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1 Introduction

A fluid model is a mathematical model used to describe the amount of fluid in a system,
for example, a reservoir or dam, of infinite or finite capacity. The rate at which the fluid
flows into the system can be analysed as being controlled by an operator which is a
continuous time Markov chain and is called the background process.

In Guillemin and Sericola (2012) analyse the transient behaviour of a fluid queue
driven by a general ergodic birth and death process using spectral theory in the Laplace
transform domain. Many authors have found the steady state solution for various fluid
models. Steady state analysis is useful to study a system in long run. A recent study by
Guillemin and Sericola (2015) analyses the congestion periods in a finite fluid buffer
where net rate depends on a recurrent Markov process. Some latest works for finding the
steady state solution is in the area of tandem fluid queues (Van Doorn and Scheinhardt,
1977) and fluid queues with catastrophes (Vijayalakshmi and Thangaraj, 2015). Sericola
(2001) also found the closed form solution for finite buffer fluid queues modulated by a
finite state Markov chain. By using the differential system, the fluid level distribution is
obtained in terms of a series, whose coefficients are computed by means of recurrence
relations. A fluid queue driven by infinite state Markov chain was given by Sericola and
Tuffin (1999). Guillemin and Sericola (2007) have discussed the stationary distribution of
a fluid queue driven by a finite state Markov chain. Van Doorn and Scheinhardt (1977)
analysed fluid queues driven by infinite state birth death process. Ramaswami (1999)
described the use of matrix-analytic methods in the context of fluid models and provided
efficient algorithm for computing the stationary distribution. Lenin and Parthasarathy
(2000) have studied numerically the behaviour of fluid buffer driven by truncated birth
death processes by giving a methodology to find the eigenvalues and eigenvectors. Then
specific models were studied by some authors. Parthasarathy et al. (2002) found the
steady state solution of a fluid queue driven by an M/M/1 queue using the continued
fraction approach. Parthasarathy and Lenin (2000) found the closed form steady state
solution for a fluid queue modulated by an M/M/1/N queue by finding eigenvalues and
eigenvectors. Also Parthasarathy and Vijayashree (2010) found the steady state
distribution for fluid queues driven by birth and death process with quadratic rates by
using the methodology of finding eigenvalues.

As described in the literature above, some of the existing works show the importance
of the birth and death rates of the background model and their impact on the level
of fluid in the buffer. We have seen constant birth death rates (Parthasarathy et al.,
2002), quadratic rates (Parthasarathy and Vijayashree, 2010), state dependent rates
(Parthasarathy and Lenin, 2000) and many others. Thus, this paper analyses the steady
state behaviour of a fluid queue modulated by a finite state birth death process wherein
the birth and death rates are in rational form. Rational birth and death rates for queues
was first considered by Maki (1976). He analysed the distribution function of a birth
death process with birth and death rates as rational functions of the state of the process,
where the numerator and denominator are general polynomials. In this paper we extend
the logic to fluid queues, i.e., we assign rational values to the birth and death rates of the
background birth death process for which the corresponding determinant of the
underlying tridiagonal matrix can be found using known results on tridiagonal matrices.
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The rest of the paper is organised as: Section 2 describes the background Markov
model in detail. In Section 3 gives the detailed description of the fluid model. In
Section 4, two specific fluid models are considered and give the explicit stationary
solution for each of them, Section 5 gives the numerical illustration for the proposed
work and Section 6 is the conclusion which discusses the unique contributions,
limitations of the paper and future work.

2 Background Markov model

In Maki (1976) considers birth death processes {X(¢), t > 0} with rational rates of the
form:

/*LZAP(J)
" B,())
4))
C.(j) .
i=—=7=0,1,2,..
Y=oy

where j represents the state of the birth death process and A4,(x), B,(x), C,(x) and Dy(x) are
polynomials of degree p, g, r, s respectively. It is also assumed that the polynomials are

4y (x) and ¢ are positive for: x=1,2,3, ..., 4,(0) >0, and ¢ (0)
B, (x) Dy (x) B,(0) Dy (0)

In Maki (1976) the author discusses various conditions on p, ¢, r and s, such that a
unique solution exist for the distribution of X(¢) at any time ¢.

One of Maki’s results stated as a conjecture, asserts that if p = g and » = 5 a unique
solution exist for the distribution of X(¢) at any time ¢. Extending Maki’s work to fluid
queues, we consider a fluid queue model governed by a birth death process in this paper.
The birth and death rates given by Ajs and u/s respectively are rational functions of

such that >0.

linear polynomials of the form:

l»_Al(j)
j=
Bi(j) @)
u, =89 o010
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With these aboveratesp=g=1andr=s=1.

2.1 Notations and assumptions

In Table 1, we give the notations and assumptions used in our model. An important
assumption in the paper is, that the value of « is greater than one, which is required for
the stability of the model.
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Table 1 Notations

Symbol Meaning

A Arrival rate of X(7)

U Departure rate of X(7)

o Constant

T Net input rate of fluid into the buffer when X(#) is in state j

3 Model description

In this paper, we consider a fluid queue driven by a birth death process, {X(¢), t > 0} with
state space S = {0, 1, ..., N}.The birth and death rates as stated in equation (2) are
rational functions of linear polynomials given by:

=T o N-1
2j+20
jto G
=% 12, N
M= iv2a—2

where « is a constant satisfying « > 1. As can be seen from the above expression, the
rates A; and z; are constants dependent on the state of the background process. The above
values of birth death rates satisfy:

/1‘/,1 +,u_,- = 1, ] = 1, 2, veey N

4

Let C(¢) denote the content of the buffer at time ¢, then {(X(¢), C(¢)), ¢ > 0} constitute a
two-dimensional Markov process. When the background process X(f) is in state
J>»J=0,1,...N, fluid flows into the buffer at a net input rate 75, /=0, 1, ..., N.

The buffer occupancy distribution is defined as:

Fit,u)=P{X(@)=j,C(t)Su};t=20,u=0, je S
i.e., the probability of the background birth death process in state j and the content less
than equal to u.

The Kolmogorov forward equation for the Markov process {(X(¢), C(¥)), t > 0} are
given by Tanaka et al. (1995):

OFy(t,u) | " OFy (1, u) _

> » —doFo(t,u)+ wF(t, u) (5)
forj=1,2,...,N:
oF;(t, oF;(t,
) L OO S F - (s + ) Fy e w) b s Fratn)  (6)

ot 7 Qu

as t — oo we let:
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F;(u)=1limF;(t,u)
t—>o0

and the equations (5) and (6) become respectively:

r ) _ o Fo )+ Fi () ™
du
and forj=1,2, ..., N:
dF’;
r ) )= (3 11y ) Fy ) + i o (1) ®)

The boundary conditions are given by:
F;(0)=0,=12,..,N

as, if the net input rate is positive, the buffer cannot stay empty. It should also satisfy:
lim Fy(u)=p;, je S

where p;, j € S are the stationary state probabilities of the background process given by:

pfzzﬂ:j .1_0’1" N
iESﬂ:l
with:
)
ﬂjzu,jzl,Z,...,Nandn'o:l.
My g

In matrix notation the system of differential equations (7) and (8) can be written as:

W) R F(u), 120 ©
du

where F(u) = [Fo(u), F\(u), ..., Fy@)]", R = [ro, 7, ..., ry] and Q is the infinitesimal
generator matrix of the process {X(), > 0}:

—o Ao 0

w ~(Ahtm) A
0= AR ,
N—-1

BN THEN | vysv+)

4 Stationary distribution

We introduce the following two sets:
§t{j:r; >0}

and:
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Si{jil"/>0}

where, S" consists of all states of the background queue for which the net input rate into
the buffer is positive and S™ consists of all states with negative input rate.

It has already been shown (Mitra, 1988; Stern and Elwalid, 1991) that R™'Q" has
exactly N. negative eigenvalues and N_ —1 positive eigenvalues and one zero eigenvalue,
where N, is the cardinality of the set S and N_is that of S

Let &, j=0,1, ..., N be the eigenvalues of RleT where, £ <0,7=0,1, ..., Ny -1,
én, =0, &>0,/=N.+1,..,N.

Lenin and Parthasarathy (2000) have studied numerically the behaviour of fluid
buffer driven by truncated birth death processes by giving a methodology to find the
eigenvalues and eigenvectors. Using the same methodology, the solution for our model is
given by:

Ni—1

Fiw)y=p;+ Y Biexp(&u), je S,u>0 (10)
=0
where:
ﬂl CNfo (é)ZmES* dmCmNBm (é/) L ics (11)
i = , s b j €
! By (&) By (&)
where &, &, ..., ¢y are the eigenvalues of the matrix R_IQT , d, are constants given by

d,=F,(0),me Sand:

/lm/lmﬂ-"ij—l .
—_—, m<j
Vn+1tm+2++-Fj
Cpj = 1 m=j. (12)
L j+2 e .
Hjillj+2---Hm , m>j
Viljy1eFp—1

The polynomials B,(s) are defined recursively as follows:

By(s) =1
B (s)—(s +ﬁj30(s) =0
"o
13
Bn(s)—(s+MJB,,_1(S)+MB,,_2(S)=0,n=2,...,N (13)
n—1 Vo—1Tn-2

By (s)—(s+“—NjBN(s>+MBN_. (5)=0.

' "N-1TN

The constants d,,, m € S can be obtained by solving the system of equations:
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D dneanBu (&) =0.1= N +1,... N

meS™

Z Tl

meS™

It can be seen
matrix form as:

B,(s)=

s+ 2o
)

—A

n

and similarly:

Bya(s)=

%
)

—/

n

s+

N

:pOernj.

Jj=0

A
)

n
yh

1§)

—H
)

n

)

n

A
s+M

S+(/11+/11)

that the recursive polynomials B,(s), n =

H
Ul

s+(/12+/12)

1§}

e
i

s+(/12+,u2)

n

—An-2

y-1

1, 2, ..., N can be written in
el
1§}
S+ (ln—Z +/un—2) —Mn-1
-2 -2
—A 1+ u,—
22 s +(A,, 1+ i)
Tn-1 Tt nxn
el
n
An—1 + Un—1 -
s +( N-1 T UN ) HUN
n-1 n-1
—Ay—
AN s+'“_N
™ TN |(N+1)x(N+)

Now, we consider two fluid models driven by birth death processes with rates as in (1),

whose net input rates are given as follows:

Model 1 The inputratesare ro=(1 - ) r<0andr,=r>0,;=1,2, ..

. V.
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Model 2 The input rates are o= (1 - @) r<0,7,=r>0,j=1,2,..., N—1 and
(N+o)r
N =—"T"T".
Q2N+20-1)

For the above models, as ry <0 and ;> 0,i =1, 2, ..., N, thus the cardinality of the set
S, i.e., N. =1 and that of §" is N, = N. Thus there will be one zero eigenvalue and N
negative eigenvalues.

For both the models the stationary state probabilities of the background BDP are
given by:

—

j-1
1)
(

I.»)

po for j=1,...,aN

@t -Da+l)
thus:

_ 1
Po= 1

) MR ey gy

and hence we get:

1

D= (14)

(a+j-Da+ )Y 1

jeS (a+i—1) (o +i)

It has been shown in Lenin and Parthasarathy (2000) that the characteristic polynomial of
the matrix R™'Q" is given by By (s) which can be written as:



570 S. Kapoor and S. Dharmaraja

Byu(s)=s*
A
co o NAM 0
LG n
Ny N
1440 s+£+’u—2 2 12
n n n n (15)
\MN—IMN—I
'N-1
A1 - An-
N-14N-1 g4 -l +,U_N
N-1 N- N | NxN

Now we find the eigenvalues in explicit form and the corresponding steady state buffer
content distributions for Model 1 and 2.

Theorem 1: For the fluid model, Model 1, the eigenvalues &, /=0, 1, ..., N of the matrix
R 'Q" are given by:

QI 1)7:)
N R O €l VL I N Y2
=0 PR (2N+1

Further the stationary distribution of the buffer content is:

Fi(u)= p,+z e B, (&) ducon exp(&u), je S,u>0
I=1 BN(fl)le . #(fl—fi)

where:
1
pj= ] . !
@+ T D@EDY s i iaen
(le Nera =0
2) \a-a) ) "
CNj =

N-j
Gj L [N“”j, j=1,2, . N,
N jta

av=(3) (755)
N 2 ) \aeN-1)

1 N

do = (1 z J
B 1 p= (a+z—1)(a+z)
o DZjeS @+ j—T) o+ ))

Proof: Substituting the values of 4;, ;, rs for Model 1. In equation (15) and using (4) we
get:
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1 1
s+— —
2r  2r
1
—_— S+— —_—
2r r 2r
1 s+1
Bya(s)=s* 2r ro2r
1 1
—_— S+— —_—
2r ro2r
1 1
—_— S+_
21" V' INxN
which can be written as:
1 1 1
s+—— —
r 2r*2r 2r
1 1
—_— S+_ —_—
2r r 2r
1 1
— % P
=S 2r r 2r
1 1
r r 2r
—_— S+—
2}" VNN

Now using the following identity given in Losonczi (1992):

v=pa p
q

0
v op
q A%

.
B ) Q1 -1)x
- _H(V ZMC(’S( 2N+ D

we get:
~ 11 QI-x
Byii(s)=s* s+———cos| ——— | |.
v () 1:1[( ror (2N+1D
Thus the eigenvalues of R™'Q” are given by:

1 ICOS((ZI—I)n
+1

jlzl, 2,..,N.

571
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From equations (10) and (11) it can be seen that to compute the cumulative distribution
function F(u), we need to compute p}s and 3}, where S further requires computation

of various constants.
From equation (12) we get:

(IJN N+a ,
— —_—, ]:O
2 a(l-o)
= Vo
(1] L [(Nrea) 15 N
2 N jtra
ﬂ{)/‘L].../’LNq ( 1 )N( a—1 j
con=———=| 7| | = |
Hr..Iy 2r a+N-1

N

zizo””f 1 ul
do = po N iy 1 (1 Z(a’+z—l)(a+l)j
e )ZfeS(a+j—1)<a+j)

The background stationary state probabilities p;, j = 1, 2, ..., N can be obtained from
equation (14) and thus we get our required solution.

Theorem 2: For the fluid model, Model 2, the eigenvalues &, 1 =0, 1,..., N of the matrix
R 'Q" are given by:

1 (21— 1)71]
=0, =——+—co I=12,..,N
< < ror ( 2N

Further the stationary distribution of the buffer content is:

Fi(u)= p,+z B, (&) docoy exp(u), je S,u20
= By a)a]‘[ L (@=4)

where:

1
pj= 1

@I D@D s i iash
(IJN( N+a j _
Ly [ ANre ) =0
2 a(l-a)
1 (Nea)
(Ej rN—](j+ajs j=L2,..,N.

. _(L)N (@—1)2a+2N -1)
N2 ) U@+ Nya+N=-1) |
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do

x[l

Proof: Again substituting the values of 4;, i, r/s for Model 2. In equation (15) and using

1
1
S Wy

N-1 o
(a+z—l)(a+z) (a+N DQa+2N - I)J

i=1

(4) we get:
s+— S 0
ro2r
1 1
s+—
2r r 2r
L 11
Byi(s)=s* 2r r 2r
1 1 1
s+—
2r r 2r
3
PR S+ —
2r 2r NxN
Now using the following identity given in Losonczi (1992)
-Jpqg p 0
q v p
q v p ﬂ[v cos((zl_l)ﬂn
! g P 2N
g v+ NPD]

we get:

N

)

I=1

Thus the eigenvalues of R™'Q” for Model 2. Are given by:

¢ =0, fl_——+
r

I"

also:

o8]

(Mjlzl, 2,..,N.
2N

(@— 1) +2N —

and:

1)
(+ N)a+N-1) J
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d(): 1

1
a(a_l)ZjeSm

& o o
X[I_Z(aﬂ—l)((zﬂ) _(a+N—1)(205+2N—1)J

i=1

Thus the solution has been obtained in the required form.

4.1 Observations

1 The condition of &> 1 has been assumed to maintain positive birth and death rates.

2 In this paper we have not made any comparisons with known results as most of the
papers in literature have worked on constant and linear birth and death rates.

5 Numerical illustration

In this section we present numerical results to illustrate the steady state distribution of the
two models. To visualise the foregoing discussions, we plot the graphs of the buffer
content distribution for the two models under consideration by assuming certain values
for the parameters. The variation in the buffer content distribution is well brought out by
evaluating them numerically. The steady state distribution for buffer occupancy is
defined as:

F(u)= th_r)g Plbuffer content C(¢) <u],u =0

Hence, we have:

N
Fu)= " Fj(u)

J=0

where F(u),j € Sis obtained by Theorem 1.

Figures 1 and 2 are the graphical representation of the steady state distribution of
Model 1 and 2 respectively for different values of the parameter «. The values of N and r
are taken to be 5 and 1 respectively and « takes values 2, 3, 4 and 5. It is observed that
with fixed number of states of the background process and fixed net input rates, the
buffer content distribution F(x) — 1 as x — oo for all values of > 1.

In Figures 2 and 3, the steady state distribution for the buffer content is presented for
various values of N for Model 1 and 2 respectively. We assume » = 1 and o= 2 and for
illustration we let N take different values 3, 5, 7 and 10. It is observed that for different
values of N, the buffer content distribution F(x) — 1 as x — oo.
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Figure 1 Buffer content distribution for different values of the parameter ¢ for Model 1
(see online version for colours)
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Figure 2 Buffer content distribution for different values of the parameter ¢ for Model 2
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Figure 3 Buffer content distribution for different values of N for Model 1 (see online version
for colours)
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Figure 4 Buffer content distribution for different values of N for Model 2 (see online version
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6 Conclusions and future work

6.1 Unique contributions of the paper

e This paper discusses a new fluid model with background model having rational birth
and death rates.

e  The solution is obtained in closed form.

e Numerical illustrations have been presented to validate the solution obtained.

6.2 Limitations

e  Steady state distribution of the buffer content has been discussed but transient
solution helps analyse the behaviour of the system at any time and can be used to
improve the efficiency.

e The paper has theoretical relevance, but a direct application could not be found.

6.3 Future work

In this paper, the steady state buffer occupancy distribution for the fluid model is
presented. Fluid models can be used to study the bursty nature of the traffic carried in
high speed networks. But where steady state analysis is useful to study the congestion in
networks, transient analysis is useful in studying the dynamical behaviour of the system
to control the congestion. Hence, as future work, we plan to study the time dependent
behaviour of the buffer content for the two models considered.
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