evaluation. Choudhary et al. [22] proposed a stochastic model
for HAP-5G integration. Guo et al. [23] studied the co-optimized
performance of a multireconfigurable intelligent surface (RIS)-
assisted integrated satellite-unmanned aerial vehicle-terrestrial
network (IS-UAV-TN) serving multiple vehicle users. Bliss et al.
[24] developed a HAP-assisted satellite relaying model for uplink
data transmission, using Markov processes for performance eval-
uation and validating their results through simulation.

While several previous studies have contributed to the under-
standing of SAT network reliability, they often exhibit limita-
tions, particularly in addressing multicomponent architectures
involving HAPs. To the best of the authors’ knowledge, there
is a lack of reported work that comprehensively models the
dependability of SAT networks by explicitly representing the
interdependent behavior of multiple components within the sys-
tem. Furthermore, most existing approaches rely on simplified
assumptions such as exponentially distributed failure times,
which may not accurately reflect the true operational character-
istics of satellite components.

Motivated by these gaps, the objective of this study is to develop
a comprehensive and realistic dependability model for SAT net-
works that

« incorporates a detailed multicomponent architecture,

« accounts for nonexponential failure behavior using general
time distributions, and

« derives analytically tractable reliability and availability
metrics to support system evaluation and optimization.

By doing so, this study aims to offer a more accurate representa-
tion of SAT network performance, especially in hybrid satellite-
HAP architectures, where dependability is critical for ensuring
service continuity in remote, mobile, or disaster-affected areas.
A table consisting of the comparison of the existing literature
with the underlying study is provided below in Table 1.

1.2 | Contribution

Satellites offer a significant advantage in global coverage com-
pared with terrestrial cellular systems. They are capable of deliv-
ering sufficient capacity in remote and nonland areas and play a
vital role in emergency communications. Additional benefits in-
clude lower launch costs, shorter deployment delays, and the po-
tential to establish satellite networks using inter-satellite links
(ISLs) [30]. Despite their wide coverage and rapid movement,
these satellites face notable limitations. Most satellite beams
cover areas with radii exceeding 100km, making them inad-
equate for extremely dense regions that require high capacity.
Moreover, their high speed complicates resource management
using conventional radio methods, which affects the quality
of service (QoS) for mobile and IoT users [31]. The substantial
path-loss attenuation often limits traditional satellite communi-
cation systems due to weak links between satellites and ground
stations. To address these limitations, a multilayer architecture
involving HAPs was introduced. HAPs are situated above the
ground, providing strong connections to both satellites and
ground stations [9]. This setup enhances system performance
in terms of throughput and energy efficiency. HAPs function as
relay points between ground-based cellular networks and user
devices, helping to expand coverage in remote or infrastructure-
deficient areas. HAP systems employ a range of wireless tech-
nologies, such as LTE and emerging 5G/6G standards, to enable
communication between the platforms and terrestrial networks.
They hold promise for narrowing the digital divide by delivering
connectivity to underserved regions and supporting emergency
communications during crises. Positioned in the stratosphere,
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TABLE1 | Comparison of existing literature with underlying study.

Transient Simulation
Reference Type of network Type of analysis analysis results
Want et al. [15] SAT network Lagrange dual decomposition and No Yes
including UAV concave-convex procedure method
Dong et al. [16] HAP broadband Multiple HAP coverage is No Yes
networks analyzed with link geometry
Dong et al. [17] UAV Stochastic geometry based approach No Yes
for modeling the heterogeneous
nonterrestrial networks
Dong et al. [18] SAT network Stochastic geometry based innovative model No Yes
with UAV to characterize the impact of the finite-size
distribution region of terrestrial terminals
Vishnevsky et al. [19] Only HAP k-out-of-n: F model for reliability No No
analysis of HAP
Vishnevsky et al. [20] Only HAP Heterogeneous k-out-of-n system No No
for reliability analysis of HAP
Choudhary et al. [22] HAP VoIP network Dependability analysis using No Yes
semi-Markov process
Bliss et al. [24] SAT network Steady-state Markov chain No Yes
with HAP-LEO analysis of the UE-HAP
Raj [25] SAT network Performance analysis using No Yes
including HAP Markov regenerative process
Raj and Dharmaraja [26] SAT network Performance analysis using No Yes
including HAP semi-Markov process
Liu et al. [27] SAT network Analytical expression for the No No
with UAV outage probability
Singya and Alouini [28] SAT network Analytical expressions of outage No Yes
with UAV probability, asymptotic outage probability,
ergodic capacity, effective capacity
Raj et al. [29] SAT network Performance analysis using SMP No Yes
including HAP
Proposed study SAT network Dependability analysis using Yes Yes
including HAP semi-Markov process

HAPs provide aerial cellular coverage that complements tradi-

» The underlying study employs a SMP framework that cap-

tional infrastructure. In contrast, terrestrial cellular systems
depend on land-based towers and antennas to serve densely
populated areas with widespread connectivity.

The presented study significantly contributes to the field by de-
veloping a comprehensive dependability stochastic model tai-
lored specifically for the architecture of SAT networks.

« The proposed study adopts a multicomponent architecture
that models a wide array of SAT network elements—includ-
ing HAPs, base stations, power subsystems, antennas, radio
access networks, and so on—each with independent failure
behaviors (realistic failure assumption for HAP), rather
than assuming a simplified exponential decay behavior of
components or aggregated system structure.

tures nonexponentially distributed sojourn times for some
of the stated proposed architecture. The SMP modeling
framework is deliberately chosen in this study due to its
superior ability to represent systems where component fail-
ure and repair times deviate from the exponential distribu-
tion. Unlike conventional continuous-time Markov chains
(CTMCs), which are restricted by the memoryless prop-
erty and assume exponentially distributed sojourn times,
SMPs allow for general, nonexponential time distributions
between state transitions. This flexibility is essential for
modeling SAT networks, where various components exhibit
diverse and often complex failure behaviors. For instance,
some components experience delayed or phased failures,
where the probability of failure changes over time, violat-
ing the constant-rate assumption inherent to exponential
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models. By adopting the SMP approach, the model accu-
rately captures these heterogeneous and time-dependent
reliability characteristics, leading to more realistic and in-
sightful dependability metrics. This makes SMP a robust
and rational choice for analyzing the operational dynamics
of SAT networks and for supporting reliability-based design
and optimization decisions.

« The model is analyzed time dependent and time indepen-
dent in both scenarios, that is, to analyze the system's per-
formance metrics, steady-state and transient solutions are
derived for the SMP. Subsequently, availability and reliabil-
ity metrics are derived for the proposed model, serving as
critical benchmarks for performance evaluation. The mod-
el's analytical results are rigorously validated against simu-
lation data, ensuring both accuracy and robustness.

The findings of this study have several important implications
for the design, deployment, and operation of real-world satellite
communication systems. By providing detailed availability and
reliability metrics derived from a component-specific stochastic
model, the study equips system architects and network engineers
with data-driven insights for designing more resilient SAT network
architectures. This can lead to more informed decisions regard-
ing redundancy strategies and component selection. The ability to
model and analyze nonexponential failure behaviors using SMP
may allow operators to better predict component lifecycles and
schedule preventive maintenance or upgrades, ultimately reduc-
ing unexpected downtimes and maintenance costs. By quantify-
ing reliability and availability at a micro level, the proposed model
may aid in identifying potential weak links within the system.

Despite the valuable contributions of this study in developing
a comprehensive dependability stochastic model for SAT net-
works, there are a few points that limited the study. The proposed
model incorporates certain simple assumptions to manage the
complexity of SAT network behavior, for example, the number
of components involved in the SAT network, and consideration
of exponential failure behavior for those components. These
simplifications, while necessary, may limit the model's ability
to capture all real-world operational dynamics, such as intricate
interdependencies or rare failure modes. Also, the analysis is
based on a fixed network architecture. Real satellite networks,
however, often exhibit dynamic behavior due to changing orbital
paths, variable traffic patterns, or network reconfigurations,
which may not be fully reflected in the model. These challenges
can be a further topic of research for the underlying model.

1.3 | Paper Organization

The proposed study is divided into the following sections. Section 2
consists of the network topology and a detailed description of the
dependability model for the underlying study. The analysis of the
dependability model using SMP is presented in Section 3 along
with the model's performance measures. Section 4 provides in-
depth presentations of important performance measures with
respect to the several parameters of the system, while Section 5
offers detailed graphical explanations of the performance metrics
of the system with respect to the parameters of the system. Finally,
Section 6 concludes with suggestions for further research.

2 | Model Specification
2.1 | Components of the Model

Modeling every component of an integrated SAT network is a
challenging task owing to the intricate complexities involved.
To tackle this issue, we propose a stochastic model that incorpo-
rates only the essential and fundamental components required
for packet service execution. The following section provides a
detailed discussion of these components.

« LEO satellite: LEO satellites have the capacity to provide
ample connectivity in remote and nonland locations and
play a vital role in emergency communication. Additionally,
LEO satellites have several advantages, including lower
launch costs, shorter launch delays, and greater feasibil-
ity for constructing satellite networks by leveraging inter-
satellite links (ISLs). The satellite system is connected to the
aerial network through a free space optics (FSO) or radio
frequency (RF) link. If the FSO link is interrupted due to
some technical or hardware fault, the RF link will start
working as a backup link; a repair process for FSO will be
initiated. The RF link is also subject to failure and may fail
during the service procedure. A repair process will be initi-
ated to repair the failed RF link.

« HAP: A HAP is a type of aeronautical platform that op-
erates in the stratosphere, situated at an altitude between
17 and 20km. HAPs can take on various forms, including
airships or planes, and are primarily used to transmit sig-
nals to terrestrial systems, which in turn provide services
to users. Due to potential technical, software, or hardware
faults, HAPs may encounter failures that disrupt signal
transmission. To mitigate such disruptions, a proposed
model includes the use of a redundant or backup HAP.

« mmWave beamforming: The HAP's ability to support more
demanding application scenarios is limited by its commu-
nication capacity, which has become a bottleneck. The
sub-6 GHz frequency band, which is heavily occupied, is
insufficient to meet the requirements for ultra-high data
traffic. However, a promising solution for HAP communi-
cations is the use of millimeter-wave (mmWave) frequency
bands. With large antenna arrays packed into a small area
on the HAP, three-dimensional (3D) beamforming can be
performed. In addition, HAPs can serve as aerial access
points or relays to significantly improve the coverage and
QoS for terrestrial mmWave cellular networks. Due to
the position and structure of antennas, the beamforming
might stop functioning; subsequently, the connection to
the terrestrial network will be disrupted. A repair facility
is immediately initiated to make the mmWave beamform-
ing work.

« Terrestrial system: The terrestrial network is composed of
base stations (BS), macro stations (MS), and small cells
(SC). The radio access network (RAN) is a network design
utilized by telecommunication service providers to trans-
mit signals to cellular users. At the core of this network
lies the BS, which acts as a stable transmission point.
The BS is connected to multiple antennae, known as an
MS, that facilitate the transfer of signals to the cellular
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users. To improve the QoS, the MS is further connected
to small antennae, known as SC. Together, the BS, MS,
and SC form the RAN. The signals transmitted by HAP
are received by these components of the terrestrial sys-
tem and further transferred to the user. If, due to some
hardware or software fault, any of these components stop
functioning, the terrestrial system will not be able to pro-
vide service.

o Server: In a communication network, a server is a crucial
resource that not only facilitates packet processing but also
responds to client requests. However, as the volume of in-
coming packets rises, the server's resources may become
degraded and eventually lead to failure.

« Power Supply: Any disruption to the power supply (UPS)
can result in the loss of packet reception; ultimately impact-
ing network performance.

2.2 | Functioning of the Model

Figure 2 shows the state-transition diagram of the proposed
model. In this study, it is assumed that only one component
fails at a time, which is a common simplification in reliability
modeling. This assumption enables the application of a SMP
framework with manageable state-space complexity, facilitat-
ing analytical derivation of availability and reliability metrics.
However, this does not fully reflect real-world scenarios where
multiple components may fail concurrently due to shared envi-
ronmental disruptions (e.g., solar flares, thermal cycling, or cas-
cading faults). The current model also assumes a single repair
facility that serves all components sequentially. In such a case,
resource contention arises when multiple components require
repair at the same time. To address this, future enhancements to
the model could incorporate repair scheduling strategies, such
aspriority queueing, preemptive repair, or parallel repair facili-
ties as per the system architecture.

As a result, the model may overestimate system availability and
reliability, particularly in high-risk operational environments. The
exclusion of multifailure scenarios also omits the queuing and
prioritization challenges that arise when limited repair resources
must handle multiple failures simultaneously. Although empir-
ical validation using real satellite failure data would strengthen
the model, such datasets are not publicly accessible due to oper-
ational security and proprietary constraints. We acknowledge
this limitation and identify it as a key area for future model ex-
tension—potentially through integration with queueing theory or
simulation-based multifailure frameworks.

Now, the detailed transitions between various states of the de-
pendability model are outlined below.

« The initial state of the system is State 0, in which all com-
ponents are functioning correctly. If a fault occurs in the
FSO link between the satellite and HAP, the backup RF
link will activate. The repair process for the FSO link will
commence simultaneously in State 1. In the event of an
additional failure in the RF link, the entire system will
enter a breakdown state, leading to service termination in
State 1p,.

« In the event that the HAP ceases to function, it will tran-
sition to State 2, and the backup HAP will take over. If the
backup HAP also malfunctions, the system will enter State
25, and a repair process for the backup HAP will be initi-
ated. If both HAPs are in the breakdown state, the service
process will come to a halt. In state 2, both the primary
HAP (HAP1) and the redundant HAP (HAP2) are nonop-
erational simultaneously. Our model currently assumes
nonpreemptive, independent repair processes, meaning
that repair of a component, once initiated, continues unin-
terrupted regardless of subsequent failures or system tran-
sitions. This aligns with practical considerations, where
the primary component critical to service restoration is
given precedence. This is implemented by setting repair

Fiip,

FIGURE2 | State transition diagram for the underlying model.
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transition rates from state 2, to the state where only HAP1
is restored (e.g., state 2), rather than both being repaired si-
multaneously or HAP2 being repaired first. Since each state
transition in an SMP marks a renewal point, the sojourn
time distribution resets upon entering state 2. However,
our model captures the deterministic knowledge that the
repair of HAP1 had already been in progress by adjusting
the transition rates out of 2, accordingly. That is, we reduce
the expected remaining repair time for HAP1 in 2, to re-
flect that its repair was already partially completed in the

TABLE 2 | Description of states.

States Description

State 0 In this state, all the components of the

system are in operable condition.

State 1 In this state, the FSO link stops working and
in place, the RF link starts working. Also, the

repair facility is initiated for the FSO link.

In this state, both FSO and RF links are
interrupted, therefore, the system stops
operating. The repair facility, started in
state 1 continues to perform in this state.

State 1,

State 2 In this state, the operation of the HAP is
interrupted due to some error; hence, a
standby HAP starts working in place of
the main HAP. Also, the repair process

for the main HAP is initiated.

State 2, Here, both the HAPs stop functioning,
resulting in the breakdown of the whole
system. The repair process for the functioning

of HAP continues in this state as well.

State 3 In this state, the beam-forming of mmWave
antenna is disrupted due to some technical
or external factor. A repair facility is initiated

for the proper functioning of the antenna.

State 4 In this state, the BS/MS/SC are in
a down state and the system stops
functioning. A repair process is started

for the functioning of BS/MS/SC.

State 5 In this state, the main server fails due to
some technical fault, and the system is
run by the standby server. Also, the repair

process is performed on the main server.

State 5, Here, both the servers break down and the
whole system stops working. Simultaneously,

the repair process of State 5 carries on.

State 6 In this state, the power supply of the
system is interrupted and a backup UPS
provides the power. Also, the repair process

for the main UPS start functioning.

State 6, In this state, both the power supplies are in
downstate, and consequently, the whole system

stops working. The repair process is initiated.

previous state (state 2). This ensures consistency with SMP
properties while maintaining realistic continuity in repair
operations.

« In the event of hardware or software faults in the mmWave
beamforming antennas on the HAP, the link between the
HAP and terrestrial network will be disrupted, rendering
the system unable to provide service. Consequently, the sys-
tem will transition to State 3, and a repair process will be
initiated.

« In the event of hardware, software, or technical errors in
any component of the terrestrial network, the connection to
the HAP will be disrupted; resulting in the termination of
user services. Therefore, the system will transition to State
4, and a repair process will be initiated.

« In the event of a system fault, if the server fails to function,
a backup server will take its place to continue providing ser-
vice. Thus, the system will transition to State 5. But, when
the backup server also stops working, the system will move
to State 5p, and a repair process will be initiated.

« In case of power supply failure, the system will transition
to State 6, and the backup power supply will take over. If
the backup power supply also fails, the entire system will
transition to a breakdown state 6,,.

The description of states is provided in Table 2.

The proposed model permits the assumption that the mainte-
nance and component failure times will be exponentially dis-
tributed. However, the lifetime of HAP may be simulated using
the gamma distribution [32]. For the suggested model, the dis-
tributions of sojourn times for each state are shown in Table 3.

3 | Steady-State Analysis

This section will outline the suggested model's steady-state
analysis. Let the stochastic process for the underlying system
be {X(t),t > 0}. A SMP can accurately simulate the underlying
stochastic process because of the gamma distribution for the so-
journ time of a single state and the Markov characteristics of the
time epochs [33].

The proposed stochastic model's state space is designated as

Q=1{0,1,1,,2,2,3,4,5,5,,6,6p }.

The SMP is characterized by its kernel matrix K(t). The ker-
nel matrix K(¢) is given by K,,, ,(t) = P{Y; =n, T <t| Y, =m},
where (Y,,T,), n >0, represents a Markov renewal sequence
of random variables, with m,n € Q. The function K,,,(®)
describes the probability that the SMP, upon entering state
m, transitions to state m within time t. In contrast, it can be
viewed as the probability that the next state is n, conditional
on the transition occurring within time ¢ while the SMP is
in state m. Moreover, let F,, () be the cumulative distribu-
tion function (CDF) of the sojourn time in state m and associ-
ated with the transition from state m to state n. The elements
K, »(t) can be defined based on the reachability from state m
as follows:
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TABLE 3 | Distributions of sojourn times for the underlying model.

CDF Distribution Parameter description

CDF Distribution

Parameter description

Fy, Exp (A91) Aq: failure rate FSO link Fi, Exp (44) Aqq: repair rate FSO link
Fn, Exp (441,) Ay, failure rate RF link Fiq Exp (44,7) Aq1p: Tepair rate of FSO/RF link
Fy, Gamma (8, 4,) B, Ag,: scale and shape parameter Fy Exp (A59) Ay Tepair rate of primary HAP
for failure of primary HAP
F, Gamma (8, 45, ) B, Ay, scale and shape parameter Fys Exp (4g3) Ags: failure rate of
for failure of backup HAP beamforming antenna
F, Exp (4,,2) Ay, 5t Tepair rate of HAP F, Exp (450) Aso: Tepair rate of
beamforming antenna
Fy, Exp (A4) Aoy failure rate of RAN network F,, Exp (449) Ago: Tepair rate of RAN network
Fys Exp (Ags) Ags: failure rate of main server Fy, Exp (4s) Asq: repair rate of main server
Fss, Exp (4s5,) 4ss,: failure rate of backup server Fs s Exp (45 5) 45, s: Tepair rate of server
Fye Exp (Agg) Age: failure rate of main power supply Feo Exp (A40) Ago: TEpAIr rate of main
power supply
Feg, EXp (4gq,) Ags,,: failure rate of backup power supply  Fg ¢ EXp (4¢,6) Ag, 6 TEpair rate of power supply
0, if state n is not reachable from state m within time ¢,
F (0, if only state n is reachable from state m within time ¢,
Km,n(t) ==

keQ
k#n

By employing the two-stage method, the underlying SMP model
is analyzed. As per this method, in the first stage, the one-step
transition probabilities of the embedded Markov chain are de-
rived using a kernel matrix K(t). And, in the second state, using
the mean sojourn time of each state, the steady-state probabili-
ties of the SMP are computed. The entries of K(t) can be further
determined using the CDFs provided in Table 3 as follows.

Let A, = Ag; + Ags + Ags + Ags + Aog Ay = A; + Agye

t

Ky (D= / Fy (X)F g3(X)Fo (X)F o5 (X) Fy(X)dFy ()
0

_ Ao 1—e (At 3 1—e (A _ 1—e (At W

(- A, A, A,

[A01 77 = Ay Aoy (a1 = P71,

Here, in general, F_mn(t) =1-F,,(t) for all m and n. Similarly,
the expressions of Ky,(),Ky;(t), Kpa(t), Kys(t), Ky(t) are
computed.

t
K= / Fyy ()F 3(X)Fy (X)F 5 (X) F () dF g (X)
0
@
Hy[1-e ]

— p=1 _p-1 ,
(B-1)!(A,) o ]

t
/ H[I—Fm’k(x)] dF,, ,(x), if multiple states are reachable from state m within time ¢,
0

t

Kys(t)= / Foy (X)F 5 (X)Fo () Fo5 (X)Fo (X) dF 3 (%),
0

_ /103 1-— e_(Al)t [1 — e_(Al)t 1-— e_(AZ)[
p-1! A, A A,
[A03t’ ™ = Agp Aoz (a1 =1P71)],

t

Kou(0) = / Foy (X)Fy3(%)Fy (X)F (%) Fo () dF (),

0

_ /104 1-— e_(Al )t [ 1-— e_(Al )t 1-— e_(Az)t
B-D! A, Ay Ay
st = gy gy (P~ 7°1)],

t

Kos(0) = / Fo (X)F (%) F o (X)F () F o (x) dF g5(x),

0

/105 1-— e_(Al)t [ 1-— e_(Al)t 1-— e_(Az)t
B-n! A, Ay Ay
[Aost’ ™ = Agpdgs (a”H =1P71)],

©)

@

®)

©)

™)

®
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t t
—_— —_ —_ —_— —_— _— /155 -
Kos(t) = /F(n(x)Fo3(x)F04(x)F05(x)F02(x) dFs(x), © KssD(t) = / FSO(X)dFSSD(x)= # [1 —e (15“+AS5D)[] ,
50T 4ss
0 0 ’ (13)
As
_ Apg 11— e_(Al)t B 1— e—(A1)t 3 1— e—(Az)t 66D(t) / 60(x)dF66D(x) - —6 [1 — e_(laowlsbb )t] ,
B-1! A, A, A, (10 *ss,
[Aot" ™" = AgpAge (X" =£771)],
A _
t A S —"— [1 e 050”550)1,
Ky(t) = /FTlD(x)dFIO(x) S — <1 e (/110+111D) >, 11 50 T Ass,)
/110 + All — 460+ 466y, )t (14)
0 b Ke(t)=—————|1—¢ p)7|,
Ago+ A’6GD
t t
At ~(dotin, )t
o A ) e i |
D
0 0 (12)
[1 e (/110+Au)l:| Similarly, K, ,(t),Ks, s(t), Kq (), K3(t), Ky(t) can be computed
Ao+ An following the same method.

K, ()=1—e"»' K, ()=F, (()=1—e "0, Ks {()=Fs 5(t)=1—e "0, Ky,(t) = F3o(t) =1—e """,
t

Kyo() = / dF () =1—e " K, (()=F, ,()=1 —e

Aag+hny )t
Ky, ()= / Fay(0)dFy, ()= 15 1 ) (aP1 =1,

Ayt Ay,
¢

Ass — A
Kss, ()= / Fs(0)dFss, ()= —A [1 —ei(lsoﬂssf’)t] » Keg, ()= / Fgo(x)dFgg (X)= % [1 —e7(116°+/1°"’9>t].
55, " 60 1 266,

1- e—(/lzo+/122D )e

B-D!(1—e ") (1—e ") = 4y pi
20 22,

Kyp(t) = / Fpy (0)dFy0(x) = gy, (@71 -7

B-1! 1)'
1 _e—(/lm+/lzzD)t

(L= et) 4 g 15—
20T 422,

Define

Km,n( 00 ) = tlirg’ Km,n(t):

where m,n € Q. The matrix K(oo) represents the transition

probabilities (K,,,,) for the underlying model whose row sum is 1.

(1) [ 0 Koy 0 Koy 0 Ky Koy Kos 0 Kos 0 ]
. K, 0 K, O O 0 O O 0 ©0 0
| K 0 0 0 0 0 0 0 0 0
2 K, O O 0 Ky O O 0 0 0 0
L0 0 o Kypy O 0 0O 0 0 0 0
K(0)= Ky, 0 0 O ©0O 0 O O 0 0 0
‘ K, 0 O O 0 O O 0 0 0 0
SSD K, 0 0 O 0 0 0 0 Ky 0 0
; o 0 0 0 0 0 0 Ko O 0 0

6 K, O 0 0 0 0 0 0 0 0 K

(0 0 0 0 0 0 0 0 0 Kg O |
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For the embedded Markov chain (EMC) of the SMP, the steady-
state probabilities (v;) are computed as follows

v=VK(), Zvizl. (15)

ieQ

TABLE 4 | Parameter values (per unit time) from Reference [22].

o1 0.08 oo 0.6 Ay, 0.5
o3 1.5 Ao 1.3 a,p 1.1
s 0.8 Jos 0.9 Ao, 1.4
Ao 0.33 Ao 0.67 Aes, 1.3
s 11 o 1.5 As s 0.2
Aso 0.02 Ao 0.02 Ass, 0.1
Ay, 0.2 A 0.4 Ay 0.5

On solving the set of equations 15, the steady-state probabilities,
v; are obtained. Therefore, the following formula is applied to
compute the steady-state probabilities.

mp = A,iEQ, (16)

where v; are the steady-state probabilities obtained from
Equation (15).

In Equation (16), h; denotes the expected sojourn time, spent
by the process at each state i. These ks are computed as
follows.

—e— Analytical
-m- Simulation
0.042 4
0.040 1
S
Q
0.038 1
0.036 1
0.034 4
0.5 0.6 0.7 0.8 0.9 1.0 n i B 1.2 1.3 1.4 1.5
0.4 4
)
< 031
1
o
=
w
0.2 1
A * 4 <+ + v
0.5 0.6 0.7 0.8 0.9 1.0 11 12 13 1.4 L5
Ao1

FIGURE3 | Py versus failure rate of FSO link per unit time (4;,).
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hy= / 1_?01(x) 'I_Joz(x)'lsm(x) '1_304(x) ~1_~’05(x)-1_~“06(x)dx
0
_ 1 [ (B-1! _aﬂ_1< 1 - 1
(B=D!'| Agy + g3+ Ags + Ags + Ags Ao+ Agz+ s+ Aos+ Ao Aoy + Aoz + Aoz t+ Aot Ags + Ags
- Ao - 1
hl = Flo(x) ~F11D(x)dx= _—, th = FllD(x)dxz _
A+, A
0 0
- - 1 p-1)! . 1 1 - 1
h =/F x)-F,, (X)dx= -\ —=—=——— ||, h, = (dx= —,
’ ) 0 2o B-D!'| 4y Ay Aty 2 " 2 Aypa
= 1 = 1 = 1
hy= | Fyeode=——h,= | Fy@ode=hg, = [ Fyg, (0dx=——,
30 40 66
0 0 0
= = A [ = = Ay [T _ 1
hs= | Fs(0)-Fss, )dx=—2— hy= | Fyg(x)-Fyq, )dx=—2— by = | Fis, (dx=——.
Aso+ Ass, Ago+ Ao, Ass
0 0 0
0.637
—&— Analytical
—®- Simulation
0.636 1
0.635 1
0.634
<
0.633
0.632 1
0.631 1
0.'5 0.’6 0.’7 0.’8 0.'9 1.'0 1.'1 1.'2 1.'3 1?4 1.’5
0.015850 A
0.015825 A
g 0.015800
§ 0.015775 A
w
0.015750 1
0.015725 1
0.015700 T T T T T T T T T T T
0.5 0.6 0.7 0.8 0.9 1.0 11 1.2 1.3 1.4 15
Ao1

FIGURE4 | Pjversus failure rate of FSO link per unit time (4,).
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4 | Performance Measures

After computing the steady-state distribution, the relevant per-
formance metrics for the proposed system are determined.

1. The probability of the system being in the upstate is given
by

Py = x,.
2. The probability of the system being in downstate is given
by
Pp=m +7m, +rs+7m,+7s +7g .

3. The mean time to failure (MTTF) is the reliability meas-
ure that is most frequently utilized. To compute the MTTF,

we assume that the failed states A = {1,2p,5p,6p,3,4}
are absorbing state and T = {0,1,2,5,6} are transient states.
Hence, the modified transition probability matrix, denoted
by P is defined as

where N represents the transition probabilities of transient states,
M denotes the transitions of absorption states, and R, O are the
transition probabilities from transient states to absorption and
absorption to transient states, respectively. The expected so-
journ time of each state i, is calculated by h;n; = —yT(0),i € T,
where y(0) is the initial probability vector of size 11 and yT(0) =

2.35 :
—&— Analytical
-®- Simulation

2.30 A

2.25 A

2.20 A

MTTF

2.15 A

2.10 4

2.05 1

0.5 0.6 0.7 0.8 0.9

1.0 11 12 13 14 1.5

0.5 1

0.4 4

0.3 1

Error (%)

0.2 1

0.1 A

0.0 1

0.5 0.6 0.7 0.8 0.9

1.0 11 12 13 14 15
Ao1

FIGURE5 | MTTF (unit time) versus failure rate of FSO link per unit time (4,).
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is a subvector for the transient states. Let yT(0) = [1,0,0,0,0].
Therefore, the MTTF is computed as follows

MTTF = )" nh

ieT

where n; is the mean number of times state i is visited until the
absorption. The following equations provide the value of n;:

n,=m;+ Znipij,i,jeT

ieT

where 7; is the probability that the process initiates from state i
and p;; represents the (i, j)th component of the matrix P = [p;]
Here, it is assumed thatz; =[1000000000 0].

5 | Numerical Illustration

In this section, numerical analyses are conducted to assess
the feasibility of the proposed model in achieving steady-state
availability and reliability results. To address the lack of pre-
cise parameterization, the sensitivity of the model's charac-
teristics to slight variations in specific parameter values is
examined, considering that parameter estimation falls beyond
the scope of this paper. Table 4 presents the parameter values
necessary for generating the results. It is important to note
that these values are chosen solely for numerical demonstra-
tion purposes. Some of the parameters in Table 4 are referred
from the work [22]. Due to the unavailability of the existing
literature, the rest of the parameters has been assumed in
order to carry out the analysis.

0.0386 -

0.0384

0.0382 4

0.0380 1

0.0378 1

0.0376 -

0.0374 4

—e— Analytical
-m- Simulation

0.5 0.6 0.7 0.8 0.9

1.0 11 1.2 13 14 1.5

0.08 A

0.06

0.04

Error (%)

0.02 4

0.5 0.6 0.7 0.8 0.9

FIGURE 6 | Py versus failure rate of primary HAP per unit time (4,).
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The behavior of the system's attributes Py;, Pj,, and MTTF in rela-
tion to the failure rate (4,) of the satellite link break is illustrated
in Figures 3-5. As the value of 4, increases, the likelihood of the
system being in the operational state decreases, resulting in a
decrease in Py;. Conversely, the probability of the system being
in the downstate increases, leading to an increase in Pj,. Since
MTTF represents the duration for which the system remains in
an operational state before failure, an increase in 4, results in a
decrease in MTTF value.

Figures 6-8 depicts the system dynamics concerning the failure
rate of the HAP (4y,). The graphs indicate that an increment in
Agz leads to a decrement in both P; and MTTF as the likelihood
of the system being in the available state decreases. Conversely,
an increase in Ay, results in an increase in Pp, representing the
probability of the system being in the downstate.

5.1 | Transient Analysis

This section presents the transient analysis of dependability attri-
butes for a SAT network integrated with a HAP. Due to the non-
Markovian nature of sojourn time distributions in the proposed
dependability model, deriving closed-form expressions for tran-
sient behavior is infeasible. Hence, a simulation-based approach is
adopted to evaluate the transient availability of the network. The
simulations are performed using a MATLAB program, and the
accuracy of the results is validated through a t-distribution test.
Transient availability is obtained for various parameter settings,
specifically focusing on the failure rates of the HAP and the FSO
link, with results presented within a 95% confidence interval.

Figures 9 and 10 illustrate these findings. Figure 9 shows how
the probability of the system being in the operational (up) state

0.6330 1 —e— Analytical
—-m- Simulation

0.6328

0.6326

Pp

0.6324

0.6322

0.5 0.6 0.7 0.8 0.9

1.0 11 12 13 14 15

0.006 -

0.005

0.004

0.003 1

Error (%)

0.002 A

0.001 1

0.5 0.6 0.7 0.8 0.9

FIGURE 7 | Ppversus failure rate of primary HAP per unit time (4,).
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FIGURE 8 | MTTF (unit time) versus failure rate of primary HAP per unit time (4,).

evolves over time for different values of the FSO link failure rate
(490)- The graph indicates that availability decreases as A, in-
creases. Furthermore, availability trends toward a steady-state
value over time, suggesting convergence to long-run behavior.
Figure 10 depicts the availability of the network over time for
various HAP failure rates (4y,). Similar to the previous case,
increasing Ay, results in a decline in availability. Again, the
network eventually reaches a steady-state, as indicated by the
flattening of the availability curves over time.

5.2 | Simulation Approach
To validate the reliability aspects of the proposed model, a

simulation approach is utilized. The parameters used in the
analytical calculations (as listed in Table 4) are replicated in a

MATLAB program for this purpose. The simulation is iterated
100 times with the same parameter set, resulting in 100 metric
values. The accuracy of the simulation results is assessed using
the t-distribution test. “The t-distribution is used for smaller
sample sizes to account for the uncertainty in the standard de-
viation of the sample”. Next, the mean and standard deviation
of the 100 values are computed and a confidence interval (C.I.)
for 95% accuracy of the results is obtained. The CI for the 95%
accuracy of the results can be calculated by:

N
§710.05,k-1

Vi

CI. =X+

where X is sample mean, s is the standard deviation, lo.0s5.k-1 18
tabulated value for 95% CI and k — 1 degree of freedom, and k is
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FIGURE9 | Py versus time for different failure rate of FSO link per unit time (4,,).
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FIGURE 10 | Py versus time for different failure rate of HAP per unit time (4,).

sample size. When the sample size k is large than 30, £y s, is
replaced by z; ¢s.

To quantitatively evaluate the deviation between the simulation
and analytical results, we have computed the relative error (in
percentage) at each data point using the formula:

| Simulation — Analytical |

p X 100 %
Analytical

Relative Error =

Theoretical and simulation results are compared for the system's
upstate, downstate, and mean time to failure (MTTF) across
various failure rates. The graphs illustrate the analysis results
with solid lines, while the simulated outcomes are depicted with
dotted lines. The relative errors across all points were found to
be consistently below (0.5 %), demonstrating a strong agreement.
The alignment between the findings of both methods suggests

a close correspondence, affirming the approximate accuracy of
the proposed model and validating the hypothesized framework.

6 | Conclusions and Future Works

The proposed stochastic model for the satellite-aerial-terrestrial
network considers important components, including redun-
dancy, and is analyzed using an SMP that accounts for the non-
exponentially distributed sojourn times of various states of the
integrated network. The steady-state probabilities enable for the
computation of the system's upstate and downstate probabilities,
as well as its MTTF. Numerical illustrations are incorporated to
demonstrate the steady-state analysis of the model, and a sensi-
tivity analysis is carried out to determine the impact of minor
variations in the values of the network parameter on the model's
reliability. Moreover, the proposed model undergoes verification
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through discrete event simulation, yielding results that closely
match the analytical findings. This alignment underscores the
validity of the underlying model.

In the future, the proposed model can be modified by consider-
ing catastrophic scenarios and propagation failure of the com-
ponents. A new architecture may be proposed to increase the
reliability and availability of the space-air-ground networks.
In our future research work, we aim to integrate the concept
of software rejuvenation into our analysis. Additionally, we in-
tend to explore the simultaneous failure of multiple components
within the proposed architecture of space-air-ground networks.
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Appendix

Derivation of Equation (1)

We are interested in evaluating the integral

t

/ (1 = Fyp(0)) dFy ()
0
where
« Fy;(x)is the CDF of a gamma distribution with shape p and rate A,.
o F,(x)is the CDF of an exponential distribution with rate A,.

We know

/lﬂ xP~1e=201x

F-D!

1 - Fop(x) = e/, dFy,(x) = fy; (x)dx =

Thus, the integral becomes

t t
A xﬂ 1 —Amx

(1 - Foy(x)) dF, —Aopx . 0L
_{ 0200)) dF, (x) = {e -1

t

j’ﬂ
= %/Xﬂ—le—(%l“oz)"dx,
B -D! g

This integral does not have a closed-form in elementary functions, and
is usually expressed using the lower incomplete gamma function.

We approximate the given expression

xPle™™ m tP1e=®,  (holding x’~'constant at x =t).

The above approximation can be improved using moment matching. We
consider the integral

t
I(t) = /x”‘le‘axdx, where a = Ay, + Agy-
0

‘We have

/1/3 xP-le=to1x
1 - Fpp(x) = e %2, dFg; (x) = fy ()dx = ———

#-n!
Thus, the integral simplifies to
t t
/ e~h2fy, ()dx = Aﬂl / xPle=Cor+hoa)x gy = o -I(t).
A F-1! A B-1!

A basic approximation is obtained by replacing the slowly-varying func-
tion x#~! with its value at the upper limit x = ¢

t
_ ,—at
I(t) ~ tP1 /e‘“dx: gLz
a
0
While this approximation is simple, it does not accurately capture the
behavior of the integrand over the full interval [0, t], especially when

xP~1 changes significantly. To improve accuracy, we apply moment
matching.

We define

_ p—at _ o—Ao1t
A(t) = 1-e® B(t) = 1-erfor
a Aor

These are the integrals of e™® and e~%01* gver [0, t], respectively.

The idea is to approximate I(¢) as
I(t) = t/~1 . A(t) + correction term.

‘We observe that.

« A(t) approximates the exponential decay with total rate
a= Ay + Agp-

 B(t) approximates the decay using only the gamma rate Ag;.

The difference B(t) — A(t) reflects the discrepancy in decay rates be-
tween the gamma and exponential assumptions.

To capture the effect of the changing polynomial term a?~1, we intro-
duce a correction function

R(t) = Ay P71 = dgpdgy (a1 = tF71).

The corrected approximation is given by

Then e
0~ 127 By - A@) - RO).
t t
b1 -ax go o p-1 [ —axq._ p-1 L—e®
/ e et / e dx=t a Substituting explicitly
0 0
1= —at 1-— —Aoit 1— —at
So om0 (22278 ).
a Ao a
-1 -1 -1
: y o, [A01877 = Agp Aoy (a” 71 =1P71)].
X 01 p-1 1-— e~ (do1+402)
e 02 dFy, (x) & St
F-n! Ao1 + Aoz
0 Let
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t

_ ,—at _ o401t _ p—at
/ a ety o [ L8| ppmr |1zt 1) g
a Aot a

0
where R(t) is a correction function chosen to capture the difference be-
tween gamma and exponential behavior.

Let

R(t) = Ay tP™! — dgpdgr (a1 = £P71).

Combining all terms, the approximation becomes

t

- /101 1 e_/l(n
[ (1= Fa)aramn 8 =

0
( 1-— e—}mt 1— e*(}.erluz)t >
Ao Ao1+ Aoy
JAn T = Ay Ay (@ =)

Derivation of i, Values

We want to evaluate the integral

t
I(t) = /(1 — Fy (0)) (1 = Fpp(x)) dx
0
where

o Fy(x) =1 — e %01 is the CDF of an exponential distribution with
rate Ay,

» Fy,(x) is the CDF of a gamma distribution with shape parameter
f € Nand rate Agp,.

Then

ﬁi (AOZt) ‘ —Ao2X

-4
1-Fy(x)=e"0%, 1—Fy,(x) = T e
k=0
Thus, the integral becomes
t t
- -1 3k
I(t) = / e~ Aoix Z Aozx e~ 02X |dx = /1_0'2 /xke—(ﬁm*'ioz)xdx.
k=0 k=0 "

0

Now, for the last term in the sum (i.e., k = f — 1), we use the identity

t

| n
/ Xty = L L pmat (higher order terms),
o

a,n+1
0

for a compact closed-for, define

t t
_ Aot
11(t)=/(1—Fm(X))d.x:/e‘”lOl"dx:1;—01.
01

0 0

Next, we note that

7(8. Joat) T
Fop() = ———— D1 (1-Fp() = =7 1)' / uf=le " du.
02!

Now substitute back into the integral

t =5}
I(t)=/e_’101x~; / ule " dudsx.
B-1!

0 Agax

Switch the order of integration:

© min (x,u / Agy)
I(t) = 1 / ub~le4 e~ %01 dx |du.
B-1!
0 0
Now evaluate the inner integral:
. — o1 (1) A,
min (%, / Apz) 1mern ) (k) , i u<igyx,
e*lmtd[ — j'01
1—eHorx .
0 _—, if u> Agyx.
Ao1

Now split the integral at u = Ay,x and combine the two parts

=]

I(6) =

Using /,™ uf~e~“du = (f — 1), the expression simplifies to

= —— [—(ﬂ_ Ok —aﬂ*1<i -1 >]
B-1! Ao1 Aor Aot Ao

Final result

O/(I—Fm(x)) (1= Fp(x)) dx= ﬁ

[ ()|
Ao1 o1 Agr+ A

_ 1 L/u/’—le—"du— <L _ ;)aﬂ—l )
B-D!| An A o1 Aor + Agz
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