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1. Introduction

The continuous-time Hawkes process is a class of point process used to model events whose occurrence
depends on their past history. It was introduced by Alan G. Hawkes [9,10], and due to its self-exciting and
clustering properties, it has found many applications in areas like finance, seismology, etc. (see Bacry et
al. [1] and Vere-Jones [17]). Although the continuous-time Hawkes process has extensive literature, it may
not always be applicable for certain contexts where data are recorded in a discrete-time framework or in
an aggregated form. In such cases, the discrete-time Hawkes process provides a more efficient alternative.
Despite its growing importance, the discrete-time Hawkes process is relatively new and many of its properties
are yet to be studied.

This paper studies the discrete-time Hawkes process introduced by Seol [15]. The discrete-time Hawkes
process is a class of g-functions; for a note on g-functions, refer to Berbee [2]. In this model, a sequence of
{0, 1}-valued Bernoulli random variables {&, |n = 1,2, ...} is considered, which is called the arrival process.
The arrival process controls the arrivals of events, and the occurrence probabilities of these events depend on
their past history. The discrete-time Hawkes process {H, |n =1,2,...} is defined as the number of events
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that occurred up to time n following the arrival process {&, |n = 1,2,...}. Specifically, an arrival occurs at
time n if &, = 1, while &, = 0 indicates no arrival.

Substantial progress has been made in the study of both linear and nonlinear continuous-time Hawkes
process. The Law of Large Numbers for the linear continuous-time Hawkes process is proved by Daley and
Vere-Jones [6], and the Central Limit Theorem (CLT) is obtained by Bacry et al. [1]. For the nonlinear
continuous-time Hawkes process, the Law of Large Numbers is obtained using the Ergodic Theorem by
Brémaud and Massoulié [4], and the CLT is proved by Zhu [19]. The Large Deviation Principle (LDP)
for the linear continuous-time Hawkes process is established by Bordenave and Torrisi [3], and for the
nonlinear case, it is proved by Zhu [20]. However, comparatively not much is known about the discrete-
time Hawkes process. Previous studies have established the Weak Law of Large Numbers (WLLN), the
Strong Law of Large Numbers (SLLN), and the CLT for the discrete-time Hawkes process in Sarma and
Selvamuthu [14], and Seol [15]. Based on this framework, we study the asymptotic behavior of the arrival
process {&, |n =1,2,...}, and prove the LDP for the discrete-time Hawkes process {H, |n =1,2,...}.

In a related work, Wang [18] established the LDP for a discrete-time marked Hawkes process, in which
Poisson random variables and some i.i.d. random variables were combined to generate the model. In contrast,
the model studied in this paper directly generates the discrete-time Hawkes process using the arrival process,
based on probabilities that are dependent on the past history. Recently, a discrete-time self-exciting model
was applied to study the infection and death from COVID-19 (see Browning et al. [5]). From here onward,
we refer to the discrete-time Hawkes process as “DTHP”.

This paper is organized as follows. In Section 2, we present the description of the DTHP and review the
existing literature on the DTHP. We also provide some preliminaries related to the Large Deviation Principle,
associated random variables, and nearly subadditive sequences. Section 3 focuses on the asymptotic behavior
of the arrival process {&, |n =1,2,...}. In Section 4, we prove the LDP for the DTHP {H,, |n=1,2,...}.
We also study the convergence of scaled logarithmic moment generating functions (scaled logarithmic MGF)
of the random variables H,,,n = 1,2,..., and the bounds for the limit function. In Section 5, we provide
an illustration in which insurance claims are modeled using the DTHP and analyze its behavior. Finally, in
Section 6, we give a summary of the results obtained in this paper and possible extensions of this work in
future.

2. Preliminaries

Throughout the paper, (Q,F,{F,},—;,P) is the underlying filtered probability space in which the ran-
dom variables are defined. The mathematical description of the DTHP is given in the following subsection.

2.1. The model

Let (a;);—, be a sequence of positive real numbers with the following assumptions,

Zai<1 and Ziai<oo.
i=0 i=1
Let {&,|n=1,2,...} be defined as a sequence of random variables taking values in {0, 1} such that
P(flzl):ao and P(§1:O):1—a0,

and for n > 2

n—1
P (gn = 1|£1a---a§n—1) =ap+ Zan—igia
1=1
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and

n—1
P(gn:0|£17-~-a§n—l):17 <a0+2an_i§i> .
i=1

The arrival of events occurs w.r.t. the stochastic process {&,|n =1,2,...}, which is called the arrival
process. The focus of this paper is to study the limiting behavior of the arrival process {§, |n =1,2,...},
and the DTHP, which is denoted by {H, |n =1,2,...}, and defined as

n
H, = Zgz
i=1

The sequence (a;);, is called the exciting function of the DTHP, and

n—1
An = ao + Z an—i&i,

i=1

is called the intensity of the DTHP.

Remark 2.1. Each arrival at time n increases the intensity of the DTHP at that time instant, establishing
its self-exciting nature, and the intensity depends on its entire history.

Remark 2.2. The filtration {F,|n =1,2,...} is defined as the natural filtration generated by the arrival
process {&, |n=1,2,...},ie, F, =0 (&1, ..., &n).

2.2. Limiting behavior of the DTHP

The WLLN and CLT for the DTHP have been proven in Seol [15], i.e.,

n

i1 & H a : .
M =" 7000, as n — oo in probability,

n n 1—3 0 a

and,

Hn B n1_§%1 @i (1 B 1_23%1 a,;) 1_2511%1 a;
Tn = = N |0, 5
n 0o
(1-T%a)

Further, the SLLN for the DTHP is obtained in Sarma and Selvamuthu [14], i.e.,

, as n — oo in distribution.

n
. ;. H,
M =, 2 as n — oo almost surely (a.s.). (1)

n n 1-3%a

Sarma and Selvamuthu [14] also analyzed the compensator of the DTHP and obtained its WLLN, SLLN,
and CLT.
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2.8. Large deviation theory

Let X be a topological subspace of R (with the usual topology generated by open subsets of R), and
{X,|n=1,2,...} be a sequence of X-valued random variables. Define

Definition 2.1 (Rate function). (Dembo and Zeitouni [7]) A function I: X — [0, o0] is called a rate function
if it is lower semi-continuous, i.e., for each 6 € [0, 00), the level sets {z | I(x) < 0} are closed subsets of X.
Moreover, if the level sets are compact subsets of X, then I is called a good rate function.

Definition 2.2 (Large Deviation Principle). (Dembo and Zeitouni [7]) The sequence {S,|n =1,2,...} is
said to satisfy the Large Deviation Principle with rate function I: X — [0, co] if

1. for any closed set F C X,

n—oco N el

1 Sn
limsup — log P (— € F) < — inf I(x),
n
2. for any open set G C X,

liminfllog]P’ (i € G) > — inf I(z).
n

n—oo 1, zeG
The following theorem gives sufficient conditions for the existence of such a rate function I.

Theorem 2.1 (Gartner-Ellis Theorem). Assume that, for every t € R, the following limit exists,

A(t) = lim ! logE (')

n—oo N

Then, its Fenchel-Legendre transform (for more details on Fenchel-Legendre transform, see Hiriart-Urruty
and Martinez-Legaz [11]),

A(w) = sup {2~ A1)},

verifies the conditions below,

1. for every closed set FF C R,

limsupllogIED <& € F) < — inf A*(x),
n n

n— 00 zEF

2. if A is differentiable, then for every open set G C R,

liminfl log P (ﬁ € G) > — inf A*(z).
n

n—oo N zeG

Proof. For proof, see Theorem 2.3.6 in Dembo and Zeitouni [7]. O
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The Gértner-Ellis Theorem requires the function A to be differentiable to conclude the existence of LDP,
which is difficult to obtain in many cases. Thus, an alternate characterization for the existence of LDP is given
in Theorem 2.2. Before stating the theorem, we give a definition of exponentially tight measure/distribution.

Definition 2.3 (Exzponentially tight measure/distribution). (Dembo and Zeitouni [7]) Suppose for each n € N,
P,, is a probability measure/distribution on the measurable space (X, B (X)), where B (X) denotes the set
of all Borel subsets of X. The sequence of probability measure/distribution {P,, |n =1,2,...} is said to be
exponentially tight if, for any € < oo, there exists a compact set K. C X such that

1
lim sup — log P, (KE) < —e.
n

n—oo

Theorem 2.2 (Bryc’s Theorem). Assume that the distributions of % are exponentially tight and that, for
every continuous and bounded function g defined on X, the following limit exists,

1 ng( S
Ay = lim —logE <e g( " )> .
n—oo N
Then {Sn|n =1,2,...} satisfies the LDP with a good rate function

I(x) = sup {g(x) = Ay},
9€CH(X)

where Cy, (X) is the family of bounded and continuous functions defined on X.
Proof. For proof, see Theorem 4.4.2 in Dembo and Zeitouni [7]. O

The requirement to verify the existence of the limit A, for the entire family of continuous and bounded
functions can be relaxed by performing the verification on a suitably chosen, smaller collection of functions
called a well-separating collection of functions.

Definition 2.4 (Well-separating functions). (Dembo and Zeitouni [7]) A collection G of continuous real-valued
functions defined on X is called well-separating if

(a) the constant functions are in G,
(b) if g1,92 € G, then g(z) = min(g1(z), g2(2)) € G,
(c) given z,y € X,z # y, and a,b € R, there exists g € G such that g(x) = a and g(y) = b.

The following result is helpful for checking the existence of LDP using a well-separating collection of
functions.

Theorem 2.3. If, with the notation of Theorem 2.2, the limit Ay exists for a well-separating collection of
functions defined on X, then it exists for every continuous and bounded function defined on X, that is, the
assumption of the Bryc’s Theorem is satisfied.

Proof. For proof, see Theorem 4.4.10 in Dembo and Zeitouni [7]. O

2.4. Associated random variables and nearly subadditive sequences

Definition 2.5 (Associated random variables). (Oliveira [13]) Let fi, fo: R — R be two co-ordinatewise
non-decreasing functions. The random variables X, ..., X, are said to be associated if
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COV[fl (Xl,...,Xn),fg (Xl,,Xn)} >0,

whenever the covariance exists.
Definition 2.6 (Nearly subadditive sequences). (de Bruijn and Erdés [8]) Let (y,),-, be a non-decreasing
sequence of non-negative real numbers. A sequence of real numbers (x,,),~, is called nearly subadditive if

Tm4n < Tm + Tn + Ymtn, for all m,n € N.

The sequence (y,), -, is called the error term.
The following is an important theorem that will be used in the proof of convergence of the scaled

logarithmic MGF of the random variables H,,,n =1,2,....

Theorem 2.4. Let (z,,),-, be a nearly subadditive sequence with error term (yn ). If

o0
Y .z .
E % < 00, then lim == exists.
| n n—oo m
n—

Proof. For proof, see de Bruijn and Erdés [8]. O

3. Asymptotic behavior of the arrival process

In this section, we state and prove the convergence of the arrival process {£, |n = 1,2,...} to a Bernoulli

random variable €.
Theorem 3.1. Given (a;);~ and {&, |n=1,2,...} as defined in Subsection 2.1, let £: Q — {0,1} be a

random variable such that the distribution of £ is given by
ag ag
and P(=0)=1—- ———.
e YT

S = 5

Then
as n — oo in distribution.

&n — &,

Before proving Theorem 3.1, we state and prove Lemma 3.1, which will be needed in the proof of

Theorem 3.1.

Lemma 3.1. For the arrival process {&,|n=1,2,...},

E(nt1) =P (i1 =1)=ao (1 +b1+...+bn),

where b, = a, + Z?;ll bp_ia;, with by = a;.
Proof. To prove the lemma, we proceed using the Principle of Mathematical Induction. To this end, note

that



U.J.D. Sarma, D. Selvamuthu / J. Math. Anal. Appl. 556 (2026) 130197 7

E()=P(&E=1)=P(L=1=1)+P(L=1§=0)
=P(E=1a=D)PE=1)+P(E=1[=0P (& =0)
= (ap + a1) ap + ag (1 — ap)
= aop(1 +a1),

and similarly,
E(&)=P(&=1)=ao(1+a1+ai +a2) =ao(1+ b1 +by).
Now, suppose that the claim is true up to n, that is

]E(fr):]P’(fr:1):a0(1+bl+...+br_1), (2)

where b, = a,_1 + 31" b1 _sa;, for 2 < r < n, with by = a;.
We want to show that the claim is true for n + 1 also. To this end,

E (&41) =E(E (§nt1 | Fn)) =E (flo + Z an+1—i§i> =ag + Z [an+1-E (&)] . (3)

From (2) and (3), we get

n i—1
E (&nt1) = ao + Z apt1—iag [ 1+ Z b;

i=1 j=1

n i—1

= Qo 1+Zan+1 z+zzan+1 —1

=1 j=1

—1n—yj

= ag 1+Zaz+ZZbal . (4)

Jj=11i=1

Similarly, we have

n—2n—1—j

E (&) = ag 1+Zaz+z Z bjai| . (5)

Subtracting (5) from (4) we get

E (fnﬂ) —E (5n> = Qg

n—1
an + Z bniai] )

i=1
which implies (using (2) with r = n),
n—1

an + Z bnfiai

i=1

n—1
an+§ bn—iai
i=1

E (§n41) = ao +E (¢n)

= Qo +a0(1+b1++bn_1)
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:ao

n—1 n—1
1+Zbi+an+zbn—iai] .
i=1 i=1

Thus, we get
E (£011) = ag (1 +> fa—) ,
i=1

where, b, = a,, + Z?;ll [
Hence, from the Principle of Mathematical Induction, Lemma 3.1 follows. O

Now, we give the proof for Theorem 3.1.

Proof of Theorem 3.1. For each n € N, let F¢ be the distribution function of the random variable &,. That
is

0, if <0,
Fe (x)=qP (& =0), if 0<z<1,
1 if x>1.

Also, let F¢ be the distribution function of the random variable £. That is

0, if <0,
Fé(x): 17%, if O§I<1,
1, i o> 1.

From Lemma 3.1, we have
E (én41) > E (&), for each n € N.
Moreover, we have that
|E (&) <1, for each n € N.
Therefore, by the Monotone Convergence Theorem, we conclude that
lim E (&,) exists. (6)

n—oo

The SLLN for the DTHP given in (1) allows us to write that

ZTLl & ap
= — 7 , as nm — 00 a.s..
n 1=2 i a
Since
n
‘ Zi:1 51 < 1’
n

by the Dominated Convergence Theorem, we have that
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22;1 E (fz) N ag

- [ S as n — 0o a.s.. (7)
From (6) and (7), we get that
E (&) — 0 as n — 0o a.s
Yo=Y e o
That is
P (¢ *1)—>L as n — 00 a.s (8)
n = == 0 n — 00 a.s..
Since, P (§, =0) =1—-P (¢, = 1), from (8) we get
ao
P(,=0)—1-— , as n — 00 a.s.. (9)

1-— Z;)il a;
Thus, from (9), we conclude that
Fe (z) = Fe(z), asn —ooforallz e R\{0,1}. O

4. Asymptotic behavior of the DTHP

In this section, we first establish the existence of LDP for the DTHP, as detailed in Subsection 4.1.
Following this, we obtain the convergence of the scaled logarithmic MGF of the random variables H,,,n =

1,2,..., in Subsection 4.2. Finally, we derive some estimates for the resulting limit function in Subsection
4.3.

4.1. Large deviation principle

Theorem 4.1. The DTHP {H,, |n =1,2,...} satisfies the LDP with a good rate function.

The main tool used in the proof to establish the LDP for the DTHP is the Bryc’s Theorem. We first
introduce a well-separating family of functions in Lemma 4.1. Then, we prove the necessary conditions of
the Bryc’s Theorem in Lemma 4.2 and Lemma 4.3, and finally conclude the existence of LDP for the DTHP.

Lemma 4.1. The collection of functions G = {g:[0,1] = R|g is continuous and concave} is a well-
separating collection of functions.

Proof. To verify that G is well-separating, we must check the three conditions of Definition 2.4. We give a
detailed proof in Appendix A. O

Lemma 4.2. The probability distributions of % are exponentially tight.

Proof. We follow Definition 2.3 for the proof. To this end, we choose P, () = P (% € -). The detailed
proof is given in Appendix B. 0O

Lemma 4.3. Let g: [0,1] — R be a concave and continuous function. Then, for the DTHP, the following

limit exists,

n—o00 N

T, = lim ~logE <e”g(%)>.
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Proof. Since [0,1] is compact, there exists a constant ¢ > 0 such that —¢ < g(x) < ¢. Now, for any
m,n,l € N, the triangle inequality gives

|Hn+m — (Hn + (Hn+m+l — Hn+l>)| < |Hn+l — Hnl + |Hn+m+l — Hn+m|

< (10)
n—+m n-+m
Using the fact that H, = > ;& and |§] < 1 for all i € N, we obtain
n-+l n+m-+l1
H,.,— H, H,im H, ‘Zz n il + ‘Zz n4m 21
[yt | + [Hngmtt — Hgm| +1 1 < (1)

n+m n—+m n+m’

It is well known that every concave and continuous function on [0, 1] is also Lipschitz continuous. Therefore,
there exists a constant L > 0 such that

lg(x) —g(y)| < Ll —y|, forallz,yel01]. (12)
From (10), (11), and (12), we obtain

H, H, + (Hyvmer — Hy, —2lL
g( +>_g< (Hpymi +l))>

n+m n+m “n4+m

Since g is concave, we can further write

(Hn+7rL> > ( n H, m ) Hn+7rL+l - Hn+l> . 21L

n—+m n+m n n+m m n-—+m
H, H, — H, 21 L
n-—+m n n—+m m n+m

Multiplying both sides of (13) by n + m, we get

Hn m H Hn m - Hn
(n+m)g <—+> > ng ( ) +mg <M> —2IL. (14)
n+m n m
Taking exponential on both sides of (14), we obtain
Hp4im n Hyim —Hy
e(n+m)g( n++m ) Z eng(HT)+mg(4+ -ti +l)72lL- (15)

Taking expectations on both sides of (15), and using the monotonicity of expectation, we get

£ < (n+m)g( n+m)) SE ( (%)+mg(w)_2w> . (16)

Taking logarithms on both sides of (16), we obtain
IOg]E < (n+m)g( n+tn )) > lOg]E < ( 'nn)+mg(Hn+mtVlLHn+l)2lL> R

which can be rewritten as

—logE (e("J”m)g(IZan)) < —logE (&4%%7@(%)—2@)

—logE (e"-"(%)emg(iH“mﬁ_H"“)> + L. (17)
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We now proceed to compute the covariance term

H —H,
n (_77) m ( n+m-+l1l n+l)
Cov [e ) ™ m

)

Applying the general form of Hoeffding’s covariance identity (for details, see Newman [12]), we obtain

H Hptm41—Hpyi
ng(%2) ma )
Cov |:6 I\nn) ™ m

)

= // fh(x x) Cov {]l( o0,2] ( ) 1 (00,y] <M)] dxdy|, for all z,y € [0,1], (18)

m

where
falz) = e™®@ | for each x € [0,1] and n € N.
Since for each n € N, f,,(x) is an exponential function, we have the following bounds for its derivatives
|f(z)| < ne™L, and |f, (y)] < me™°L, for each z € [0,1] and n,m € N. (19)

For proof of (19), see Appendix C. Now, (18) simplifies to

H ) (Hn+'m+l_Hn+l )
n —_— m —_—
’COV [e g( n) ™ m

)

< nme™em°L? // Cov []l(oo’x] <—) s L ooy (M)] dxdy| , for all z,y € [0,1]
n m
[0,1]2
H,, Hpim H,
< nme ™2 |Cov [ M} ' . (20)
n m
Using the bilinearity of the covariance operator, we rewrite the right-hand side of (20) as follows,
H, H, — H,
nme™t™e 2 | Cov {7", W} ' = e(ntmer2 |Cov [Hp, Hymtt — Hpyi]]
n+l4+m
_ e(n+m)cL2 Cov Zgz, Z Ej
= j=n+Il+1
n  n+l+m
=emtme2INT N Cov[G, g (21)
i=1 j=n+I+1
Applying the triangle inequality to the right-hand side of (21), we obtain
n  nt+l4+m n n+l+m
e tmer2 1NN Cov[gn & <ettmer2y T N [Cov 6]
=1 j=n+4Il+1 i=1 j=n+Il+1
< nmemtmer?,
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Finally, we derive the inequality
HTL m 7HTL
‘COV [eng(fﬁl)’ emg(4+ -ti +l):| ‘ S nme("er)CLQ-

This implies

E (6719(}{:‘)) E (emg<H"+m-f;'lLH"+l>> _E (eng(H’ZL>€mg(H"+mt,lLH"+l)) < nmentmer2. (22)

e . ng(Hn) mg(w)
Dividing both sides of (22) by E ( e n e . we have

777, n+m+l Hn+l )
nme(n+m)cL2

<1+

]E( m<m)) T (o) ()

S 1+ nme(n+m)ce(n+m)cL2.

Consequently,

i (e () (B2 |

E (6”9(’;1)) E <€m9(H"+mthH"“)) 2 11 nmetntmzer2’

Taking the logarithm on both sides, we get

fog & (0 (%) o (B )
>logE (eng(hk)) + logE (emg(HHmt’iHnH)) + log L

1 + nme(ntmj2e[2”

Hyp

Adding and subtracting log E (emg ( m )) on the right-hand side, we obtain

fog b (%) o (B
>logE (eng( Ln)> + logE (emg(H”T)> + log
—logE <emg(%ﬂ)> .
Applying the properties of logarithm and using the bound —c¢ < g(z) < ¢, we have

fog b (%) o))

+1logE <em9(H"+mtiH”“ ))

1 4+ nme(ntm)2c2

G )
6 m

)>+logE( (H’" ))+1og 1 + log
1 + nme(ntm)2e2 B (emg(%)>

s IE

>logE (en (



U.J.D. Sarma, D. Selvamuthu / J. Math. Anal. Appl. 556 (2026) 130197 13

>logE (eng(T’n)) +logE <€mg(HTT'n)) + log 1 + nme(tm)2e2

n Hyp m Hpm —mc
() () b

—mc

T

—i—loge

emc

T

Thus, from (23) we have
—logE <6"g( Tfl)emg<w>>

< —logE <6n9(n”)) —logE (emg(PfT)> + log e2me (1 + nme(n+m)2cL2>

]

T

T

n

=—logE (eng(n)) —logE (em'q(%n)> + 2mc + log (1 + nme(”+m)2CL2) . (24)

It is evident that for all m,n € N,

m<m+n, and nme("tm2e < gneme(ntmize — g(ntm)(1+2¢)
Therefore, there exist constants §; > 0 and do > 0 such that
1=01 and nmel™tm?2e < e(’”m)l_ég(l”@, for all m,n € N.

m < (m-+n)

Substituting these bounds into (24), we obtain

—logE <eng(?)emg(W)) <—logE (eng(Hn")> —logE <emg(lf,’f)> +2(m+ n)l—élc
+ log (1 4 e(”+m)1_52(1+26)L2> ) (25)

Consequently, combining (17) with (25), we derive

—logE (6(”%)9(%?)) < —logE (e”g(%)> —logE (e’"g(ﬁ")) +2(m+n)' e

+log (14 el 20420 12) 4 oy, (26)

Let us denote

Then, from (26), we can write
Untm < Un + Um + Ungm,
where
Tp = 2n' "% + log (1 + 6”1762(1+2C)L2> + 2IL.
Observe that, for each n € N,

En Z 0, and 6n+1 Z Env
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. . \OO . . . o) .
i.e., (Up),—, is a non-decreasing sequence of non-negative real numbers. Thus, the sequence (vy,),_; is nearly
subadditive with error term (v,,),,. Furthermore,

2n'~%1c + log (1 + 6”1_52(1+2C)L2) +2IL

oo
o Z n2
n=1

=g = log (1 en P2

— 2IL
:Zn1+61+z n2 Z_:n_

n=1 n=1

3|@|

5

< 0OQ.

Hence, by Theorem 2.4, it follows that

—logE (eng(H"TL))
Un,

lim — = lim exists,
n—oo n n—o0 n
or equivalently, the following limit exists,
log & (eng(h;”)>
lim =I,. O
n—oo n

Proof of Theorem 4.1. Now that we have shown the necessary conditions to apply the Bryc’s Theorem for
the DTHP in Lemma 4.1, Lemma 4.2 and Lemma 4.3, we conclude (using Bryc’s Theorem) that the DTHP
{H,|n=1,2...} satisfies the LDP with a good rate function given by

R(z)= sup {g(z) —Tgy}.

9€Cu([0,1])
That is, the following holds,
1. for any closed set F C [0, 1],

li L iog P H”eF < f R(x), (27)
im sup — —— — in

P 8 n zeF

2. for any open set G C [0, 1],

. . 1 H'VL .

lim inf — log P <— € G) > —inf R(z). O (28)
n—oo N n zeG

In this subsection, we theoretically established the existence of LDP for the DTHP {H,, |n=1,2,...}.
In the next subsection, we establish the connection between the rate function R(z) and the pointwise limit
of the scaled logarithmic MGF of the random variables H,,n =1,2,....

4.2. Convergence of scaled logarithmic MGF

In this subsection, we study the convergence of the scaled logarithmic MGF of the random variables
H,,n=12,....
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The scaled logarithmic MGF of the random variable H,, is defined as follows,
1 tH
Fn(t):ﬁlog]E(e "), forall t € R.

Theorem 4.2. For eacht € R, the scaled logarithmic MGF of the random variables H,,n = 1,2, ..., converges
pointwise, i.e., there exists a function T'(t) such that

lim 1 logE (e'n) = T'(¢).

n—o00 N

Before proving the theorem, note that, given the DTHP in Subsection 2.1, we have
E (e"") = E (E (et | F,_1)) = E (" E (" | Fzi)), (29)
and

E (e | Fac1) =P (&0 = 0] Fpe1) + €'P (& = 1| Fo1)
=1+ (" =1)P (& =1]Fn-1)- (30)

From (29) and (30), we obtain that

E (etH") =E (etH"*1 [ (e -1

)P (& =1 Fu-n)])
=E (e1) + (! = 1)E

Hn IP =1 ‘fnfl))

ao+Zan gD

P (¢
(t
:E(etH””) e —1 E ( tHn—1

Hence,

E (etH") =E (etH"*l) + (" =1)E (etH"l

ag + i an_ifi]> . (31)

Further, for any n € N, the moment generating function of H,, can also be written as

E (etH") =con+cine’ ...+ cpne™, (32)
n
where ¢, = Y, PG =& =0 &=an), Y ca=10<r<n
ar+...toap=r r=0
a;€{0,1}

Using the multiplicative rule of probability, we get

P =0,6&%=0,...,£ =0)
P(€1:O)P(§2:0|£1:0)P(&n:0|£110,€2:0,,én—lz())
= (L—ag)". (33)

Con =

Similarly,
Cnn =ap(ap+ai)...(ap+...+an_1).

Now, we prove the convergence in the following two lemmas.
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Lemma 4.4. For t < 0,T,(t) converges pointwise.
Proof. From (31), for t <0, we get
E (") <E (e'n-1), foralln=23,...,

and consequently

E (e"") <E (en1) <E (en2) < ... <E (") < 1.
Thus, for any m,n € N,

E (') <E (e""™), and E (') <E (e').
Taking logarithms on both sides of the above inequalities, we get

logE (e"m+n) <logE (e""™), and logE (emt) <logE ('),
and adding the above inequalities gives the following relation,
logE (e"m+n) <logE (') +1ogE (e") + [~ 1ogE (e'Hm+n)]. (34)
Let for each t < 0,
hn(t) =1ogE (e""), and hy,(t) = —logE (") .

Note that for each ¢ < 0, (hn(t))

from (34) we conclude that for each ¢ < 0, (h,(t));—, is a nearly subadditive sequence with error term
oo

(n(8)) -

From (33), for t < 0, we have

is a non-negative, non-decreasing sequence of real numbers. Thus,

con < E (etH") <1,

which implies successively

| < 1 < 1
~ E(etHn) T (1—ap)"’

and

1
OSflogIE(etH”) <nlog1 .
—ap

Then, there exists a §3 > 0 such that

1

0< —logE (etH") <n'"%]og )
1-— ap

This implies for each ¢t < 0,

> —logE (etfn
S omBen)

n=1



U.J.D. Sarma, D. Selvamuthu / J. Math. Anal. Appl. 556 (2026) 130197

Thus, from Theorem 2.4, we conclude that for each ¢ <0,

Lemma 4.5. Fort > 0,T',,(t) converges pointwise.

lim
n—oo

Proof. From (31), for ¢ > 0, we have

n—1
E (etH'") <E (etH"*l) + (et — 1) E (etH"l Z ai> =K (etH"*l)
i=0

Recursively, we get

E (etHn) <E (etHl)

<

<

Then, there exists a §4 > 0 such that

E (etH”)

IN

Again, from (31), for t > 0, we have

log E (e'fn)

1

1+(et—1)Zai1---

=0

n—1 n
1+ (et— 1) Zai]
i=0

1—|—(et—l)§:ai]n.

exists. O

l—l—(et—l)gai]

E (etH") >E (etH"*l) [1 + (et — 1) ao} =E (etH"*l) E (etHl) .

Continuing recursively, we get

Further,

[E (e)]" = [1+ (¢! = 1) ao]™ > [1+ (¢! = 1) ag]”

From (36), (37) and (38), we get

Taking logarithms, we get

1<

E (etf") > E ()"

1—dy4

—84

E() 1 )T gal”
SEE S Lo Do
E () _ i log L F (¢~ 1> %o

0 <log

[E (etH))" —

1+ (et —1)ag

1+(et—1)7:z_§ai].

17

(36)

(38)

(39)
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In Seol [15], it is shown that, for any n € N, the random variables i, ..., &, are associated. Hence, for
any m,n € N,

Cov |:et(§1+~~~+€'m.)’ et(5m+1+~~~+§m+n)] >0

which implies
E (etH"”*") >E (eth) E (et(5m+1+~-~+€m+n)> ) (40)
Similarly,
E (etHn+m) > E () E (et(5n+1+...+5n+m)> , (41)
From Lemma 3.1, for any m,n € N, with m < n, we have
P, =1)>P(En=1).

This implies, for any m,n € N, with m < n, and ¢t > 0, we have

E (e®") =P (& =0) +e'P (&, = 1)
=1+ (e"=1)P (& =1)
>1+ (e =1)P(&n=1)=E ().

Multiplying (40) and (41), and using the fact that the random variables &1, ..., &, are associated, we get

E (e/fmin)?

Y]

B (417 B (¢10) [B (¢60) B (e6000)] [B (¢4600) - (e600m)]
B (1) B (1) E (¢ B (¢607)”
E

e
(eth)]E (etHn) e

Y

E
E

Y

tél)m—i-n .

(

Thus, we get the following relation

E (¢f6)™ "

E (etH,,,L+,,L) >E (etH’”) E (etHn) W.

Taking logarithms on both sides, we get

E (efé)™ "
log E (e!fm+n) > log E (') + log E (') + log T (Hnen)

That is

E (¢tHm+n)

—logE (e'm+n) < —logE (e'™) —logE (') + log E (o)
For each t > 0, let

E (etH)

un(t) = —logE (e""), and w,(t) =log E ()"

Note that,
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E etHnJrl E etHn
Un41(t) — Up(t) = log 5 ((et&)m)l —log ((et&)i
=logE (etH"“) —(n+1)logE (et&) —logE (etH ) + nlogE (etfl)
E (etHnt
= log IE((etH ) —logE (et&)
. sl

Also (using (39))

Thus, for each ¢ > 0, (u,(t)),—, is a nearly subadditive sequence with error term (u,(t)),~,. Hence, by
Theorem 2.4, we conclude that for each ¢ > 0,

—logE (e'*")

lim exists,
n—oo n
and consequently
logE (etfr
lim M exists. O
n—oo

Proof of Theorem 4.2. From Lemma 4.4 and Lemma 4.5, we conclude that there exists a functionI': R — R,
such that

tH,
i BB )
n

n—oo

and the proof follows. O
Remark 4.1. Now that we have established the convergence of the scaled logarithmic MGF of the random

variables H,, n = 1,2,..., we invoke part 1 of the Gértner—Ellis Theorem and obtain the following upper
bound for the LDP satisfied by the DTHP,

1 H,
limsup — log IP <— € F) < — inf T (x), for any closed set F' C [0, 1], (42)
n

n—oo N zEF

where I'* is the Fenchel-Legendre transform of T'.

Remark 4.2. From (27) and (42), we conclude that the rate function R(z), associated with the upper bound
of the LDP for the DTHP {H,, |n=1,2,...}, is given by the Fenchel-Legendre transform I'*(x).

We next establish differentiability properties of the limit function I'.
Proposition 4.1. The limit function T' is differentiable almost everywhere on R.

Proof. For each n € N, the scaled logarithmic MGF LlogE (e'f»), is convex. Since pointwise limits of
convex functions are convex, the limit
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I'(¢t) = lim 1 log E (etH") ,

n—oo N

is convex on R. A convex function on R is differentiable at all points except on a set of Lebesgue measure
0. Hence T is differentiable almost everywhere. 0O

Since the rate function R(z) is related to the Fenchel-Legendre transform of the limit function I'(¢) (as
stated in Remark 4.2), we now estimate I'(¢) with some known functions.

4.3. Bounds for T'(t)

In this subsection, we estimate the limit function I'(¢). The following theorem gives a bound for the limit
function I'(t).

Theorem 4.3. The following estimate for T'(t) holds,

1. Fort >0,
log (14 (et —1 a—ooo)grt <log[14 (=1 a |.
g (1 (= 1) Tt ) <10 < low (14 D3

2. Fort <O,

max {log (1 +(eh = 1) 1_;:70031@) Jlog (1 — ao)} < T(t) <log (1+ (¢' — 1) ag) .

Proof of Theorem 4.3. The proof is divided into two parts. First we obtain the lower bound and then the
upper bound.

Lower bound
For any t € R, from (41), we have

E (etH"“) >E (etH") E (etg"ﬂ) ,

which implies,

. E etH"“) .. tent1 s t
However, in Theorem 3.1, we have shown that lim, oo P (§, =1) = 1_2?%.%& Thus, from (43) we can
=1
write
E (etfn+1) ag
minf ) t G0
lim inf By 21t (" =1) 1= S o (44)

On the other hand, note that for any t € R,

tH,
lim % = lim log (IE (etH")%) ,

n— 0o n n— 00

1
which implies, for any ¢ € R, lim,_,oc E (') ™ also exists. From the theory of real analysis, we also have
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E (etHn+1

1 1
o < limi tHo\ % _ 1 tHp\ _
hnrr_l)lgf (A (@) = hnn_1)1£fIE (e ) nh_)H;OIE (e ) , for any t € R

Combining (44) and (45) we get the following relation,

1

. tH,\ m t_ a0
nl;n;OE(e ) ZlJr(e 1)1_2?21%, for any t € R,

or equivalently,

1
L) = nh_)n;O log (]E (etHn) n> > log (1 + (e = 1) #%O—lai) , for any t € R.

We also have from (32), for any t € R,
E (etH") >copn=(1—ap)",

or equivalently,

(IE (etH"))% >1—ag.

Then, taking the logarithm on both sides and letting n — oo, we get

I'(t) = lim log ((]E (etH”))%> > log (1 — ag), for any t € R.

n—oo

Combining (46) and (47), for any ¢ € R,

I(t) > max {log (1 +(ef = 1) 1_57003”) log (1 — ao)} .

Remark 4.3. Note that, for ¢ > 0,

max {log (1 + (e —1) 1_;:70021@> log (1 — ao)} = log (1 + (e 1) &) :

i=1 Qi
Upper bound
For t > 0, from (35) we can write

(E ()™ <1+ (et — 1) f%a

Taking logarithm and letting n — oo on both sides, we get

1 (oo}
I(t) = lim log ((IE (etHn));) < log (1 +(et—1) Zai> . foranyt>0.

=0

For t < 0, from (31) we can write

E(ef") =E (e"1) 4 (¢! = 1) E (etH"l

n—1
ap + Z an—ifi] >
=1

<E (etH”*l) + (et — 1) E (etH"*lao) =E (etH"”) [1 + (et — 1) ao] .

21

(46)
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Continuing recursively,

E (e") < [1+ (e = 1) ao]",
or equivalently

(E (¢"))™ <1+ (¢! — 1) ao.
Taking logarithm and letting n — oo on both sides, we get

I'(¢t) = lim log ((IE (etH”))%) <log (1+ (e"—1)ayg), for any t < 0. O

n—oo

Remark 4.4. Note that in this paper, we have improved the bounds of the limit function I'(¢) compared to
the bounds found in Sarma and Selvamuthu [14].

Equivalently, the bounds in Theorem 4.3 can be expressed as follows. Define L,U : R — R by

ag
log (1 + et—loo>, £>0,
g( (1) e

L(t) = ao
max {log <1 + (et —1) Tf;az) , log (1 — ao)} , <0,

and

() — logE (1+(ef —1)>°2,a:), t>0,
logE (14 (e — 1) ap), t<0.

Then, for all t € R,
L(t) <T(@) <U(?).
Remark 4.5. By the order-reversing property of the Fenchel-Legendre transform,
U'(z) <T™(2) < L*(2), z€R,

where L* and U* denote the Fenchel-Legendre transforms of L and U, respectively.

For a graphical illustration of the limit function I', consider the exciting function,

ag =0.2, a; =03x0571 i=1,2,.... (48)

In Fig. 1(a) and Fig. 1(b), the feasible region (shaded in yellow) in which the limit function I' : R — R lies

for the choice (48) is shown. Fig. 1(a) magnifies a neighborhood of the origin, whereas Fig. 1(b) provides a
wider picture. The upper bound

o= logE (1+0.8(ef —1)), t>0,
logE (1+0.2(ef — 1)), t<0,

is plotted in red, and the lower bound
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3 ; 20 :
Feasible region Feasible region

—Lower bound

—Lower bound

2.5 [-.——Upper bound —— Upper bound
15}
£20: log(1+05(" —1)) <I'() < log(1+0.8(' 1))
25 1<0: max{log(1+05( 1)), log(0.8)} <T(r) < log(1+0.2(e' - 1))

Bounds for I'(7)
@
T

T
Bounds for I'(¢)

£20: log(1+0.5(' — 1)) <I() < log(1+0.8(" - 1))
t<0: max{log(l1+05( - 1)), log(0.8)} <T() < log(1+0.2('— 1))
0.5 ! 5! ! ! :
3 2 -1 0 1 2 3 5 0 5 10 15 20
Domain of I'(¢) Domain of I'(z)
(a) Near origin (b) Wider view

Fig. 1. Feasible region for the limit function I'(¢) bounded by L(t) (in blue) and U(t) (in red). (For interpretation of the colors in
the figure(s), the reader is referred to the web version of this article.)

Lit) = log (1 +0.5 (et — 1)), t>0,
| max {log (1+0.5(et —1)), log(0.8)}, t<0,

is plotted in blue.
5. Application in finance

In Section 3 and Section 4, we have proven the limiting behavior of the arrival process {¢, |n =1,2,...},
and the DTHP {H,, |n =1,2,...}. We can use them to construct various stochastic processes that are useful
in real-life scenarios and study their limiting nature. In this section, we give an illustration that uses this
discrete-time Hawkes model. Taking motivation from the model described in Stabile and Torrisi [16], we
create a discrete-time model that describes the surplus amount left with an insurance company.

5.1. Surplus process with discrete-time Hawkes claim arrivals

Consider a discrete-time surplus process {U, |n =1,2,...}, defined by

Un:qunpr{i, n=12,..., (49)

i=1

where

e u € (0,1) is the initial surplus,
e p € (0,1) is the constant premium received in each discrete time step,
o {&|n=1,2,...} is the arrival process (defined in Subsection 2.1) indicating claim occurrences. The

event {&, = 1} indicates that the n-th customer files a claim of amount $1 (for simplicity), whereas
{&, = 0} indicates no claim.

A natural question that one may ask about this model is, what is the premium the insurance company
should charge the customer so that it does not lose all its surplus amount? The answer to this question is
given in the following proposition.

Proposition 5.1. For the discrete-time surplus process {Uy, |n =1,2,...}, defined in (49), the minimum value
of the premium that the insurance company should charge to remain in profit in the long run is given by
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ao

1_21 1a1

Proof. In order for the insurance company to remain in profit in the long run, the following condition should
hold,

p>

lim —IE (Un)

n—oo n

> 0.

From (49), we get (using the fact that expectation is a linear operator)

E(Un) =u+np— > E ().

i=1

Dividing both sides by n and letting n — oo, we have

i EOn) o @ +p— lim 2 E&)
n—0oo n n—oo n n— oo n
Finally, using (7) we get
. E(U,) ao
1 _— = - @
nl~>nolo n p—= 1— Z °1 az

Thus to get lim,,_ % > 0, we have to choose p such that

ag

1_21 10’74

Hence, the insurance company should charge a slightly higher premium than

P>

1_5% to make a profit in

the long run. O

But there is still some positive probability for the company to go bankrupt. We now answer the question
that even if the company charges a premium greater than ;—<&——, what is the probability that it can still
go bankrupt? This question can be answered using the LDP for the DTHP proved in Subsection 4.1. In
order for the company to go bankrupt in some finite time n, the surplus amount should be negative, i.e.,
U, < 0. This is equivalent to saying that

u+np— H, <0,

that is

H, U

H, > u+np, or > — +p.
n

Using LDP for the DTHP, we can approximate

: (H— ey +p 1)) e el 1O,
n n

Thus, even if p > %, there is a small probability that the insurance company can go bankrupt at
=1 "7

—n 1nf

. e . w R(x) . e
some time n, and that probability is approximately e e(+r1) (this probability is also called the
ruin probability).



U.J.D. Sarma, D. Selvamuthu / J. Math. Anal. Appl. 556 (2026) 130197 25

Surplus U, (in $)
o
T

Cumulative claims H,

—H,
* Arrival events 2F

—U,

....... - T T T TN Y Y S S e T S N '

RN R R R R R R R R VO IO IR DR E R DD SR DD RS

Time n (in days) Time n (in days)
(a) DTHP (b) Surplus process

Fig. 2. Sample paths of the DTHP {H, |n =1,2,...} and the corresponding surplus process {U, |n =1,2,...}.

5.2. Numerical simulations

In this subsection, we present simulations of the DTHP {H,, |n = 1,2,...} and the corresponding surplus
process {U, |n =1,2,...}. For this purpose, we assume the exciting function of the DTHP to be given by
(48). To simulate the surplus process, we set the initial surplus © = 0.6 € (0, 1), and the constant premium
p=0.6 € (0,1). Fig. 2(a) shows a single realization (sample path) of the DTHP {H, |n =1,2,...}, where
the red dots indicate the time points of claim arrivals. The corresponding realization of the surplus process
{Un|n=1,2,...} is shown in Fig. 2(b).

We now perform Monte Carlo simulations of the surplus process {U, |n =1,2,...}, where we generate
100,000 realizations (sample paths) of the surplus process {U,, |n = 1,2,...}. For each time stepn = 1,2,.. .,
we calculate the 5th percentile, the 95th percentile, and the mean of all the 100,000 realizations (sample
paths) and plot them in Fig. 3. The region between the 5th percentile curve and the 95th percentile curve
is shaded in gray, and the mean curve of all the 100,000 realizations is shown as a solid black line. This
means that about 90% of the simulated realizations lie in the gray shaded region, about 5% are below it,
and 5% are above it.

In Fig. 3(a), we set the initial surplus u = 0.6, the constant premium p = 0.4, and the exciting function
as mentioned in (48). Since the premium p is strictly less than l—Za—gila = 0.5, the mean curve of the
surplus process exhibits a downward trend, attaining negative values and decreasing steadily. This indicates
an eventual ruin of the insurance company. In contrast, Fig. 3(b) uses © = 0.6, and p = 0.6, with the same
exciting function as mentioned in (48). Here, since the premium exceeds % = 0.5, the mean curve
of the surplus process exhibits an upward trend, increasing steadily over time. This indicates long-term
profitability for the insurance company.

Note that in Proposition 5.1, we have obtained that if

ag

1_2?21%7

the insurance company will be in profit in the long run. That is

P>

E (U,
lim E(Un) >0, or lim E (U,) >0,
n—o0 n n—o0
and this is exactly what we obtained from the Monte Carlo simulation results. Thus, the Monte Carlo
simulation results verify Proposition 5.1, and also enhance the impact of this section by providing a concrete
numerical illustration of the DTHP model.
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Fig. 3. Monte Carlo simulations of the surplus process {U, |n = 1,2,...} with 100,000 sample paths.

6. Conclusion and future work

In this paper, we introduced an arrival process {{, |n =1,2,...}, and the corresponding point process
(DTHP) {H, |n=1,2,...}, that counts the number of arrivals up to time n. We established the weak
convergence of the arrival process to a Bernoulli random variable, thereby characterizing its asymptotic
behavior. Furthermore, we derived the LDP for the DTHP and identified its rate function. In addition, we
proved that the scaled logarithmic MGF of the random variables H,,,n = 1,2,..., converges to a limiting
function I'(¢), obtained its relation with the rate function, and estimated the upper and lower bounds for
I'(t) to better understand the asymptotic nature of the DTHP. Finally, to illustrate the practical relevance
of the results obtained in this paper, we concluded the study with an example demonstrating a real-world
application of the DTHP model.

In future, we intend to find an explicit expression of the rate function R(z), which would estimate the
probabilities of rare events more accurately. Another interesting direction could be to incorporate mutual
excitation and inhibition, along with self-excitation, into the DTHP model and investigate its asymptotic
behavior.

Appendix A. Proof of Lemma 4.1

Any constant function g: [0,1] — R is continuous and concave. Thus, g € G. Now, let g1,92 € G and
define g(z) = min {g1(x), g2(z)}. The function g is continuous, being the pointwise minimum of continuous
functions. Moreover, the pointwise minimum of two concave functions remains concave. Thus, g € G, which
proves the closure. Lastly, let =,y € [0,1], with < y, and let a,b € R be arbitrary. Consider the linear
function g € G, defined by

b—a

g(t):y_x(t—x)Jra.

Clearly, g(z) = a and g(y) = b. Thus, G separates the points of [0,1]. Therefore, all the conditions are
satisfied and G is well-separating.

Appendix B. Proof of Lemma 4.2

Let € < oo. Define K. = [0,1] = K for each such e. Since, for each n € N,

Hy

OS_S]-»
n
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it follows that

n

H,
{wEQ‘—(w)eKc}:qﬁ.
This implies

1 H
limsupﬁlogIP’ (Yn € Kc> = —00 < —¢,

n—oo

and the proof follows.
Appendix C

Recall the sequence of functions f,(z) = ¢™9®), for each x € [0,1], and n € N. Since the exponential
function e® is differentiable everywhere, it is certainly differentiable on the interval [—nc, nc| for all n € N.
Applying the mean-value theorem, we know there exists points p,, € [—nc, nc| satisfying

el —e*

; =ePr < e foralln €N, and t, s € [—ne,nc].
—s

This immediately implies
{et — es| <e™|t—s|, forallneN, andt,s e [—nc ncl.

Hence, we obtain the inequality

end(®) — e”g(y)‘ < " |ng(z) — ng(y)| = ne" |g(x) — g(y)|.

Combining this result with the Lipschitz continuity condition given in (12), we further derive

em9(@) _ e"g(y)‘ <ne™Ll|z—y|, forallz,ye]l0,1].

Thus, for each n € N, the function f,, is Lipschitz continuous on [0, 1], and hence is almost everywhere
differentiable. Moreover, wherever the derivative exists, we have the bound

|[fr(@)| < ne™ L.
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