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death process is also a Hawkes process. This structure for the births and the deaths
does not allow, in general, to get the Markov property of the processes involved. But

gjgjﬁg isrlocess considering the couple given by the Hawkes processes and their intensities we are
Birth-death process able to deduce the necessary and sufficient conditions for the Markov property of
Dynamic contagion processes the couple. This property is the main tool to get the convergence results describing
Convergences the behaviour of the population, and the existence of a phase transition at a critical
Virus population fitness level.
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1. Introduction

Inspired by the discrete time evolution model studied in Roy and Tanemura [17], in the present paper,
we develop a continuous time stochastic model for the evolution and survival of species subject to death and
birth of individuals subject to different mutation levels. The model initially introduced by Guiol et al. [12]
consists of either a birth or a death taking place independently at each discrete time point with probability
p or 1 — p, respectively. Each individual at birth is assigned a fitness which is chosen uniformly at random
from [0, 1] and is independent of all other processes. When a death occurs the individual with the smallest
fitness is eliminated, and in case there is no individual present in the population then a death does not
affect the system. In the modification of this model, Ben-Ari and Schinazi [3] and Roy and Tanemura [17]
assume that
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(a) a birth or a death takes place at a discrete time point with probability p or 1 — p, respectively; at birth
an individual is either a mutant with probability r or an individual of one of the existing subspecies
with probability 1 — r.

(b) In case the individual at birth is a mutant, then it is assigned a value, chosen uniformly at random from
[0, 1], corresponding to the so-called fitness level.

(c) In case the individual belongs to one of the existing subspecies, in the Ben-Ari and Schinazi [3] model,
the individual is assigned a fitness uniformly chosen from the existing fitness levels, while, in the Roy
and Tanemura [17] model, the individual is assigned a fitness f with a probability proportional to the
number of individuals with fitness f present in the population.

Note that, even if, in several papers, the authors assume that the births and deaths are driven by Poisson
processes, in many real-world problems, these assumptions are not valid. Often, there are situations in which
the intensity function for the births cannot be considered as a constant and, moreover, the rate of new birth
events increases or decreases with the occurrence of each event, and also new death excites further the
death process, see Eick et al. [6], Daw and Pender [5], Koops et al. [15]. Hawkes processes have been studied
extensively in connection with modelling earthquakes, societal aberrations and social media trend. In these
problems, the future evolution of the models is influenced by the past events. The aforementioned empirical
observations motivate the development of models in the financial market, capable of incorporating some kind
of contagion effect, see Ait-Sahalia et al. [1]. Similarly, many authors have proposed various stochastic models
using Hawkes processes for the temporal growth and migration of COVID-19 to incorporate contagion effect
in the disease infection (see Garretto et al. [10] and references therein).

This is the reason why, in the present paper, to incorporate the Darwinian theory of the survival of
the fittest, we assume that the births occur according to mutually-exciting Hawkes processes, while the
deaths occur according to a self-exciting Hawkes process. Unlike the Poisson process, a Hawkes process is
non-Markovian, in general, because the arrival of a particle excites the process such that the chances of the
next arrival increases or decreases for some time period subsequent to the arrival. An important property of
Hawkes process, the self-exciting property, is well known for its efficiency in reproducing jump clusters due
to the dependence of the conditional birth rate, or intensity, on the counting process itself. These processes
have also recently been used in problems related to financial markets, for instance, Embrechts et al. [7]
discusses the multivariate Hawkes process and their applications to financial data.

The contribution of this work is twofold: on one hand, the necessary and sufficient conditions are derived
for the Markov property of the couple given by general mutually-exciting Hawkes processes and their
intensities. These conditions apply, in particular, to the continuous time model given by Hawkes births, with
mutant and non-mutant individuals, respectively, N' and N2, and Hawkes deaths N3, and their intensities.
The specificity of the Hawkes processes N, N2, and N3, and the queue process N = N! + N2 — N3 is the
dependence of the intensity, on the entire size of the population, IV, and not only on the size of N3. On the
other hand, some convergence results for the size of the population are reached, identifying the fitness sites
where the population is concentrated.

2. The population model

We consider a population of individuals having different fitness levels: an individual may have a fitness
which already exists in the population, or it is a mutant. The fitness level for each individual is a parameter
f, taking values uniformly in [0, 1] and independently of other individuals. When the death process rings,
an individual who has its fitness closest to the value 0 dies.

This population dynamics is described by three stochastic processes: N' counting the births of new
mutants, N2 counting the births of non-mutants and N2 counting the deaths of mutant and non-mutant
individuals. Each process N?, i = 1,2,3, is characterized by its own sequence of jump times, we consider
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{7k >0 the sequence of jump times obtained by merging these three sequences of jump times. By construc-
tion, we assume that initially the population is empty, therefore,

e 79 = 0, there is no individual at first.

e 71 is a jump time of the process N, since there can be neither a birth of a non-mutant, having a
pre-existing fitness level in the population, nor a death.

e The following jump times can be a jump time from any process. The dynamics is given as below:

— If 74 is a jump time of N!, this means that a new mutant is born, and its fitness level is chosen
uniformly at random in [0, 1].

— If 73, is a jump time of N2, this means that a non-mutant is born, and its fitness level is chosen from
the set of all fitness levels already existing in the living population, with a probability proportional
to the number of individuals with this fitness level.

— If 7, is a jump time of N3, the smallest fitness level is chosen so that an individual with this fitness
level dies.

Inspired by the previous considerations, this article adopts that the dynamics of the birth processes
are mutually-exciting Hawkes processes, while the death process is governed by a self-exciting Hawkes
process. The uncertainty is assumed to be described by (Q,F,{F}+>0,P), a filtered probability space,
where the filtration F; satisfies the usual conditions of completeness and right continuity, and on which all
the stochastic processes till time ¢ are defined.

Definition 2.1. A self-exciting Hawkes process is a point process H := {H(t) : t > 0} on [0,00) and
FH .= 0{H(s):s <t} is the filtration generated by H. In the linear case the intensity of H is given
by A(t) = Ao + fg o(t — uw)dH (u), where )¢ is a positive real constant called the background intensity.
The excitation function, ¢ : (0,00) — [0,000), is L'-integrable, and, to avoid the explosion of the process,
must satisfy the condition [|¢||f1 < 1. Note that, when ¢(s) = 0 for all s, the Hawkes process reduces to a
homogeneous Poisson process with parameter \g.

Definition 2.2. The processes N! := {N1(¢) : t > 0} and N? := {N2(t) : t > 0}, are mutually-exciting
Hawkes processes if, given the background intensities A} and A2, and the mutually excitation functions, Pjis
i,j € {1,2}, their intensities at time ¢ are given by

£) = AL+ Z/soﬂt—udfw() fori =1,2. (1)
j= 120

Definition 2.3. Let N3 := {N3(¢) : t > 0} be another Hawkes process, independent of N1 and N2, with
background intensity A3, excitation function v, and intensity given by

t

NB(t) = A3 + / Wbt — u)dN3 (u). 2)

0

Remark 2.4. We are considering a model which is a simple queueing process N (t) adapted to F; and with
input process N! and N? and output driven by N3. Hence, at time ¢, the size of the population is

N(t) := N'(t) + N2(t) — N3(t), (3)

and only if N(t) is positive there is the possibility of a death at time ¢t. Therefore, Brémaud [4] (Chapter
IT Section 3), N* also admits the F-intensity A*(£)1y(;—)>o- By the linearity of the mean value and if N,
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N2 and N3 have the F;-intensities A*(t), A2(¢) and /\3(t)11v(t7)>0, respectively, we are able to assert that
N has Fi-parameters AL(¢), A%(¢) and A3(¢), when A (t) and A?(t) are related to the birth intensities and
A3(t) is related to the death intensity.

In Section 3 we derive various properties of the Hawkes processes, like the mean values of all the intensities,
the expected number of births and the expected number of deaths. Section 4 and Section 5, are devoted to
prove the Markov property of the couple given by the processes and their intensities. Section 6 investigates
the stability of the model by studying the expectations of the intensities. Finally, Section 7 describes in
details the model given by a virus-like evolving population and in Section 8 there are some convergence
results for the behaviour of the population, identifying the region where the population is concentrated.
Specifically in Theorem 8.1 and Corollary 8.4 we prove that there exists a phase transition at a critical
fitness level.

3. Expected number of births and deaths and expected intensities

From all the assumptions made so far on (1), (2) and (3), taking into account that {7;};enuqo} is the
sequence of jump times of the process (N1, N2, N3), and setting as usual AN7(t) = NJ(t) — NI(t—), for
7 =1,2,3, the intensities admit the representations

)\l(t):)\é-i- Z Z@ji(t_Tk)ANj(Tk)l‘rkgta fori:1,2,
j=1,2 k=1
and
(oo}
X (t) = N 1n—ys0 + Y ¥t = T) AN (7) 15, <t 1y (- )>0-
k=1

Note that, for j = 1,2,3, AN(7,) is not null only if N7 has a jump in 7,,. In this case, the intensity
has an increment due to this jump. For instance, if N has a jump at time 7g, then AN'(7g) = 1 and
AN?(7g) = 0, which implies that Zj:1,2 it — T8)ANI (18)1ry<t = @1 (t — T8) Lrg<s.

Remark 3.1. At ¢, set n := N'(t)+N?(t)+N>(t), which is the number of jump times of (N*(£), N2(t), N3(t)).
Therefore, the intensities for 7,, <t < 7,41 are given by

N =M+ > Y wiilt—m)AN/ (7),  i=1.2, (4)

j=1,2 k=1

N(t) = AL (rs0 + Y (= 7)) AN® (1)1 (7, ) 0- (5)
k=1

Thus, at the jump time 7, the intensities are such that

(1) = Ai(mp—) = 'Z ©;i(0)ANI (1), =12, (6)
>\3(Tn) - >‘3(Tn_) = w(O)AN3(7'n)~ (7)

Note that the sudden increase in 7,, implies a higher probability of having a jump of the same kind imme-
diately after 7,,.



R. Roy et al. / J. Math. Anal. Appl. 556 (2026) 130251 5

The Hawkes processes are particular cases of non-homogeneous point processes. Their intensities are
stochastic, since they explicitly depend on the occurrence of previous events, followed by a progressive
normalisation, driven by the memory kernels.

Proposition 3.2. For i =1,2,3, by (1) and (2), (\'(t), N'(t)) are such that the expected intensities E[X'(t)]
satisfy the differential equations:

t

FEN(H] = 3 / it — wEN (w)du + o5 (OEN (D) | dt,  i=1,2 (8)
=12 \}

dE[N(t)] = / ¢ (t —w)E [N (u)] du dt + ¢¥(0)E [N(¢)] dt. (9)
0

Proof. For n > 0, at t = 7,,, a jump time of the process (N*', N2, N3), the intensities A\*, A2, and A3 have a
jump given by (6) and (7), respectively, hence,

dX'(t) = Y ¢;i(0)ANI(t), fori=1,2,
j=1,2

and

d\*(t) = ¥(0)dN3(t).

In between the jump times, for 7,1 <t < 7, given (4) and (5), we have that

¢
dNi(t /ap (t —u)dN7 (u) dt,
J:1,20

and

t

dN3(t) = /¢’(t —w)dN3(u) dt.

0

This means that, for all ¢,

d\'(t) = Z / @i (t — w)dN (u) dt + ;i (0)AN7 ()
=12 | o

fort=1,2, and

t
dN* () /w (t — u)dN?(u) dt +(0)dN>(t).
0

Recall that, (see the definition of intensity given by Brémaud [4], Chapter II Section 3), the count-
ing pI‘OCbe N? admitb intenbity /\i( ), if, for all non negative predictable process C(t), the equality

E[[,° C(s)dN'( E[f,°C (s)ds] holds. Hence, by the Dominated Convergence Theorem, E[d\!(t)] =
dE[N (¢ )] and



6 R. Roy et al. / J. Math. Anal. Appl. 556 (2026) 130251

awN ) = Y / St — w)EN (w)]du dt + 055 (0)E[N (1)]dt | |

for i = 1,2, and an analogous procedure allows us to deduce (9). O

Theorem 3.3. Let (A'(t), Ni(t)),i = 1,2, be Hawkes processes with dynamics of the intensities given by (1).
Solving (8), fori=1,2, j=1,2 and i # j, we get
t s
EIN(1) = Aa// i1 — w)esi(u) = il — wgss ()] du d
0
t t

+)\6 + Aé/gpii(s) ds + )\%/goji(s) ds.

0 0

Furthermore, taking into account that E[N(t)] = fot E[\(v)] dv

E[N'(t —/\1/// Pij(s —w)pji(u) — pii(s — w)pj;(uw)] du ds dv

+)\6t—|—)\6//<pi,-(s) ds dv—|—/\6//g0]z ) ds dv.
00

The proof of Theorem 3.3 is in Appendix.
Remark 3.4. If (A(¢), N(t)) is a linear Hawkes process with exponential excitation function, namely, A(t) =

Ao + fot ae PN (u), with a, 8 > 0, (8) reduces to

dEAD)] = [ aED] - B / ae= PR (wW)]du | dt. (10)

Taking the Laplace Transform on both sides, and setting as usual Y(s) = L(E[A(£)])(s) = [;~ e *'E[A(t)]dt,

and rearranging, we get
1 1 1
—a)= ) =X (-+8=).
Y (s) (1+(5 a)s) 0(8+582>

Taking the Inverse Laplace Transform and then the derivative of both sides, we have

dE[AB)] + (6 — )E[AE)] = BAo- (11)

Alternately, noting that, in this case [ )] = )\0 + f e PR\ (u)]du, immediately, (10) reduces to
(11). Then integrating, we get E[A(t)] = 5)‘0 ( 1) + Agel@=At and, given N(0) = N, E[N(t)] =
No + 22855 (et —1) — ff% t.

Moreover, note that Theorem 3.3 applies even to the special case of Poisson scenario, in which all the
excitation functions are null.




R. Roy et al. / J. Math. Anal. Appl. 556 (2026) 130251 7

Theorem 3.5. Given the process (A3(t), N3(t)) with the structure of the intensity process given by (Z) and
solving (9), we have E[X3(t)] = A3+ fot »(v) dv and E[N3(t fo )] dv = Njt+ 3 fo Jy ¥ (v) dv ds.

The proof of Theorem 3.5 is in Appendix.

Remark 3.6. Recall that, in queuing theory, stable describes a system where the number of customers or jobs
in the queue remains finite and does not grow indefinitely over time, indicating a balance between arrival
and service rates, which, in our model, requires that

EN ()] + EN(1)] < EN*(1)],

see also Remark 5.7 later. Looking at Theorem 3.3 and Theorem 3.5, we get that

t t

EN ()] + ED(5)] = A+ A} / (o12(6) + pra(s)ds + 38+ 4 [ (eaa(5) + paals))ds
0

t s
+(A§+ A7) // 12(5 — u))pa1(u) — @11(s — u)paa(u)] duds,
0

t
and E[A3(t)] = A3 + \3 / 1(v) dv. Therefore, the stability condition is given by
0

A5+ Ao /w ) dv > A /(9011(8) + @12(8))ds + A3 /(9021(8) + @a2(s))ds (12)
0

0
()\0+)\2 1+// v12(5 — w21 (u) — @11(s — u)paa(u)] du ds

Note that, when the Hawkes process reduces to a Poisson process, the excitation functions are null, and,
E[X\(t)] = A\). Thus, the stability condition turns to be, as usual, A3 > A} + A\3.

4. Representation for the intensities

By Errais et al. [8], we know that the Markov property holds for the couple, Hawkes process and its
intensity, having exponential kernel. We are going to discuss this approach investigating in this section and
in the next one the necessary and sufficient conditions for the Markov property of our model.

First of all, due to the presence of the birth processes, the death process and the process counting the
number of individuals alive, we cannot be sure that if there is a martingale defined with respect to a
filtration, still it remains a martingale with respect to a greater filtration. More specifically, when there are
two filtrations G and G2, such that G! C G2, as is well known, a G2-martingale implies a G'-martingale.
But the converse is not true, namely, a G'-martingale does not always remain a martingale with respect to
the greater filtration G2. This is the classical problem of the enlargement of filtrations. A usual assumption
in this frame is the so-called Immersion property, namely, any G'-local martingale must also be a G2-local
martingale, see Tardelli [19], Selvamuthu and Tardelli [18] and for further details Jeanblanc et al. [14].
Consequently, following the existing literature, the Immersion property is assumed in the present paper.
Note that this is an essential tool to prove the Markov property of the model.
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For i = 1,2,3, the behaviour of each A’ is completely determined by a function of the history of the
processes N, up to time ¢, namely, by the so-called history process defined by H} = {(bi = (t} Jgen : i < t},
for t > 0, and H} = (), otherwise. These are pure jump processes having the same jump times of N* and
taking values in the space of the history sets H' = {0} U {U;>1H}}, where

Hi={h=(t,...40): 0<ti <t k=12...j}.

By defining a suitable metric d, (H?,d) is a complete and separable metric space, and B(#H?) are the Borel
subsets of H'. Given a h € H', let j be the number of elements of h, then h € 7—[;‘, and 23;:1 1<, the
corresponding trajectory, is the realization of N°*. Thus, H; is a Markov process. Basic properties on the
history process are in Gerardi and Tardelli [11], and further details in Arjas et al. [2].

Unfortunately, the history processes are not really easy to handle. Hence, we want to avoid the use of
them, which necessitates the introduction of some heavy technicalities, but, at the same time, we must
consider that the vector of processes (N', N% N3) still depends on its own whole history. To overcome this
difficulty, we introduce the shot noise processes, in Definition 4.1 below.

Definition 4.1. For ¢ > 0, let the shot noise processes be (£},€2,£3) with

t t

=3 [ont-wiNw =12 &= [u-wivw. (13

j:1720 0

Thus, (€%, €2, £3) contains all the information relating to the history of (N, N2, N3) and of interest for
A, i=1,2,3, given in (1) and (2). Consequently,

N(t) = Ny + €&, i=1,2, and N(t) = (A + &) 1np—)>o, (14)

where, N (t) is the cardinality of the population at time ¢, as given in (3). Note that, (14) implies that, \i(t)
are deterministic measurable functions of (¢1,¢2,¢3) at .

Theorem 4.2. Fiz a t and set n:= N'(t) + N%(t) + N3(t), at the jump time 7,,

A1) = X (1) + _Z 0ii(0)ANI (1),  i=1,2, (15)
>‘3(7—n) = ()‘S(Tn_) + w(O)ANs(Tn)) ]‘N(T"—)>07 (16)

while, for 1, <s <t <T,11 andi=1,2,

N =No+E+ DY (it — ) — @jils — 7)) AN (1),

j=1,2 k=1
N (t) = </\3 +&+ Z (t = 7%) = ¥(s — 7)) AN3(Tk)> IN(r)>0

Proof. At the jump time 7,, (15) and (16) immediately follow by (14), and by (13). For 7, < s <t < Ty 11,
since

3

—&=D (pji(t = k) — @ji(s — ™)) AN’ (1), i=1,2,

j=1,2 k=1
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the representation for intensity processes is achieved as required. O

Corollary 4.3. For all 0 < s < t, and for i = 1,2, by (13), and (14), the representation for the intensity
processes are given by

s t

N =2 +e+ Y / (it — ) — yuls — w)) AN (u) + / psilt —w)dN (u) | |
=12 \3 g

S

X (1) = A8+£§+/<¢<t7u>f¢<sw ) AN (u /w (t — w)AN*(u) | Lo

0

5. Discussion on the Markov property

For i = 1,2, 3, the representations of the shot noise ¢ and of the intensity A?, obtained in Theorem 4.2,
are the key to deduce the assumptions necessary to guarantee the Markov property of this model.

Definition 5.1. For 0 < s < ¢, let us assume that there exist f;(s,t), ¢ = 1,2, 3, deterministic functions, such
that the quantities

©ji(t — 1) — fi(s,t)pji(s — ) 4,5 =1,2, and (t — 1) — f3(s,)Y(s — T0),

do not dependent of the jump time 7, for any 7, < s. Then, we define

v iy 8,t) == it — 1) — fi(s, t)pji(s =) 1,5 =1,2,
7(37 57t) = 1/’(15 - Tk) - f3(57t)71}(5 - Tk)'

Theorem 5.2. Under Definition 5.1, (N1, \', N2, X2, N3 )\3), the Hawkes processes and their intensities,
satisfy the Markov property.

Proof. Note that

t

€= g = 3 | lis ONG) + [entt=waniw |, fori=12, (17)
Jj=1, s
and
€ — fo(s, 08 = 7(3, 5, N (s /¢ (t — u)dN® (). (18)
Consequently,

t

N(t) =X+ fi(s, )€ + Z (i, 5, )N (s) + /(pji(t —w)dNI(u) |, fori=1,2,

j=1,2 J
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and
t
N(t) = | A5+ fa(s, )€ + (3,5, 1) N(s) +/w(t—U)dN3(U) 1n(t—)>0-
Hence, for i = 1,2, 3, we are able to represent ¢ and !, at time ¢, in term of themselves at time s, s < ¢,

and of some functions of s and ¢. This structure guarantees the claim. O

Proposition 5.3. Under Definition 5.1, f;(s,t) must be necessarily an exponential function, namely, there
exists a positive real constant B; such that fi(s,t) = e Pi(t=9),

Proof. For 0 < s < t, let 7, and 7; be jump times of (N', N2, N3), which are also jump times of N7, j = 1,2,
such that 7, V 77 < s. Then, taking into account Definition 5.1,

v (3, 8,t) = @ji(t — ) — fi(s,0)pji(s — ) = wji(t — 1) — fi(s,t)pji(s — 1), (19)
for i = 1, 2. Hence,

oy Sailt=) = ult =)
fi(s,t) = (pji(s—Tk)_‘Pji(s_le v

and for each r such that s <r <t, fi(s,t) = fi(s,r) - fi(r,t). Considering the sequence of times {7}, where

7; =17 — s+ 1, then

a(t— 1—7)— it — 1—7 ~
fi(S,t) _ SDJ ( 5+ TI/@) SDJ ( S,—’_ Tl) :fl-(tfs),
@ji(l = 73) — (1 = 7])

and setting u := t —r and v := r — s, we get the Cauchy functional identity f;(u+v) = fi(u)- fi(v). As well
known, by the continuity of f, which is guaranteed by the continuity of ¢;;, (20), this Cauchy functional
identity implies that f;(0) = 1 and fi(u) = e~ 7", for a 3; € R. Analogous procedure allows us to achieve
the same result for f3(s,t). O

We have to highlight the results of Theorem 5.4 below, since (21) establishes an important restriction on
the family of memory kernels of Hawkes processes that satisfy the Markov property.

Theorem 5.4. The family of memory kernels satisfying Definition 5.1 is
@jit) =05+ agie ™ i j=1,2,  and  P(t) =05+ aze ", (21)

where o, 05, 4,7 = 1,2, B;, 1 =1,2,3, as, and d3 are positive real constants.

Proof. Taking into account that, under Definition 5.1, fi(s,t) = e #(!*=%) and choosing 7 and 7, jump
times of (N1, N2, N3), by (19), we have that

jilt =) — @it = 1) = e P [i(s — ) — (s — ).

Choosing again 7, = 7, — s + 1,

et —s+1—1) —put—s+1—7)=e P [p;(1— 1) — (1l — 7)),
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for all k, which allows us to deduce that there exist the constants cj;, f; and §;; € R, such that ¢j;(t)
assumes the form given in (21). Analogously, we are able to get the constants as, 85 and d3 € R. O

Corollary 5.5. Given f;(s,t) = e Pit=%) and the results achieved in Theorem 5./, immediately, we get that,
fori,j=1,2, v;(i,s,t) = 0;; [L — e P=9] and v(3,s,t) = d5 [1 — e P2 (t=9)].

Definition 5.1 is the fundamental tool to get the Markov property. Proposition 5.3 and Theorem 5.4
assert that the Hawkes processes that satisfies Definition 5.1 must necessarily have memory kernels with
the structure (21). This allows us to assure that the class of memory kernels of Hawkes processes satisfying
the Markov property cannot be larger than that having the structure given in (21). An analogous procedure

generalises this result to a finite number of Hawkes processes, Theorem 5.6

Theorem 5.6. The mutually exciting Hawkes processes and their intensity processes
(NU AL N2 N2 L N ™)

satisfy the Markov property if and only if the memory kernels assume the form given in (21).

Remark 5.7. Note that from Lima and Choi [16] and Hawkes [13] on the assumption that f0+oo pji(t) dt <1
and f0+oo P(t) dt < 1, we are assured that the corresponding processes will attain wide-sense stationary
behaviours. For the present model, these assumptions allow us to write that E[N(¢)] < 4(A\) V A3), for
i = 1,2, and E[A3(t)] < 2)A}. Note that, under Definition 5.1, namely in the Markov case, if we want
non-explosion of the processes, N', N2, and N3, we must assume that, for i,j = 1, 2,

dij =0, 03 =0, (22)
Otjl' S 51 and Qa3 S 53. (23)

5.1. Dynamical behaviour of the intensities

Under Definition 5.1, we are going to give the representations of the behaviours of A’ and &7, fori = 1, 2, 3.
Then, we write the infinitesimal generator for (N1, A, N2, A2, N3, \3), given by the mutually exciting Hawkes
processes, the self-exciting Hawkes process and their intensities.

Proposition 5.8. Under Definition 5.1, for i =1,2,3, we have that

AN'(t) = d&f = B; | D 6N (t=) = N () + N | dt+ Y audNi(t), i=1,2,

Jj=1,2 j=1,2

AN} (t) = d&} = B3 (03N3(t—) — N3(t) + A3) dt + azdN>(t).

Proof. Fix at > 0 and a positive n = N1(t)+ N2(t) + N3(t). For h small enough such that 7, <t <t+h <
Tn+1, by (17) and (18), we get that

AN(t) =d&f = Bi | D 6N () =& | =B | D 6N (@) = A+ |, i=12,
j=1,2 j=1,2

and

AN (t) = d&} = B3 (33N°(t) — &) = B3 (63N> () = A°(1) + X5) -
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By (15) a d (16), we get the claim by noting that, for : = 1,2,
AN (1) = dgi = > a;idN’(7,), and dA(r,) =d& = aszdN*(r,). O
j=1,2

Theorem 5.9. Under Definition 5.1, let ¢ := (n1,l1,n9,l2,n3,13). Let u; be the transition probability if an
increment for N', i = 1,2,3, takes place. For a suitable choice of F(C) (differentiable with respect to l;), a
representation for the generator G of the process (Nl, AL N2 A2 N3, )\3) 18 given by

Gr) = Y {W(c) FLF(C+ D) — F(O) uz-(o} (24)

i=1,2

+g3F(<) + l31n1+n2—n3>0 [F(C + ASC) - F(C)] M3(C)7

where, fori=1,2,

i i | 9F() IF(¢)
g F(C) — ﬂz j;Q 5jmj — l1 + )\0 6[2 3 gSF(C) = 53 (53”3 — l3 + )\g) 813 3
and
AIC = (1a i1, 07 a2, 07 O) ) AQC = (07 21, 17 22, 07 O) ’ A?)C = (07 Oa 07 Oa 1) 053) . (25)

Hence, (Nl, AL N2 A2 N3, )\3) is a Markov process which solves the Martingale problem for G, M gP(G).
The proof follows by standard procedure, see for instance Theorem 7.3 in Ethier and Kurtz [9].

Corollary 5.10. Under Definition 5.1 and the conditions given in Remark 5.7, the representation for
the generator G of the process (Nl,)\l,NQ,/\2,N3,)\3) given in Theorem 5.9 reduces to (2/), where

G'F() = B ()\6 —li) 8151(1-0, i = 1,2,3, and the sizes of the jumps are given by (25). Hence, again,

(Nl7 AL N2 X2 N3, )\3) is a Markov process which solves the Martingale problem for G, MgP(G).

6. Stability

Recall that, the population model introduced in Section 2 is a simple queueing process N(t), and its
size is given by N(t) = N1(t) + N2(t) — N3(t), a process having intensity A'(¢) + A\2(t) — A3(¢), and taking
non-negative integer values. This process {N(¢) : t > 0} is the continuous time interpolation of the discrete
time process {N(7,) : n > 0}. Before giving the proof of Theorem 8.1, some preliminaries are needed.

Lemma 6.1. Under Definition 5.1, which implies the Markov property of the system, and taking into account
the observations of Remark 5.7, we get ¢;;(t) = a;je P, fori,j = 1,2, and ¥(t) = aze™ %!, Fori = 1,2
and i # j, setting

Mo i — i A Y
A Za] =0. & R 70 700"2' B Za] =
(i,9) Bi Bi — Bj @ Bi (i.9)

AD Qui — QG0

Fj : Bi — /Bj ) (26)

and

C(’L?]) = >‘(Z) _A(Z’.]) - B(ia.j)v



R. Roy et al. / J. Math. Anal. Appl. 556 (2026) 130251 13

by Theorem 3.3 and Theorem 3.5, the expected number of births, the expected number of deaths and the
corresponding expected number of intensities reduce to

E[N(8)] = Ci, §) + A, 5)e %t + B(3, j)e P,

(27)
E[N' ()] = / EIN(s)] ds = C(i, )t + A(m)% " B(@j)l%f”,
g
ED ()] = A+ 21— e 3, (28)
E[N3(t)] = A3 <1 + ‘;z) £+ A3 (e Pat — 1)(%2.

Proof. Recalling that, in the general case,

BIN@)] =X [ [ lous ~ wstu) = puls = wiess(w] du ds
0 0

t

+AG + Aé/%i(S) ds +)\6/<Pji(3) ds,
0 0

substituting, successively we get that

pij (s — w)pji(u) — pii(s — w)pji(u) = ajjagieP2ePiP — agag e fiselimme,

and
[ uls = wiesu) = oils = wiw)] du
0
5, eBi—Bi)s _ 1 8 e(Bi—=Bj)s _q
= qj;a e 1 —————— —aya € ————————
7 Bj — Bi 7 Bi — B;
= Qi T Qi —pis | Qi) T Vi Qi —ps
Bj — Bi B — Bi
Therefore,

E[N ()] =X

{az‘j%‘i — iy s | Qi T QijQGi gy

B — Bi * B; — Bi ] s

o

t t
+)\6 + Aé/aiie_ﬁis ds + Aé/ajie_ﬁis ds
0 0

) ) Qi Qi — QuiiQlis ) 1 — e~ Bit Ui — Quiicrss 1 — e Bit
— )\’L + (}\’L (OZ + 13 1 JJ) +Aj()é> +>\Z 1] 1] . O
0 AN Bj — Bi om Bi O B -8 Bj

Note that in the Poisson case (a;; = 0 and a3 = 0), E[X(¢)] = A, for i = 1,2,3.




14 R. Roy et al. / J. Math. Anal. Appl. 556 (2026) 130251

Remark 6.2. The stability of the system (see Remark 3.6) implies that
EN ()] > EN' (8)] + EX*(1)),

and, in the general case, this condition is given by (12). In the Markov case, under the hypothesis of
Lemma 6.1, and under (22) (6;; =0, i,j = 1,2, and 03 = 0), the stability condition requires that

A3+ A3(1— e_ﬁst)% > O(1,2) + C(2,1) + [A(1L,2) + B(2,1)]e 1t + [A(2,1) + B(1, 2)]e"t,
3

where

A — A A2 A2 —
A1L,2) + B(2,1) = 20 @202 mamazy Ao o Ao, NG Q2201 — 01002
b1 b1 B2 — 1

_ (A§ + A9) (a12a21 — aras0) _ ANarr Nagg

B1(B1 — B2) 51 B’
_ ()‘(1) + )‘%)(0‘120421 — a11002) B A%agz B /\(1)a12
A(2,1)+ B(1,2) = 25— B) 5 5

C(1,2) + C(2,1) = A\ — A(1,2) — B(1,2) + A3 — A(2,1) — B(2,1)

(NS + A2 (12021 — arnage)  Ajair + Ndaz

=42
ot B1(B1 — B2) b1
(A A (azagr — aniaza) | Ajage + Aganz
B2(B2 — B1) B2 '

7. A virus-like evolving population

Recall that {7, : n > 0} is the set of jump times of (N', N2, N?), obtained by merging the jump times
of each N?, i = 1,2,3, where N! counts the number of births of the mutants, N? counts the number of
births of the non-mutants, and N3 counts the number of deaths. At 7y = 0, there is no individual at site 0.
Also, at 71, there is necessarily a birth of a mutant. At the jump time 7,,, n > 2, there is either a birth of a
mutant, a birth of a non-mutant or a death of an individual from the existing population.

In case of a birth, there are two possibilities: a mutant is born, which means that there exists a value
k such that 7, = ¢;, namely the n-th jump time of N corresponds to the k-th birth time of a mutant.
Its fitness parameter f is chosen uniformly at random from [0, 1]. Otherwise, a non mautant is born, which
means that there exists a value k such that 7,, = ti, namely the n-th jump time of N corresponds to the
k-th birth time of a non mutant individual. Its fitness parameter f is chosen with a probability proportional
to the number of individuals with fitness f among the entire population present at that time. Here we have
a caveat that, if there is no individual present at the time of birth, then the fitness of the individual is
sampled uniformly in [0, 1].

In case of a death, an individual from the population at the site closest to 0 is eliminated.

For a mutant, the fitness parameter cannot match, almost surely, any of the fitness parameters already
existing in the population. Here and henceforth, a site represents a fitness level. The total population at
time ¢ is divided in exactly l; sites x1,...,x;,, with the size of the population at site z; being exactly k.
To describe the partition of the population at time ¢, let X; = {(k,z;) : ki > 1,2, € [0,1],i = 1,...,1;}.
The couple (k¢,z;) belongs to the partition X; only if ki > 0. For example in Fig. 1, there is an empty
circle corresponding to the fitness parameter x5, which means that all the individuals belonging to that
specie have died by time t, therefore the couple (0,z5) ¢ X;. In case there is no individual present at
time ¢ in the entire population, we take X; = (. Hence, X; takes values on the state space X = {0} U

{{(k7x)}z€/\ : (kax) € N x [07 1]7 #A < OO}
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Fig. 1. A partition of the population at time ¢ is X¢ = {(1, z4), (4, z2), (2, 23), (3, z1)}.

For a given constant f € (0,1), at time ¢, let Lf(t) be the size of the population with fitness smaller
than f, and let R/ (t) denote the size of the population with fitness larger than f, respectively having the
representations given by

le

Ly
LI(t) == Z ki 1o.c0.0 Y (kisz)ex,s RI(t) = Z ki 1eie(r L oex, - (29)
i=1 i1

Clearly, L' (t) + R/ (t) := N(t) almost surely, where N(t) denotes the size of the entire population at time
t. The couple (L/(t), R/(t)) takes values on Z* x ZT, (Z*+ = N U{0}), and its dynamics is driven by
(N1, AL, N2 A2, N3 A\3). Hence, the model given by (L (t), R/(t)) admits jumps at times {7, },0, While,
between the jump times, it remains constant, i.e. (LY (¢), R/ (t)) = (L¥(7,), R (1,,)), for 7, <t < Ty

Assuming that the structure of the Hawkes processes (Nl, )\17N2,)\2,N3,)\3) is such that the model
(Lf (t), Rf (t)) satisfies the Markov property, (see Section 5), at each jump time the transition probabilities
are given by

1. If (L7(t), R7(t)) = (0,0)
(1,0) w.p. fAX(t)h + o(h)
(LIt +nh), R (t+ 1)) = (0,1) w.p. (1— f)N(t)h + o(h)
(0,0) w.p. o(h)
2. If (LY (t), R/ (t)) € {0} x N
(1, R7 (1)) w.p. fAY(t)h + o(h)
(LYt +h),RI(t+h)) =< (0,RF(t) + 1) wp. [(1— HHN(t) + N2(t)]h + o(h)
(0, R (t) — 1) w.p. X3(t)h + o(h)
3. If (LY (t), RY(t)) € N x {0}
(LT(t) + 1,0) w.p. [fAL(E) + A2(t)]h + o(h)
(LYt +h),RI(t+h)) =< (LI(t),1) w.p. (1= )N (t)h + o(h)
(LY (t) —1,0) w.p. X3(t)h + o(h)

4. If (LY (t), R/ (t)) e N x N

(L () + 1, RE (1) wp. (FAL(E) + A2(2) L”;;) h+ o(h)
(L7 (t+h), R (t+ 1)) = 8 (LI (), RY(£) + 1) wop. ((1— FAL(E) + A t)Rf“)h+o(h)
(L7 (1)~ LRI () wa. N¥(t)h + o(h).

8. Convergence results for a virus-like evolving population

Some convergence results for the model introduced in Section 7 are derived below.
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Theorem 8.1. Assuming that

foi= lim fo(t) := lim EN(1)]

exists, there is a phase transition at a critical fitness level f., in the sense that

o EN(®)]
1. In case ltlinﬁ&f EAL(t) + A2(1)]

p (hminfl{t €[0,7]: N(t) =0} >0

> 1, the probability that a birth happens is less likely than a death, then

=1, where [ is the Lebesque measure.
T—+00 T

2. In case f. <1 (*),  N(t) goes to infinity as t — oo, and most of the population is distributed at sites
in the interval [f., 1], in the sense that, for f > f.,

P(lim R(t) _ 1) =1 and P(liminfRfc(t)Rf(t) > 0) _

e N (1) B N

. E[N(t)]
3. In case liriligopm

population is concentrated at site near 1, in the sense that

< 1, but fo > 1, N(t) goes to infinity as t — oo, and most of the

. . R
P(Jm N@)=co)=1 and P <t15§o NG

:1> =1, fore>D0.
First we need some remarks and then some preliminaries in Lemma 8.5 and Lemma 8.7 below, successively,
we are able to prove Theorem 8.1.

Remark 8.2. Recall that in the model developed by Roy and Tanemura [17], f. := 1]);7,”, and a birth or a
death takes place at a discrete time point with probability p or 1 — p respectively; an individual is either a
mutant with probability p - r or an indi;/idual of one of the existing subspecies with probability p(1 —r).
- EN()]
In the present paper, f. := tl}gloo ED(D)]
a Hawkes process with intensity A\ (t) +A2(t) or A3(¢), respectively; at birth an individual is either a mutant
with intensity A!(¢) or an individual of one of the existing subspecies with intensity A\?(t).

,and a birth or a death takes place at continuous time, following

Remark 8.3. When the mean birth rate, E[A}(#) + A?(t)], is less than the mean death rate, E[A\3(¢)], this
means that lim; % > 1, then for n big enough, {N(7,) : n > 0} is equivalent to a random
walk on Z% with non-positive drift and reflection at 0. Thus, N(7,) returns to 0 infinitely often with
probability 1.

When the mean birth rate, E[A!(#)+\2(t)], is greater than the mean death rate, E[A3(¢)], {N(7,) : n > 0}
is equivalent to a random walk on Z™ with positive drift and, N(7,) — oo as n — oo with probability
1.

Then, we have to study the situation in which E[A}(t) + A2(t)] > E[A3(t)].

 #{s<[0,f]:(k,s) € Xy, for somek > 1}

Corollary 8.4. Let Fi(f) = #{s€0,1]: (k,s) € Xy, for some k > 1}

max{f — fe,0}
1- fc

be the empirical distribution of sites

att. If fo <1, Fy(f) — uniformly a.s.

1 (*) Since E[A%(t)] > 0, the condition f. := lim; o, % < 1, obviously, implies that limsup,_, % <1.
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When the processes attain a wide-sense stationary behaviours, which implies the conditions given in (22)
and (23), f. assumes a closed form expression as given in (31) below.

Lemma 8.5. Recalling (26), (27) and (28), and assuming the existence of f., as defined in (30), under the
conditions (22), Remark 5.7, namely, 6;; =0, i,j = 1,2, and 5 = 0, Equation (30) turns to be

E[N(t)]
t4r50 E[NL(1)]

fei=

. MN+M1-e B3t)g3
3% C(1,2) + A(1, 2)e A1t 1 B(1,2)e Pt
Ao (s + B3) 8152

= . 31
[A3B162 — A (11 an — agzant) + Ba(Ajar1 + A3awr)] Bs (31)

Furthermore, assuming also the conditions (23) set in Remark 5.7, namely a;; < B;, 4,5 = 1,2, and ag < B3,

A3 /\3
we have that m S fc S
Remark 8.6. As a special case, assuming that «;; = as = «, constant, and 3; = f, for all ¢, j, then

fo =28 (M + A5 )_1< Ay
¢ Oa+p = N

Lemma 8.7. Under all the assumptions made so far, by the markovianity of the model, taking into account
that f. is given by (31), we get that

1. If f. < 1, we have to consider two situations
(a) For f < f. and for any n € (0,1), then

Lf
P(EIT>O:p{:N((:))§77,WZT>1, and (32)
P (Lf(Tn) = 0 infinitely often) = 1. (33)
(b) For f > f., then
P (Lf(Tn) = 0 infinitely often) = 0. (34)

2. If fo > 1, then
(a) For f <1 and for n € (0,1), since f € (0,1), we have (32) and (33),
(b) For f =1 we have (34).

Proof. The idea of the proof is to prove 1. and 2. together. To this end, note that choosing f < f. A1,
we have that R/ (¢) is much larger than L7(¢). Hence, the main tool is to study a Markov chain, which is
a modification of that given in Section 7 and constructed as follows. This is a procedure which is along
the lines of that used in Roy and Tanemura [17] in the discrete case. Given ¢ € [0, 1], we construct a

modified Markov chain (L,{ (¢), R! (6)), which admits jumps at times {7, }n~0, while, between the jump

times, remains constant, i.e. (L{(e),R{(e)) = (LI (e), R{ (e€)) for 7, <t < 741, and such that at each
jump time the stationary transition probabilities are given by
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1.1t (L{(e),R{(e)) = (0,0)

(1,0) wp. f(AY(t) + A%(t)) h+ o(h)
(L{+h( ); Rz{+h(€)) =9 (0,1) wp. (1= f) (N'(t) +A2()) h + o(h)
(0,0) w.p. o(h)

2.1 (L{ (), Rl (e)) € {0} x N

1,R{(e)) w.p. AL )R + o(h)
(L{+h(e),R{+h(e)> = (0,RI(e) +1) wp. (1= FALE) + X\2()) h + o(h)
0,R (€) — 1) w.p. X3(t)h + o(h)

3.1 (L (), Rl (e)) € N x {0}

Li(e) +1,o) w.p. (FALE) + N2(1)) b+ o(h)
(@ REa0) =3 (L@©.1)  wap (1= DA OB+ o(h)
Li(e) — 1,0) w.p. N () + o(h)

4T (L{(e),R{(e)) eNxN

LI(e) + 1, Rl (€)) w.p. (FAL(t) +eX2(t)) h+ o(h)
(L@, BREA©) = (L0, RE© +1) wop. (1= HA (@) + (1= N (1)) h+ ()
1) = 1L, RI()) wp. N(O)h + olh).

The difference between this Markov chain ar}d that glven in Section 7 is in the definition of the step 4, since
with e, and R (1) _ NO-LI0) _ g LT®) with 1 — ¢, For e, € € [0,1], we have that

s
we replace L)

N(t) N() —  N() N(t)
Li(e) <L{(¢) and RI(e)<RI(¢) fore<é and t>0. (35)
Given Lf(t), Rf(t) and N(t) as in Section 7, Equations (29), N(t) = Lf(t) + R/ (t). Taking L! (¢), R (¢)
and Ny (e) as above, and choosing p; := ?Vf—((tt)), we get
LIt +n) =Ll el),  RI(+h) =R, (), (36)

Ny(e) := L{(e) + Rl (e) = N(t), L{(0)<L{ <L{(1), R[(1) <R <R[ 0)

Setting, as usual, AL{ (€) = L{ (¢) — LI_(€) and AN,(€) = Ny(€) — Ny_(¢), and recalling that the number of
jumps of the chain until time ¢ is N} (€) + N?(e) + N3 (¢), by the Law of Large Numbers, we get that

i TR T~ [2400)

oo N}(e) + NZ(e) + N3(e)
+

ANair - Adag Nags  Ajaas as Q11022 — Q201
— A 2234 <°—+0—) e<°—+ 0 )—)\3—— AL 4 enz) Q11022 T Q120
o o= X+ S B1 B1 B2 Ba 03, (o ) B1B2

and
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. Nt(E) BT
BN+ Ve + Wi PIAN)

A} A3 A3 A —
:/\(1)+)\3_)\8+< oo oa21> +< ooz oa12> _)\35 (AL A7) 21022 — 01201

B1 b1 B2 B B152
almost surely. Thus, setting A; := lim;_, o E[X (¢)], for i = 1,2, 3, and pf(e) = ]L\Z{Eg,
Li() FEN'(B)] + E[N(8)] — E[N (1)) AL —As €Ay
li = i L= = .
Jim pf(€) = lim N6 % EN(D] +EP2)] —EP3()] A+ As—As | Ar+As— Ay (37)
Let us introduce the linear function h(z) := A{ﬁ}\;ﬁis + A1+£§7A3 x. Since, for 4,7 = 1,2, and j # 1,

A =N+ <% + %) — )\(’)W, and Az = A3+ Ag%, without loss of generality, for the present
2 J Clag)

model we assume that A; > 0, for ¢ = 1,2,3, and by the stability condition in the Markov case, we have
that A; + As — Az > 0. Hence h(z) is an increasing line, and recalling that f € (0,1), for A; < As,

fA1 — A3
h =" h(l) :=
(0) A1—&-A2—A3<O7 (1)

fAL —As Ao

+ < 1.
A +Ay—As A +Ay— A3

Hence, there exists a real § > 0 such that h(z + J) < =z, for all € [0,1]. Setting H(e,J)

{w 3T = T(w) : Yt > T, pl () < h(e—i—é)}, by (37), for all €8 € (0,1], lim p{(e) = h(e) < h(e + 9),
— 00

which implies that

P (H(e,0)) = 1. (38)

Thus, for €. > 0, such that h(e. + §) = 0, since h(z) is an increasing line, for € < €., h(e + ) < h(e. +

0) = n. But the sequence defined by x,11 := h(z, + §), is a decreasing sequence, since z,1 = h(z, +
0) < xp, for x, € [0,1]. This means that lim, ,. z, = h(0) = A{ﬁk—;\ig < 0. Setting h(k,z + 0) :=

h (27%([2kz] + 1) 4 6), for k € N, big enough, there exists n, € N such that the sequence
hn = hn(k,146) := h(k,hn_1 + ) <, n > ne. (39)

Taking into account that by (35) and (36), pf(e) 2 pl(¢) for € > ¢, and p/ < pl(1), for all
w € Npen H(m27%, ), there exists Ty (w), such that, pf [w] < {( 1w] < h(k,146), for all t > T} (w), and
there exists T (w) > Ty (w), such that, for all t > Ty (w), p! [w] < pf (h(k, 14 6)) [w] < b (k, h(k, 1+ 8) + 6) =
ho(k,1 + 9). Repeating this procedure, we get that, for any ! € N, there exists T;(w) such that
pllw] < hy(k,1+ 6), for all t > Tj(w). From (39), we have that pf[w] < 5, for all ¢ > T, (w). Since
P (ﬂmeNH(mZ_k, 5)) =1, from (38), we have that tliglo pf [w] < 7, a.s., and the condition given in (32) is

proven. For the condition (33), L{ is the continuous time interpolation of LJTcn, and that L{n is recurrent for

f</fe— %6
Hence, for f < f. A1, this condition holds for € small enough, which implies that Lfﬂ = 0 infinitely often
with probability 1.

To prove (34), let f. < 1, and note that, at ¢, the number of sites in [0, f], is less than LZ(O), and that
when f > f., the number of sites in [0, f] cannot be null with positive probability. This completes the proof
of part 1 point b of Lemma 8.7. The proof of part 2 point b of Lemma 8.7 follows since, for 1 < f. < %,
the observation given in Remark 6.2 assures that N; — oo as t — oo with probability 1. O
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Summing up, for the proof of Theorem 8.1, first, taking into account the closed form expressions obtained
for E[A¢(t)], i = 1,2, 3, under the Markov property and the wide-sense stationary behaviours, we have that:
Theorem 8.1.1 is obtained analogously to queueing theory with mean arrival rates less than mean service
rates.

For Theorem 8.1.2, the first statement is derived by Lemma 8.7.1.b and Lemma 8.7.2.b., while the second
statement is derived taking into account that, considering A!(t), the birth rate of mutants, the limiting
expected number of them with a fitness between (a,b), with f. < a < b < 1, is AL(¢)(b — a). Thus, by the
Strong Law of Large Numbers,

a _ pb _
liminfR (t) - F°(t) > b—a a.s..

t—o0 N(t) T 1-f.

Theorem 8.1.3 is derived by Lemma 8.7.2. Finally, since the sites are independently and uniformly distributed
in [0, 1], Corollary 8.4 follows from Lemma 8.7.
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Appendix A. Proofs
A.1. Proof of Theorem 3.5

Remark 8.8. Recall that, any non-negative JF;-progressively measurable process A(t) is called F;-intensity
of a counting process N (t), provided that, for all s, ¢, with 0 < s < ¢, E [N (s, t]|Fs] = [N(t) N(s)|Fs] =
E {f: )\(u)du|]:s}. This implies that, for N(0) = 0, E[N(¢)] = E [fo du} = fo u)] du, and that
dE [N(t)] = E [A(t)] dt, since

t+h

dE[N(1)] = lim %E [N(t+h) = N(t)]dt = lim %]E / Auw)du | dt
1 t+h
= lim / E [Mu)] du dt = lim E[A(t + o(k))] dt = E[A()] dt.

t

Proof. of Theorem 3.3. Let yi = E[\'(¢)], with y§ = E[X(0)] = Aj. By the ODE given in (8) we have
(yi) = D12 (fot @it —u) J du + tpji(O)yg). Taking the Laplace Transform on both sides, and setting as
usual Yi(s) = L(yi)(s) = fooo e~ Styidt, for the LHS (left hand side) we get that £((y:)')(s) = sY(s) —yi =
sY"(s) — Ay For the RHS (right hand side), we have successively

t

S| [ ete - wwidu+ 0 | | 0

7j=1,2 0
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= D [(5L0psu())(5) = 93i(0)) Y/ () + 0a(0)Y(5)] = s > Lpsi(t))(s)Y7(s)-
Jj=1,2 j=1,2

Hence, we get the system

sY(s) = Ay = sL(e11(1) ()Y (5) + sL( 021 (1)) (s)Y>(s)
sY?(s) = A5 = sL(212(1)) ()Y (5) + sL(022(1))(s)Y>(s)

and by Cramer’s rule, immediately we get, for i = 1,2, j = 1,2 and j # 1,

1 AIL = L (8)($)] + M L5 (1)) (5)
t

Yi(s) =~ - 0 )
s [1= L)) ()] = L{pj; (1)) ()] = L{ij () () L;i(t)) ()

which implies that

Yi(s) {1 = Lpii(6))(5) = L{; (1)) (5) + L{21i())(5) L5 (t))(5)
—L(pi; (1)) () L5 (1)) (5)}

=\ ; — = L(%J(t))( )+ A= E(‘Pji(t))(s)'

Recalling that, as well known, L(f(¢))(s)L(g(t))(s) = L (f(f ft—u)g(u) du) (s), and that £(1)(s) = 1/s,
taking the inverse Laplace Transform of LHS, we get

t

LY LHS) = yi — / Yio [w(v) + j;(v)
0

+ / (i3 (0 — ))p35(1t) — i (v — w)ipy5 ()] ] dv.
0

While, taking the inverse Laplace Transform of RHS, we get

t t

£ RHS) = X=X [ o) do N [ osto) do

0 0

Hence,

0
t t

+A6 — A3/<ij(v)dv + A%/%‘z‘(v) dv,

0 0

t
yi :/yi_v [‘Pm + pjj(v "’/ pij (v —u))pji(u) — pii(v —u)pj;(u)] du:| dv
0

by taking the derivative of both sides and given the initial condition yj = A}

t

()" =X {%(t) + / [pij (= w)pji(u) = ii(t — u)pj;(u)] dUI + Xopsi(t)-

0

By a standard procedure to solve this Cauchy Problem, we get the required result. 0O
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A.2. Proof of Theorem 3.5

Proof. Let y; = E[N3(¢)] and, yo = E[X3(0)] = A\3. Then (9) becomes

t

Yy = /w/(f — w)yyudu + (0)y:.

0

Analogously to the proof of Theorem 3.3, taking the Laplace Transform on both sides, and setting as usual

Y(s) = L(ye)(s) = [~ e *'ydt, for the LHS we get L((y))(s) = sY (s) — yo, and for the RHS we get

c / Wt — wygadu + GOy | (5) = sLED) ()Y (5).
0

1
Therefore, Y(s) (1 — L(1(t))(s)) = yo— and taking the inverse Laplace Transform, we get that y; —
s
L1 (L (fg Yo (V) dv)) = 7. Hence, y; = fot Yo (v) dv + o, and after differentiating both sides,
we get dE[X’(t)] = () = yot(t). O
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