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Abstract
This paper studies the non-stationary marked Hawkes processes in which the base intensity
function is time-dependent and the kernel function is governed by an external random factor
called “mark”. The marks are assumed to be determined by random events occurrence over
time resulting in a non-identical distribution. These facts introduce two kinds of difficulties:
one from the absence of the i.i.d. (independent and identical distributed) and the other is from
the non-stationarity. In this framework, an asymptotic regime, often referred to as the high
intensity regime, is considered, under which the intensity increases with time. This can be
obtained by multiplying the time parameter by nα , for some α > 0. Under the high intensity
regime, the functional law of large numbers and the functional central limit theorem are
established. The rescaled (centered and normalized) marked Hawkes process is proved to
converge in distribution to a Gaussian process, which is the accumulation of Gaussian noise
and a diffusion process. In addition, a shot-noise process is studied, and the functional Limit
Theorems under appropriate hypotheses are established.

Keywords Marked Hawkes processes · Non-stationary high-intensity regime · Functional
central limit theorems · Martingale measure · Shot noise process

1 Introduction

A point process is a well-known mathematical model in which a large section of research
on point processes has been developed on the Poisson process and its natural extension,
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the non-homogeneous Poisson process, which are suitable for scenarios where the inter-
occurrence times are independent. However, many practical phenomena exhibit correlated
inter-occurrence times or burstiness in the associated point processes. One way to capture
such burstiness or auto-correlation is to incorporate random features within the intensity
processes.On this account, a special class of point process, called theMarkov-modulatedPois-
son processes (or Markov-modulated non-homogeneous Poisson processes [23]), is widely
applicable in various mathematical models, such as telecommunications systems, queueing
systems, mathematical biology, weather modeling and data traffic areas due to its ability to
capture dynamic behaviour. Nevertheless, in many real-life phenomena, the occurrence of
one event makes the occurrence of the next event more likely to follow in quick succession,
resulting in clusters in the sequence of events of arrivals. As a result, this type of phenomenon
can be better modeled using variables that are not memory-less, allowing occurrences to have
an impact on subsequent events and resulting in an increment of dependence. A very spe-
cial class of point processes introduced by [13] is a suitable example of point processes,
where the intensity is determined by the entire history, effectively capturing auto-correlation,
over-dispersion, and clustering effects in the counting processes. In the literature, these self-
exciting processes are named after Hawkes and are referred to as the Hawkes processes,
which have wide-ranging applications in finance [2, 8, 15] and queueing systems [9, 11].

Hawkes processes are characterized through the intensity process formulation, which is
derived by a base intensity function and a kernel with respect to the elapsed time of the
events (see [13, 14]). Since the dynamic structure of the intensity process is determined by
the entire history of the past random events, the process is called self-exciting. Consequently,
the higher the intensity, the higher the possibility of occurrence. However, in many studies,
the kernel or the self-exciting function in the formulation of the intensity process may be
governed by an exogenous random process, characterized as “marks” corresponding to each
random event (see [5, 6, 16], and the references therein). This point process is called marked
Hawkes process. In these aforementioned studies, the marks are assumed to be independent
and identically distributed (i.i.d.). However, the statistical evidence presented in [21] suggests
that themarksmight be correlated or that their dynamics might be influenced by the evolution
of the associated random times. The focus of this paper is to study themarkedHawkes process
in which the marks sequence does not follow the ideal i.i.d. property, since their dynamics
are highly influenced by the associated random occurrence times, and their mark distribution
is governed by the evolution of these random occurrence times. Recently, a study by [19] on
the marked Hawkes process considered a partly similar problem and characterizes it through
the immigration–birth (branching) representation.

We consider a marked Hawkes process {NmH (t), t ≥ 0} with intensity process
{λmH (t), t ≥ 0} defined by

λmH (t) := μmH (t) +
NmH (t)∑

i=1

φ(t − τi , ηi (τi )), t ≥ 0, (1.1)

where {τi , i ∈ N} is a sequence of random occurrence times, and {ηi (τi ), i ∈ N} is the
corresponding mark sequence determined by the time epoch τi taking the values from a
measurable space (E,BE ). For every i ∈ N, the conditional distribution of ηi (τi ) is given by

P
(
ηi (τi ) ∈ A|τi = s, τ j , j ≤ i

) = πs(A), A ∈ BE , s ∈ R+. (1.2)

The deterministic function μmH (.) : R+ → R+ in the representation (1.1) is often referred
to as the base intensity function and the kernel φ(., .) : R × E → R+ as the self-exciting
function. The non-stationary behaviour appears in the formulation of the marked Hawkes
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process due to its non-stationary base intensity function μmH (.) and the time-dependent
distribution function πt (.) for the mark sequence {ηi (.), i ∈ N}. By the construction of
(1.1), we observe that the marked Hawkes process {NmH (t), t ≥ 0} (even the Hawkes
process) does not have the Markov property. But, in particular, if the kernel assumes an
exponential form, i.e., μmH (.) = a + e−γ t (μmH

0 − a) and φ(t, z) = be−γ t for some a > 0,
μmH
0 > 0, and b ≥ 0, γ ≥ 0, the process {NmH (t), t ≥ 0} does not satisfy the Markov

property but togetherwith the intensity process {λmH (t), t ≥ 0}, namely, the two-dimensional
random process {(NmH (t), λmH (t)), t ≥ 0} can be proved to satisfy the Markov property.
Moreover, we point out that we generalize the marked point process study into the higher
step, where the mark sequence {ηi (.), i ∈ N} no longer follows the i.i.d. property and their
distribution is determined by the random occurrence time. Considering the self-exciting
function φ(., .) under the general framework in the representation (1.1) (exponential as well
as non-exponential), our study covers a significant large domain in the literature of the
marked Hawkes process (Markov as well as non-Markov). In addition, excluding the mark
dependency in the kernel formation φ(., .) in (1.1), the marked Hawkes process becomes a
simple Hawkes process as discussed in Sect. 2.

We particularly focus on the limiting study of the marked Hawkes process under a certain
asymptotic regime, where the intensity becomes larger and larger as the time parameter grows
towards infinity. We consider a sequence of marked Hawkes processes {NmH

n (t), t ≥ 0} by
indexing the scaling parameter n ∈ N along with the intensity process {λmH

n (t), t ≥ 0}.
We assume that the stochastic evolution of the intensity entity is described by λmH

n (t) =
λmH (nαt) for all t ≥ 0, for some α > 0, which immediately results the cumulative intensity∫ nα t
0 λmH (s) ds = O(nα) approaching to ∞ as n → ∞. As a consequence, we refer to
this particular asymptotic regime as high-intensity asymptotic regime, which is significantly
different from the conventional asymptotic regime used in the limit study of the Hawkes
process as well marked Hawkes processes. Under the multi-scaling high-intensity regime,
we establish the functional law of large numbers and the functional central limit theorem for
the scaled marked Hawkes process along with the cumulative intensity process. In particular,

to derive the functional law of large numbers, we rescale NmH
n (t) by NmH

n (t)
nα , and accordingly

we show in Theorem 3.2 that the rescaled process converges in distribution to a deterministic

process {NmH
(t), t ≥ 0} as n → ∞ for any α > 0. Here, the resulting dynamics of the

limit {NmH
(t), t ≥ 0} is determined by the base intensity and the kernel or the self-exciting

functions (more appropriately resolvent kernel). Knowing the deterministic convergence
from Theorem 3.2, we define the diffusion scaled version for marked Hawkes processes,
denoted by {N̂mH

n (t), t ≥ 0}. We establish the functional central limit theorem in Theorem
3.5 under the multi-scaling high-intensity regime by proving the weak convergence of the
diffusion scaled process {N̂mH

n (t), t ≥ 0} to a Gaussian process {N̂mH (t), t ≥ 0} as n →
∞, which is accumulation by the Gaussian noise {W(t), t ≥ 0} and the diffusion process
{B̂mH (t), t ≥ 0}. Here the diffusion approximation {B̂mH (t), t ≥ 0} associated with the
Gaussian process {B(t), t ≥ 0} (see Proposition 3.3) results from the functional central limit
theorem for cumulative intensity process (see Theorem 3.4) inside the high-intensity regime.
Recall that, under the multi-scaling asymptotic regime, the range of diffusion scale parameter
δ plays a crucial role in establishing the functional central limit theorem, since, this is entirely
determined by the scaling parameter α, whereas inside the conventional limiting regime δ is
often considered to be 1/2.

The high-intensity regime presented in this article is built on a generalized asymptotic
framework applicable to large classes of self-exciting functions. Henceforth, our proposed

123



  123 Page 4 of 39 A. Sen et al.

convergence results are widely applicable to more advanced and general frameworks com-
plementing the existing limiting results. If we restrict ourselves to a special case assuming
{ηi (.), i ∈ N} i.i.d., our limiting results recover the functional central limit theorem for
marked (i.i.d.) Hawkes processes, established in [16] (see Remarks 3.5 and 3.7). Moreover,
if the kernel φ(., .) does not depend on the marks, our functional limit theorem can be gener-
alized into multi-dimensional case obtaining the same results presented by [1] (see Remarks
3.6 and 3.8). Earlier, [12] studied the functional central limit theorem for simple Hawkes pro-
cesses in a Markovian framework, considering an exponential self-exciting function under
the assumption that the base (initial) intensity function is of O(n) and generating the high-
intensity regime for large n. Recently, [19] studied the functional central limit theorem for
non-stationary marked Hawkes processes under the high intensity asymptotic regime, adapt-
ing immigration–birth branching representation. However, the asymptotic regime considered
by [19] is different from our present work, and therefore the limit process is different from
our proposed limiting theorems. Finally, we analyze the marked Hawkes process formulated
in terms of a multi-scaled high intensity asymptotic framework.

In addition, we formulate a shot noise process {YmH
n (t), t ≥ 0} generated from themarked

Hawkesmeasure NmH
n (ds, dz), which is an additive functional process determined by a given

kernel function θn(t, z) (exponential or non-exponential). Under suitable assumptions, we
derive the functional law of large numbers and functional central limit theorem for the shot
noise process {YmH

n (t), t ≥ 0} within the multi-scaling high intensity regime in Sect. 4.
Similar to the limiting processes for the marked Hawkes processes, the functional law of
large numbers results in a deterministic process determined by the initial base intensity func-
tion and the self-exciting function. While the limiting process resulting from the functional
central limit theorem is a sum of the Gaussian noise {Wθ (t), t ≥ 0} and diffusion process
{B̂mH (t), t ≥ 0} associated with the deterministic convergence of the kernel function.

Our main contribution is in establishing the functional limit theorems for the marked
Hawkes process along with the intensity process inside the proposed high intensity multi-
scaling regime under a non-stationary framework. The main key challenge lies in proving
the functional law of large numbers and the functional central limit theorem as the marked
sequence in the formulation ofmarkedHawkes process no longer follows the ideal i.i.d. prop-
erty under the non-stationary framework. Moreover, the incorporation of time-dependency
(non-stationary features) inside the marked sequence, and their distribution, makes the lim-
iting study significantly challenging, taking into account that conventional methodologies to
prove the limiting theorems will not hold anymore. The time dependence of both the mark
distributions and the excitation mechanism necessitates a refined analysis of the interactions
among the arrival dynamics, mark scaling, kernel concentration, and intensity fluctuations.

The exponents α and β provide a joint time-mark scaling framework for the marked
Hawkes process. The parameter α(> 0) determines the temporal acceleration, while β(≥ 0)
determines the scaling of the marks and the asymptotic region of the mark-dependent ker-
nel. The conventional linear time scaling is recovered by substituting α = 1. The main
contribution is not merely the formal replacement of n by nα or of z by nβ z. Rather, the
framework allows the event frequency, mark magnitude, kernel concentration, fluid normal-
ization, and diffusion fluctuations to evolve at different polynomial rates under a common
asymptotic parameter. However, its value alone does not determine which scaling dominates
but controls the magnitude of the temporal decay and mark dependence of the kernel.

The methodology we adapted is relying on the martingale construction of the point pro-
cess, which is highly inspired by [4]. Firstly, we represent the intensity formulation (1.1)
in terms of stochastic integral equation with respect to a Poisson measure defined on an
extended probability space, as discussed in Sect. 2. Under the non-stationary framework, this
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stochastic integral representation of the intensity process falls in the category of stochastic
linear Volterra integral equation with non-convoluted kernel function. Therefore, we need to
show the existence of the solution representing the intensity, which is ensured by Becker’s
form of resolvent (see [7]). The existence of Burton’s resolvent kernel is ensured by suitable
assumptions on the given kernel function, which provides a tractable representation, which
makes the asymptotic analysis comparatively easier. In particular, we adapt the martingale
central limit theorem presented in [10] to establish the requisite convergences in the present
study. Earlier, [19] established the functional limit theorem for the marked Hawkes process
under a similar framework, which relies on establishing the finite-dimensional convergence
and tightness criterion. Nevertheless, [19] has a relatively complex methodology that differs
from that of our current martingale approach. Adapting the proposed methodology has the
advantage of being able to establish the limit theorems under stationary frameworks or with
i.i.d. mark sequences or by using only simple Hawkes processes without marks.

The rest of this paper is organized as follows. Themarked Hawkes process and the marked
Hawkes measure along with the preliminaries are defined in Sect. 2. In Sect. 3 the proposed
high-intensity asymptotic regime and the main limit theorems of the present article are intro-
duced. The proofs of the limit theorems are presented in detail in Sect. 4. The paper is
concluded with future work in Sect. 5.

1.1 Notation

Let (A, d) be a metric space with metric d , and BA be the Borel sigma algebra on A. Let
C (E,A) denote the space of allA-valued continuous functions defined on E . LetCb (E,A) be
the subset of bounded functions inC (E,A), andCc ([0,∞),A) be the subspace ofC (E,A)

which has compact support. Given a metric space (A, d), D (E,A) denotes the space of
all right-continuous A-valued functions on E with left limits (space of all A-valued càdlàg
functions). In literature, the space D (E,A) is often referred to as Skorokhod space. The
Skorokhod space D (E,A) is endowed with the Skorokhod J1 topology, which is induced
by the Skorokhod metric. In particular, when A = R and E = R, given f ∈ C (E,A),
we denote || f ||T = sup0≤t≤T | f (t)|, for every T > 0. Also, if E = R, we denote the
norm || f ||A = supx∈A | f (x)|. For two-parameter function, if f ∈ C(E × A,E), then
|| f (., .)||T ,A = sup0≤t≤T

x∈A
| f (t, x)|. For a sequence {Xn, n ∈ N} of stochastic processes with

trajectories inD (E,A), we say that Xn converges in distribution to X inD (E,A) embedded
with the Skorokhod J1 topology, as n → ∞. The notion of convergence in distribution is
defined in standard way (see [3, 10]).

2 Marked HawkesMeasure andMarked Hawkes Process

Let (�,F ,P) be a probability space embedded with the filtration F = {F (t), t ≥ 0}. Let
{τi , i ∈ N} be a sequence of F -adapted, non-decreasing random times defined on [0,∞).
Define {ηi , i ∈ N}, the mark sequence such that

P
(
ηi (τi ) ∈ A|τi = s, τ j , j ≤ i

) = πs(A), A ∈ BE , s ∈ R+.

Here we assume that the mark ηi (.) only dependent on the random time τi and that are
independent of the remaining time epochs τ j , for j < i .
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Let the random sequence {τi , i ∈ N} and {ηi (τi ), i ∈ N} be the F -adapted marked point
measure NmH (dt, dz) given by

NmH (dt, dz) :=
∑

i∈N
1(τi ∈ dt, ηi (τi ) ∈ dz). (2.1)

Themarked point measure NmH (dt, dz) is a transitionmeasure (�,F ) into (R+×E,BR+ ⊗
BE ), which is σ -finite if and only if the sequence {τi , i ∈ N} isF -non-explosive. The point
process {NmH (t), t ≥ 0} embedding the marked point measure NmH (dt, dz) is said to be
E-marked point process if

NmH (t) := NmH ((0, t], E), t ≥ 0.

Definition 2.1 Let λmH (.) be given by

λmH (t) := μmH (t) +
NmH (t)∑

i=1

φ (t − τi , ηi (τi )) , t ≥ 0,

where μmH : R+ → R+ is a locally integrable deterministic function and the kernel φ(., .) :
R+ × E → R+ is a BR+ ⊗ BE -measurable function. For each t ≥ 0, if the E-marked
point process NmH (t) admitsF -intensity λmH (t), we say that {NmH (t), t ≥ 0} is a marked
Hawkes process. The functionμmH (.) is often referred to as baseline intensity, and the kernel
φ(., .) is called as the exciting function.

Definition 2.2 Let NmH (dt, dz) be the E-marked Hawkes measure defined on (R+ ×
E,BR+ ⊗BE ). Suppose for eachA ∈ BE , {NmH ((0, t],A), t ≥ 0} admits theF -intensity
process {λmH (t)πt (A), t ≥ 0}, whereπt (A) is a transitionmeasure from (�×R+,F⊗BR+)

into (E,BE ). Then NmH (dt, dz) admits the intensity measure λmH (t−)πt (dz) dt .

The intensity process {λmH (t), t ≥ 0} is assumed to be non-negative, locally integrable and
absolutely continuouswith respect to theLebesguemeasure. The intensity entity t �→ λmH (t)
is characterized by the infinitesimal relation

P

(
NmH (t + dt) − NmH (t) 	= 0|F (t)

)
= λmH (t) dt + o(dt).

Now, we recall some well known definitions as a remarked of the main Definition 2.2 as
follows.

Point Process: If the state space E contains a single point, then the process {N p(t), t ≥ 0}
associated with the point measure

N P ((0, t]) =
∑

i∈N
1(τi ≤ t), t ≥ 0,

becomes the point process, where N p(t) = N p((0, t]), for all t ≥ 0.

Hawkes Process: If the kernel φ(t, z) = G(t) for some BR+ -measurable function G :
R+ → R+, for every z ∈ E , then we characterize the point process {NH (t), t ≥ 0} as a
Hawkes process (instead of marked Hawkes process) with intensity process {λH (t), t ≥ 0}
with

λH (t) = μH (t) +
NH (t)∑

i=1

G(t − τi ), t ≥ 0.
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Multivariate Hawkes Process: If the E = {z1, z2, . . . , zK }, then we define

N j (t) =
∑

i∈N
1(τi ≤ t, ηi = z j ), t ≥ 0, j = 1, 2, . . . K ,

and the process {(N1(t), N2(t), . . . , NK (t)), t ≥ 0} is a multi-variate Hawkes process with
intensity process

λ j (t) = μ j (t) +
N j (t)∑

i=1

Hi j (t − τi ), j = 1, 2, . . . , K ,

where φ(t − τi , z j ) = Hi j (t − τi ).

2.1 Martingale Representation of Marked Hawkes Process

Let FmH (t) := σ(NmH ((0, s],A), s ≤ t,A ∈ BE ), and let {FmH (t), t ≥ 0} be the
associated right-continuous filtration. Let {F (t), t ≥ 0} be another filtration such that
FmH (t) ⊂ F (t), for each t ≥ 0.

Given aBR+ ⊗BE -measurableF -predictable E -marked process {C(t, z), t ≥ 0, z ∈ E},
by the stochastic integral representation we get that

∫ ∞

0

∫

E
C(s, z)NmH (ds, dz) =

∑

i∈N
C(τi , ηi (τi ))1(τi ≤ ∞). (2.2)

Due to conditional independence property of themarked sequence {ηi (τi ), i ∈ N} by the time
sequence {τi , i ∈ N}, the intensity measure of the marked Hawkes measure NmH (dt, dz),
(2.1), is given by λmH (t−)πt (dz) dt , which is equivalent to say that for everyF -predictable
E-marked process C ,

E

(∫ t

0

∫

E
C(s, z)NmH (ds, dz)

)
= E

(∫ t

0

∫

E
C(s, z)λmH (s)πs(dz) ds

)
.

Therefore, the integral representation with respect to marked Hawkes measure NmH (dt, dz)
given by (2.2) leads to the integral representations

λmH (t) = μmH (t) +
∫ t

0

∫

E
φ(t − s, z)NmH (ds, dz), (2.3)

and its compensated measure is given by

MmH (dt, dz) := NmH (dt, dz) − λmH (t)πt (dz) dt . (2.4)

The integral process with respect to the compensated marked measure defined by

ImH
C (t) :=

∫ t

0

∫

E
C(s, z)MmH (ds, dz), t ≥ 0,

and the next lemma, associated with ImH
C (t) yields the useful martingale characterization in

virtue of [4].

Lemma 2.1 Let NmH (dt, dz) be a marked Hawkes measure with F -intensity measure
λmH (t−)πt (dz) dt . Given a BR+ ⊗ BE -measurable F -predictable E-marked process
{C(t, z), t ≥ 0, z ∈ E}, if

∫ t

0

∫

E
|C(s, z)|λmH (s)πs(dz) ds < ∞, P − a.s., (2.5)
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then the integral process {ImH
C (t), t ≥ 0} is F -local martingale.

In order to represent the marked Hawkes measure with respect to an independent Poisson
measure, we are going to follow a procedure inspired by Theorem 7.4 of [17].

Given the probability space (�,F ,P), there is an extended probability space (�̃, F̃ , P̃),
and a Poisson measure P(ds, dz, du) defined on R+ × E × R+ with intensity measure
ds πs(dz) du such that

NmH ((0, t],A) =
∫ t

0

∫

A

∫

R+
1(u ≤ λmH (s−))P(ds, dz, du), A ∈ BE .

Therefore, the representation of (2.3) leads to

λmH (t) = μmH (t) +
∫ t

0

∫

E

∫ λmH (s−)

0
φ(t − s, z)P(ds, dz, du). (2.6)

Next, our aim is to derive amartingale representation of the intensity process {λmH (t), t ≥ 0}
with respect to compensated measure

MP (dt, dz, du) = P(dt, dz, du) − dt πt (dz) du. (2.7)

Given the kernel φ(t, z), we introduce the function ψ(t, s) weighted by the marked
distribution πt (dz) defined by

ψ(t, s) :=
∫

E
φ(t − s, z)πs(dz). (2.8)

Therefore, taking expectation in both side of (2.6) we obtain

E(λmH (t)) = μmH (t) +
∫ t

0
ψ(t, s)E(λmH (s)) ds, (2.9)

which turns out to be the Volterra integral equation of second kind with kernel function
ψ(t, s). Since under the hypotheses, theweighted kernelψ(t, s) has non-convolutional struc-
ture, the solution of the Volterra integral equation is ensured by Becker’s form of resolvent
(see Section 7, [7]). On that account, given the weighted kernel function ψ(t, s), we define
the resolvent equation by virtue of [7]

�(t, s) = ψ(t, s) +
∫ t

s
ψ(t, u)�(u, s) du, 0 ≤ s ≤ t . (2.10)

Using the above analogy, the solution of (2.9) can be written as

E(λmH (t)) = μmH (t) +
∫ t

0
�(t, s)μmH (s) ds, (2.11)

which represents the expected valued of intensity λmH (t). Here the resolvent kernel �(t, s)
is defined as follows:

�(t, s) :=
∞∑

k=1

ψk(t, s), ψ1(t, s) := ψ(t, s),

where

ψk+1(t, s) :=
∫ t

s
ψ(t, v)ψk(v, s) dv, k ≥ 1.
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The definition of the resolvent kernel �(t, s) itself yields that

sup
s≥0

∫ ∞

s
|ψ(t, s)| dt < 1, (2.12)

which is often referred to be subcritical condition. The condition (2.12) essentially main-
tains the stability for the marked Hawkes measure NmH (ds, dz) in the long time period. It
essentially implies the stability of the resolvent kernel �(t, s) given by

sup
s≥0

∫ ∞

s
|�(t, s)| dt < ∞. (2.13)

Remark 2.1 In particular, if {ηi (τi ), i ∈ N} is a sequence of i.id marks, independent by the
random time epochs {τi , i ∈ N},

P(ηi (τi ) ∈ A|τ j , j ∈ N) = π(A), i ∈ N, A ∈ BE ,

then we have ψ(t, s) = ψ(t − s), for all 0 ≤ s ≤ t . It follows from (2.9) that

E(λmH (t)) = μmH (t) + ψ�E(λmH )(t),

and hence the solution is given by

E(λmH (t)) = μmH (t) + μmH��(t)

where the resolvent kernel �(.) is characterized by the resolvent equation

�(t) = ψ(t) + ψ��(t) = ψ(t) + ��ψ(t), t ≥ 0.

Therefore, under i.i.d. assumptions, it leads to

||�||L1 = ||ψ ||L1(1 + ||�||L1),

which implies

||�||L1 = ||ψ ||L1

1 − ||ψ ||L1
,

provided ||ψ ||L1 < 1.

In order to derive the limit theorems for the marked Hawkes process {NmH (t), t ≥ 0}
withF -intensity process {λmH (t), t ≥ 0}, we require the boundedness of the expected entity
E(λmH (t)), t ≥ 0 stated below in Lemma 2.2, which is ensured by the following assumptions.

Assumption 2.1 The base intensity function μmH (.) ∈ L
∞
loc(R+), the space of all locally-

bounded integrable function on R+.

Assumption 2.2 The kernel function φ(t, z) is locally-integrable jointly on (t, z) defined on
R+ × E , ∫ T

0

∫

E
|φ(t, z)|πt (dz) dt < ∞, for any T > 0,

i.e. φ(., .) ∈ L
1
loc(R+ × E; dt × πt (dz)).

Moreover, we assume that φ(., .) satisfies the stronger condition

esssupz∈E
∫ ∞

0
|φ(t, z)| dt < ∞, (2.14)
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i.e., the improper integral (2.14) exists a.e. for z ∈ E , and the improper integral is defined by

�̄(z) :=
∫ ∞

0
φ(t, z) dt := lim

r→∞

∫ r

0
φ(t, z) dt, (2.15)

and it is essentially uniformly bounded on z ∈ E .
In addition, assume that φ(., z) satisfies the uniform tail condition, i.e,

lim
r→∞ esssupz∈E

∫ ∞

r
|φ(t, z)| dt = 0. (2.16)

Here, (2.14) of Assumption 2.2 evidently implies that ψ(., s) and �(., s) belong to the class
L
1
loc([v,∞)) for every v ≥ 0, and hence the stability conditions (2.12) and (2.13). As the

results of the subcritical condition (2.12) and Assumption 2.2, one can consider a stronger
but simpler sufficient condition

esssupz∈E
∫ ∞

0
|φ(t, z)| dt < 1.

Example 2.1 Note that (2.14) of Assumption 2.2 is considered to be a strong condition and it
plays a crucial role in establishing that the expected intensity measure is finite. This assump-
tion is substantially different from the assumptions considered in [16] due to the ideal i.i.d.
feature within the mark sequence {ηi (.), i ∈ N}. In many practical settings, the regularity
conditions (2.14), 3.14) and (2.16) of Assumption 2.2 are satisfied by a large class of kernel
functions φ(., .). We now provide some examples of such φ(., .) satisfying Assumption 2.2.

1. The dominated class of functions g ∈ L
1(R+) satisfying |φ(t, z)| ≤ |g(t)|, a.e. for t ≥ 0

and z ∈ E , e.g.,

φ(t, z) = h(z) exp(−αt), α > 0.

with h ∈ L
∞(E).

2. The separable kernels φ(t, z) = h(z)b(t) with h ∈ L
∞(E) and b ∈ L

1(R+), e.g.,

φ(t, z) =h(z)
1

(1 + t)α
, α > 1,

φ(t, z) =h(z)t−β exp(−αt)1{t>0}, 0 < β < 1, α > 0.

3. φ(., .) with discontinuous jumps. e.g.,

φ(t, z) = h(z)1{0≤t≤L}, L > 0.

4. One can assume that the decay rate function is determined by the mark variable z, e.g.,

φ(t, z) = h(z) exp(−α(z)t), α(z) ≥ α0 > 0, a.e.

Next, we show that the expected intensity measureE
(
λmH (t)

)
is finite uniformly on every

compact sets, which essentially provides the stability of the intensity estimation over finite
time horizon.

Lemma 2.2 Under Assumptions 2.1 and 2.2, the expected value of the intensity given by
E

(
λmH (.)

)
is locally uniformly bounded, i.e., for all T > 0,

sup
0≤t≤T

E

(
λmH (t)

)
< ∞.
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Note that the compensated measure MP (dt, dz, du) defined by (2.7) is a martingale
measure by virtue of Theorem 1.6.3 of Liptser and Shiryaev. Using the definition of
MP (dt, dz, du) by (2.7), the representation (2.6) of λmH (t) yields

λmH (t) =μmH (t) +
∫ t

0

∫

E

∫ λmH (s−)

0
φ(t − s, z)MP (ds, dz, du)

+
∫ t

0

∫

E

∫ λmH (s−)

0
φ(t − s, z) dsπs(dz) du

=μmH (t) +
∫ t

0

∫

E

∫ λmH (s−)

0
φ(t − s, z)MP (ds, dz, du) +

∫ t

0
ψ(t, s)λmH (s) ds.

Applying the similar analogy with respect to resolvent kernel �(t, s) by (2.10), we obtain

λmH (t) =μmH (t) +
∫ t

0
�(t, s)μmH (s) ds +

∫ t

0

∫

E

∫ λmH (s−)

0
φ(t − s, z)MP (ds, dz, du)

+
∫ t

0
�(t, s)

∫ s

0

∫

E

∫ λmH (v−)

0
φ(s − v, z)MP (dv, dz, du) ds.

By Fubini’s Theorem, we rewrite the second and third terms and we have that

λmH (t) =μmH (t) +
∫ t

0
�(t, s)μmH (s) ds +

∫ t

0

∫

E

∫ λmH (v−)

0
φ(t − v, z)MP (dv, dz, du)

+
∫ t

0

∫

E

∫ λmH (v−)

0
MP (dv, dz, du)

∫ t

v

�(t, s)φ(s − v, z) ds. (2.17)

Define

Lt (v, z) = φ(t − v, z) +
∫ t

v

�(t, s)φ(s − v, z) ds, t ≥ 0.

Proposition 2.1 Under Assumptions (2.1) and (2.2), the intensity process {λmH (t), t ≥ 0} is
the unique solution of the linear stochastic Volterra equation

λmH (t) = μmH (t) +
∫ t

0
�(t, s)μmH (s) ds +

∫ t

0

∫

E

∫ λmH (s−)

0
Lt (s, z)M

P (ds, dz, du),

(2.18)
where the compensated martingale measure MP (ds, dz, du) is given by (2.7).

Given the kernel φ(., .) on R+ × E and �(., .) on R+ × R+, we introduce

Tt (v, z) =
∫ t

v

φ(w − v, z)

(
1 +

∫ t

w

�(s, w) ds

)
dw. (2.19)

2.2 Shot Noise Process

In addition to the counting dynamics of the marked Hawkes process, it is often useful to
study cumulative functionals generated by its past events. Motivated by this, we define the
additive functional process {YmH (t), t ≥ 0} in D([0,∞),R) driven by the marked Hawkes
measure NmH (ds, dz), where

YmH (t) =
NmH (t)∑

i=1

θ(t − τi , ηi (τi )), t ≥ 0, (2.20)

123



  123 Page 12 of 39 A. Sen et al.

which leads to the following integral representation

YmH (t) =
∫ t

0

∫

E
θ (t − s, z) NmH (ds, dz). (2.21)

Often, in the literature, we refer the additive process {YmH (t), t ≥ 0} in D([0,∞),R) as the
shot noise process. The random dynamics of YmH determined by NmH provides the insight
into the the random evolution of the intensity behaviour in D([0,∞),R).

3 Multi-scaling High-Intensity Regime and Limit Theorems

This section studies the functional limit theorems for marked Hawkes processes under a
suitable asymptotic regime, which includes functional law of large numbers and functional
central limit theorem. In the beginning, we define the scaled marked Hawkes process along
scaled the intensity process under multi-scaling high-intensity asymptotic regime framework
introducing a pair of scaling parameters α and β for some α > 0 and β ≥ 0. In addition, we
define the additive functional process associated with the marked Hawkes measure. Next, we
state the main results of the present article in the subsequent Sects. 3.2 and 3.3. In particular,
the deterministic approximations in virtue of functional law of large numbers of the scaled
processes is stated in Sect. 3.2. In the following Sect. 3.3, we discuss the weak convergences
of the centered and normalized scaled processes in Skorokhod Space.

Consider a sequence of a marked Hawkes point measure NmH
n (dt,A) indexed by the

subscript n ∈ N, determined by the random sequence {τi,n, i ∈ N} and ηi,n(τi,n), i ∈ N,
defined in view of (2.1) as

NmH
n ((0, t],A) :=

∑

i∈N
1(τi,n ≤ t, ηi,n(τi,n) ∈ A), A ∈ BE ,

where the distribution of the marked sequence is given by

P(ηi,n(τi,n) ∈ A|τi,n = t, τ j,n, j ≤ i) = πn
t (A), A ∈ BE .

GivenA ∈ BE , we define the scaled marked Hawkes process {NmH
n ((0, t],A), t ≥ 0} as

NmH
n ((0, t],A) := NmH ((0, nα t], nβA), (3.1)

and the associated marked Hawkes measure NmH
n (dt, dz) is defined by

NmH
n (ds, dz) := NmH (nα ds, nβ dz), for some α > 0, β ≥ 0. (3.2)

Define the sigma algebra FmH
n (t) := σ(NmH

n ((0, s],A), s ≤ t,A ∈ BE ) and the asso-
ciated right-continuous filtration FmH

n := {FmH
n (t), t ≥ 0}. Consider the bigger sigma

algebra FmH
n (t) ⊂ Fn(t), t ≥ 0, and the filtration Fn := {Fn(t), t ≥ 0} such that

{λmH
n (t), t ≥ 0} is Fn-adapted. The definitions (3.1) and (3.2) itself yield that the compen-

sated measure NmH
n (ds, dz)−λmH (nαs−)nα dsπnαs(nβ dz) isFn- martingale measure and

λmH (nαs−)nα dsπnαs(nβ dz) is the associatedFn-predictable intensity measure. Therefore,
the scaling of the intensity process and the marked distribution are defined as follows:

λmH
n (t) := λmH (nαt), πn

t (A) := πnα t (n
βA), t ≥ 0, A ∈ BE . (3.3)

For the mark space E , we assume that E is invariant under the scaling, i.e.,

nβE = E . (3.4)
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The invariance property of (3.4) guarantees that the scaled subset nβA of E still gives a subset
of the mark space E . It also ensures that πn

s (dz) remains a probability measure on E , as
∫

E
πn
t (dz) =

∫

E
πnα t (n

β dz) =
∫

nβE
πnα t (dz) = πnα t (n

βE) = 1, t ≥ 0.

For each n ∈ N, recalling the representation (2.6) the formulation of the scaled intensity
process {λmH

n (t), t ≥ 0} associated with marked Hawkes process {NmH
n (t), t ≥ 0} and the

base intensity {μmH
n (t),≥ 0} is defined by

λmH
n (t) = μmH

n (t) +
∫ t

0

∫

E

∫ λmH
n (s−)

0
φn(t − s, z)Pn(ds, dz, du), (3.5)

where φn(t − s, z) := φ(nα(t − s), nβ z), and Pn(ds, dz, du) is an independent Poisson
measure with intensity measure nα dsπnαs(nβ dz) du. As a consequence of definition (3.2),
the Poisson random measure Pn(ds, dz, du) is scaled in the following manner:

Pn(ds, dz, du) := P(nα ds, nβ dz, du) (3.6)

such that the compensated Poisson measure Pn(ds, dz, du)−nα dsπn
s (dz) du is a martingale

measure.
Based on the scaling (3.5), it follows from (2.9) that the expected value E(λmH

n (t)) has
the following representation

E(λmH
n (t)) =μmH

n (t) +
∫ t

0

∫

E
nαφn(t − s, z)E(λmH

n (s))πn
s (dz) ds

=μmH
n (t) +

∫ t

0

∫

nβE
nαφ(nαt − nαs, z)E(λmH

n (s))πnαs(dz) ds

=μmH
n (t) +

∫ t

0
nαψ(nαt, nαs)E(λmH

n (s)) ds.

It leads to the following scaled kernel φn(t, s), weighted kernelψn(t, s) and resolvent kernel
�n(t, s) defined as

φn(t, z) := nαφn(t, z) = nαφ(nαt, nβ z), t ≥ 0, z ∈ E,

ψn(t, s) := nαψ(nα t, nαs), �n(t, s) := nα�(nαt, nαs), 0 ≤ s ≤ t . (3.7)

Therefore, in view of (2.11) we obtain

E

(
λmH
n (t)

)
= μmH

n (t) +
∫ t

0
�n(t, s)μ

mH
n (s) ds. (3.8)

Remark 3.1 The scaling factors α and β introduced in the present study demonstrate that at
which magnitude the temporal dynamics (3.1) of the marked Hawkes process {NmH

n (t), t ≥
0} evolves simultaneously with respect to time and mark in the asymptotic regime, rather
than at the conventional rate n. In particular, α controls how rapidly the original dynamics
evolves as n → ∞ depending on α < 1,= 1,> 1, which means either system time
horizon increases slowly compared to rate n (sublinear) or grows linearly at rate n (linear),
or accelerates much faster than rate n (superlinear). As a result, incorporation of lapha
originates the multi-scaling high-intensity asymptotic regime, at which the base intensity
μmH (.) and the intensity λmH

n (.) increases at rate nα , and hence the cumulative intensity∫ nα t
0 λmH (s) ds = O(nα). Moreover, the excitation effect on the intensity (3.5) determined
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by the kernel φn(t, z) asymptotically concentrates towards the origin at rate nα either slowly
(α < 1), or linearly (α = 1), or faster (α > 1). The important feature of this analysis we
have discussed in the following Sect. 3.2 that the cumulative scaled kernel converges, away
from the origin, to its total mass in Lemma 3.1, and the limiting kernel �(z) is therefore not
an ordinary spread-out function; it exhibits a Dirac-type mass concentration at zero elapsed
time, and so does the weighted kernel ψ(s, v) and resolvent kernel �n(s, v).

Remark 3.2 The mark scaling parameter β(≥ 0) plays a substantial role to control that
excitation of {NmH

n (t), t ≥ 0} and the marks distribution πn
t (A) and their influence on

the intensity measure via the kernel φn(t, z). The invariance property (3.4) ensures that the
mark transformation does not change the underlying mark space. The very common class
satisfying (3.4) are the Euclidean space Rd , or Rd+, d ≥ 1. For any bounded domain, e.g.,
[a, b]d , 0 ≤ a < b ≤ 1, it is preferable to consider β = 0, otherwise 3.4) may not hold.
However, E is β-invariant, still it may strongly influence the effective excitation created by
an event, and therefore the stability and resolvent behavior of the Hawkes process.

3.1 Shot Noise Process Under Multi-scaling Regime

Next, we consider the scaled shot noise process {YmH
n (t), t ≥ 0} given by

YmH
n (t) :=

NmH
n (t)∑

i=1

θ(t − τi,n, ηi,n), t ≥ 0.

It follows from definitions (2.21) and (3.1) that the stochastic integral representation of
YmH
n (t) is given by

YmH
n (t) :=

∫ t

0

∫

E
θn(t−s, z)NmH (nα ds, nβ dz) =

∫ t

0

∫

E
θn(t−s, z)NmH

n (ds, dz), (3.9)

where θn(t − s, z) := θ(nαt − nαs, nβ z).

3.2 Functional Law of Large Numbers

For every BE -measurable real-valued function f : E → R, we define

NmH
n,t ( f ) =

∫ t

0

∫

E
f (z)NmH

n (ds, dz) =
∫ t

0

∫

E
f (z)NmH (nα ds, nβ dz).

In this section, we define the rescaled processes as follows:

N
mH
n (t) := 1

nα
NmH
n (t), Y

mH
n (t) := 1

nα
YmH
n (t). (3.10)

In order to prove the functional laws of large numbers, we assume the first order deterministic
convergences on the given base intensity function and the kernel function and the mark
distribution, as a consequences of high intensity scaling regime.

Assumption 3.1 There exists a locally integrable function μmH (.) such that

sup
0≤t≤T

∣∣∣∣
∫ t

0
μmH
n (s) ds −

∫ t

0
μmH (s) ds

∣∣∣∣ → 0, as n → ∞,
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which is equivalent to say that

sup
0≤t≤T

∣∣∣∣∣
1

nα

∫ nα t

0
μmH (s) ds −

∫ t

0
μmH (s) ds

∣∣∣∣∣ → 0, as n → ∞.

Additionally, by Assumption 2.1,

sup
n≥1

sup
0≤t≤T

|μmH
n (t)| < ∞.

Assumption 3.2 For every δ > 0, and T > 0, under Assumption 2.2, there exists �(z)
defined by

�(z) := lim
n→∞

∫ ∞

0
φ(s, nβ z) ds = lim

n→∞ �̄(nβ z), z ∈ E (3.11)

such that

sup
δ≤t≤T

esssupz∈E
∣∣∣∣
∫ t

0
φn(s, z) ds − �(z)

∣∣∣∣ → 0, as n → ∞, (3.12)

provided the uniform tail condition (2.16) holds. In addition, we assume

sup
n≥1

sup
0≤t≤T

esssupz∈E
∫ t

0

∣∣φn(s, z)
∣∣ ds < ∞. (3.13)

Note 3.1 Note that the convergence of the kernel φn(., .) in Assumption 3.2 holds in [δ, T ]
for any 0 < δ < T , but not generally is uniform on [0, T ] as at t = 0,

∫ t
0 φn(s, z) ds = 0.

Whereas the limiting value for t > 0 is the total mass �(z). So there is a jump at time t = 0
in the limiting cumulative kernel, which is a expected consequence of the kernel function φ

for marked Hawkes process behaving as Dirac-type limit.

Remark 3.3 The convergence in Assumption 3.2 is not a direct consequences of the scaling
(3.7) and Assumption 2.2. The decomposition of (3.12) yields

sup
δ≤t≤T

esssupz∈E
∣∣∣∣
∫ t

0
φn(s, z) ds − �(z)

∣∣∣∣ ≤ sup
δ≤t≤T

esssupz∈E
∣∣∣∣
∫ t

0
φn(s, z) ds −

∫ ∞

0
φ(s, nβ z) ds

∣∣∣∣

+ esssupz∈E
∣∣∣∣
∫ ∞

0
φ(s, nβ z) ds − �(z)

∣∣∣∣ .

Here, the first convergence directly follows from (2.15) and (2.16). However, in order to get
the convergence (3.12), we additionally require the convergence in the mark scaling term
φ(., nβ z), i.e.,

esssupz∈E
∣∣�̄(nβ z) − �(z)

∣∣ → 0, as n → ∞, (3.14)

under the invariance property of the mark space E . Note that, it is not mathematically justified
to say that α dominates β or β dominates α, they only determine the magnitudes of temporal
decay and the mark dependence on the limiting kernel.

Example 3.1 Due to necessity of the convergence (3.14), among the class of functions as
discussed in Example 2.1, we can particularly choose h ∈ L

∞(E) such that h(nβ z) is bounded
and has a limit, say h∞(z), at infinity uniformly. For example, h(z) = 1+ 1

1+z , or h(z) = z
1+z ,

or h(z) = 1
1+z2

, z ∈ E = (0,∞). But the convergence may fail if in case of h oscillates
(h(z) = sin(z)), or explodes at infinity.
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Assumption 3.3 There exists a probability measure π t (A) on E i.e. (π t (E) = 1) such that
for every bounded BR+ ⊗ BE -measurable function f ,

sup
0≤t≤T

∣∣∣∣
∫

E
f (t, z)πn

t (dz) −
∫

E
f (t, z)π t (dz)

∣∣∣∣ → 0, as n → ∞. (3.15)

Instead of assuming the above weak convergence (3.3) of the mark distribution, for instance
one can consider the stronger total variation convergence uniformly on t , i.e.,

sup
0≤t≤T

sup
A∈BE

|πn
t (A) − π t (A)| → 0, as n → ∞. (3.16)

It is clear from above definitions that the convergence (3.16) implies Assumption 3.3.
As a consequence of the scaling (3.7), for every δ > 0 and T > 0, Assumptions 3.2 and

3.3 together yield the following lemma.

Lemma 3.1 Under Assumptions 3.2 and 3.3, for every δ > 0 and T > 0,

sup
0≤v≤t≤T
t−v≥δ

∣∣∣∣
∫ t

0

∫

E
φn(s − v, z)πn

v (dz) ds −
∫

E
�(z)πv(dz)

∣∣∣∣ → 0, as n → ∞. (3.17)

Convergences of ψn(t, s) and �n(t, s): For the scaled weighted kernel ψn(t, s), the
definition (3.7) yields

ψn(t, s) =
∫

E
φn(t − s, z)πn

s (dz), t ≥ s ≥ 0,

where the scaled kernelφn(t, z) is supported onR+, i.e.,φn(t, z) = 0 for t < 0.Consequently
ψn(t, s) = 0 for t < s. It follows from Lemma 3.1 that for every δ > 0 and T > 0,

sup
0≤v≤t≤T
t−v≥δ

∣∣∣∣
∫ t

0
ψn(s, v) ds − �(v)

∣∣∣∣ → 0, as n → ∞, (3.18)

where �(v) := ∫
E �(z)πv(dz).

Similarly, for scaled resolvent kernel �n(t, s), we get the convergence

sup
0≤v≤t≤T
t−v≥δ

∣∣∣∣
∫ t

0
�n(s, v) ds − �(v)

1 − �(v)

∣∣∣∣ → 0, as n → ∞, (3.19)

for every δ > 0 and T > 0, provided

sup
0≤v≤T

�(v) < 1, (3.20)

for every T > 0. Here, the stability condition (3.20) is direct consequence of (2.12). It is
evident from the above convergence relation (3.19) along with (3.13) that

sup
n≥1

sup
0≤v≤t≤T

∫ t

0

∣∣�n(s, v)
∣∣ ds < ∞. (3.21)

Remark 3.4 From (3.18), it is straightforward that the limiting resolventmass is the summable
series

∑∞
k=1 �(v)k , and the stability assumption sup0≤v≤T �(v) < 1 yields that this limit

�(v)
1−�(v)

is a singular resolvent measure, a Dirac-type kernel concentrated on the diagonal at
s = v.
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Before stating the limiting theorems formarkedHawkes processes under themulti-scaling
regime, we need to identify the limiting behaviour of the intensity process and analyze it. We

introduce the integral process {NmH
(t), t ≥ 0}, where

N
mH

(t) :=
∫ t

0

μmH (s)

1 − �(s)
ds, t ≥ 0. (3.22)

For our convenience, we additionally define

CmH (t) := μmH (t)

1 − �(t)
, t ≥ 0, (3.23)

so that N
mH

(t) = ∫ t
0 C

mH (s) ds.

Our aim is to establish that the deterministic integral process {NmH
(t), t ≥ 0} defined

above is the limiting process of {NmH
n (t), t ≥ 0} as n → ∞with trajectories inD([0,∞),R).

Before that, we need to show that the cumulative expected intensity process given by

{∫ t
0 E(λmH

n (t)), t ≥ 0} converges to {NmH
n (t), t ≥ 0} deterministically, which is presented

in next Lemma 3.2 with proof in Sect. 4.1.

Lemma 3.2 Suppose Assumptions 2.1, 2.2 and 3.1, 3.2, 3.3 are satisfied. Then

lim
n→∞ sup

0≤t≤T

∣∣∣∣
∫ t

0
E

(
λmH
n (s)

)
ds −

∫ t

0
CmH (s) ds

∣∣∣∣ = 0.

Next thing is to show that the rescaled cumulative intensity process defined by

{∫ t
0 λmH

n (s) ds, t ≥ 0} converges to the deterministic entity {NmH
n (t), t ≥ 0} in probability

uniformly on compact sets as n → ∞ inC([0,∞),R). For this purpose, by Proposition 2.1,
and definitions (3.5) (3.8), we consider the difference

∫ t

0
λmH
n (s) ds −

∫ t

0
E

(
λmH
n (s)

)
ds

=
∫ t

0

∫ s

0

∫

E

∫ λmH
n (v−)

0
φn(s − v, z)MP

n (dv, dz, du) ds

+
∫ t

0

∫ s

0
�n(s, v)

∫ v

0

∫

E

∫ λmH
n (w−)

0
φn(v − w, z)MP

n (dw, dz, du) dv ds,

where
MP

n (ds dz, du) = MP (nα ds, nβ dz, du).

After the change of variables, we obtain
∫ t

0
λmH
n (s) ds −

∫ t

0
E

(
λmH
n (s)

)
ds

= 1

nα

∫ nα t

0

∫ s

0

∫

nβE

∫ λmH (v−)

0
φ(s − v, z)MP (dv, dz, du) ds

+ 1

nα

∫ nα t

0

∫ s

0
�(s, v)

∫ v

0

∫

nβE

∫ λmH (w−)

0
φ(v − w, z)MP (dw, dz, du) dv ds.

Define

Xn,1(t) =
∫ nα t

0

∫ s

0

∫

nβE

∫ λmH (v−)

0
φ(s − v, z)MP (dv, dz, du) ds, (3.24)
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Xn,2(t) =
∫ nα t

0

∫ s

0
�(s, v)

∫ v

0

∫

nβE

∫ λmH (w−)

0
φ(v − w, z)MP (dw, dz, du) dv ds

(3.25)

such that ∫ t

0
λmH
n (s) ds −

∫ t

0
E

(
λmH
n (s)

)
ds = 1

nα

(
Xn,1(t) + Xn,2(t)

)
. (3.26)

Applying Fubini’s theorem to change the order of integration (3.24), (3.25) and nβE = E ,
we obtain

Xn,1(t) =
∫ nα t

0

∫

E

∫ λmH (v−)

0

∫ nα t

v

φ(s − v, z)MP (dv, dz, du) ds, (3.27)

Xn,2(t) =
∫ nα t

0

∫

E

∫ λmH (v−)

0

∫ nα t

v

∫ nα t

w

�(s, w)φ(w − v, z)MP (dv, dz, du) dw ds.

(3.28)

By (3.27) and (3.25),

Xn,1(t) + Xn,2(t)

=
∫ nα t

0

∫

E

∫ λmH (v−)

0
MP (dv, dz, du)

∫ nα t

v

(
φ(w − v, z) +

∫ nα t

w

�(s, w)φ(w − v, z) ds

)
dw.

(3.29)

Following the definition (2.19), we consider the scaled entity Tnα t (., .) on R+ × E , where

Tnα t (v, z) =
∫ nα t

v

φ(w − v, z)

(
1 +

∫ nα t

w

�(s, w) ds

)
dw. (3.30)

As a result, the representation (3.26) and (3.29) yields
∫ t

0
λmH
n (s) ds −

∫ t

0
E

(
λmH
n (s)

)
ds = 1

nα

∫ nα t

0

∫

E

∫ λmH (v−)

0
Tnα t (v, z)MP (dv, dz, du).

Taking n → ∞, by definition (3.30) we obtain

lim
n→∞ Tnα t (v, z) =

∫ ∞

v

φ(w − v, z)

(
1 +

∫ ∞

w

�(s, w) ds

)
dw

≤ esssupz∈E
∫ ∞

0
|φ(w, z)|

(
1 +

∫ ∞

0
�(s, w) ds

)
dw

< ∞,

where the last inequality follows from Assumption 2.2.
Using change of variables, it can be shown from definitions (2.19) and (3.30) via (3.7)

that

Tnα t (v, z) =
∫ t

v

φn(w − v, z)

(
1 +

∫ t

w

�n(s, w) ds

)
dw. (3.31)

Define

T∞(v, z) = �(z)

1 − �(v)
, v ≥ 0, z ∈ E . (3.32)

One can show that Tnα t (v, z) converges to T∞(v, z) for every t > 0 as n → ∞. This conver-
gence is not only limited to point-wise. One can develop the stronger uniform convergence
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on t and z. The next lemma establishes that Tnα t (v, z) converges to T∞(v, z) uniformly on
every compact sets provided t − v ≥ δ for any T > δ > 0 under suitable conditions, which
essentially leads us to define certain martingale process in order to prove the main results of
the article.

Lemma 3.3 Under Assumptions 2.2, 3.2, for every δ > 0 and T > 0, the following assertions
hold.

1.
sup
n≥1

sup
0≤v≤t≤T

esssupz∈E |Tnα t (v, z)| < ∞. (3.33)

2.
sup

0≤v≤t≤T
t−v≥δ

esssupz∈E |Tnα t (v, z) − T∞(v, z)| → 0, as n → ∞. (3.34)

Knowing the characterization ofTnα t (., .) as above, for a givenBE -measurable, real valued
function f : E → R, we define the integral process associated with the martingale measure
MP (dv, dz, du) as follows:

ϒn,t ( f ) =
∫ nα t

0

∫

E

∫ λmH (v−)

0
f (z)Tnα t (v, z)MP (dv, dz, du), t ≥ 0. (3.35)

However, the process {ϒn,t ( f ), t ≥ 0} is not an Fn-martingale due to the presence of
τnα t (v, z) in the integrand, as it changes with respect to time t . Therefore, in order to preserve
the martingale property, we define

ϒ̃n,t ( f ) =
∫ nα t

0

∫

E

∫ λmH (v−)

0
f (z)T∞(v, z)MP (dv, dz, du), t ≥ 0, (3.36)

for given bounded BE -measurable function f and T∞(v, z), independent of the terminal
variable t . The following proposition shows that the latter process 1

nα/2 ϒ̃n,t ( f ) is distribu-

tionally equivalent to 1
nα/2 ϒn,t ( f ) uniformly on every compact intervals at diffusion scaling

factor 1
nα/2 , which immediately results

lim
n→∞P

(
sup

0≤t≤T

∣∣∣∣
1

nα/2+η
ϒn,t ( f ) − 1

nα/2+η
ϒ̃n,t ( f )

∣∣∣∣ > ε

)
= 0,

for every η > 0.

Proposition 3.1 Suppose the assumptions of Lemma 3.3 are satisfied. Then, for every T > 0,
and ε > 0,

lim
n→∞P

(
sup

0≤t≤T

∣∣∣∣
1

nα/2 ϒn,t ( f ) − 1

nα/2 ϒ̃n,t ( f )

∣∣∣∣ > ε

)
= 0.

As a consequence of Proposition 3.1, the rest of the following convergences in this section
will deal with the latter process {ϒ̃n,t ( f ), t ≥ 0}. The next two results demonstrate the
martingale property of {ϒ̃n,t ( f ), t ≥ 0} and its convergence, which play the key role in order
to conclude the main convergence results in the later sections. The proofs of Lemma 3.4 and
Propositions 3.1, 3.2 are given in Sect. 4.1 in detail.
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Lemma 3.4 Suppose Assumptions 2.2, 3.2 are satisfied. Then for everyBE -measurable func-
tion f , g ∈ Cb(E,R), the integral process {ϒ̃n,t ( f ), t ≥ 0} is anFn-local square-integrable
martingale with quadratic covariation process {〈ϒ̃n,.( f ), ϒ̃n,.(g)〉(t), t ≥ 0}, where

〈ϒ̃n,.( f ), ϒ̃n,.(g)〉(t) =
∫ nα t

0

∫

E
f (z)g(z)T 2∞(v, z)λmH (v)πv(dz) dv, t ≥ 0.

Themartingale nature of Lemma 3.4 leads the convergence of {ϒ̃n(t), t ≥ 0} process defined
by

ϒ̃n(t) := ϒ̃n,t (1) =
∫ nα t

0

∫

E

∫ λmH (v−)

0
T∞(v, z)MP (dv, dz, du), t ≥ 0.

The next convergence in Proposition 3.2 proves the functional laws of large number result
for {ϒ̃n(t), t ≥ 0}.
Proposition 3.2 Let the assumptions of Lemma 3.4 hold. Then, for any η > 0, the process
{ 1
nα/2+η ϒ̃n(t), t ≥ 0} trivially converges to zero in probability uniformly on compact sets,
i.e., for every ε > 0 and T > 0,

lim
n→∞P

(
sup

0≤t≤T

1

nα/2+η

∣∣ϒ̃n(t)
∣∣ > ε

)
= 0.

In the end, knowing the functional convergence of {ϒ̃n(t), t ≥ 0} in Propositions 3.1 and
3.2, together with Lemma 3.2 we get the desired convergence of {∫ t

0 λmH
n (s) ds, t ≥ 0} to

{NmH
n (t), t ≥ 0} in probability uniformly on compact sets in D([0,∞),R). This result is

stated in the following theorem.

Theorem 3.1 If Assumptions 2.1, 2.2 and 3.1, 3.2, 3.3 hold, then {∫ t
0 λmH

n (s) ds, t ≥ 0}
converges to {NmH

n (t), t ≥ 0} in probability uniformly on compact sets inD([0,∞),R), i.e.,
for any T > 0 and ε > 0,

lim
n→∞P

(
sup

0≤t≤T

∣∣∣∣
∫ t

0
λmH
n (s) ds −

∫ t

0
CmH (s) ds

∣∣∣∣ > ε

)
= 0.

Now,we state the functional law of large numbers result for markedHawkes process under
multi- scaling regime based on the previous convergences of Lemmas 3.2, Proposition 3.2.
We provide the proofs of the following Theorem3.2, 3.3 in Sect. 4.2 in detail.

Theorem 3.2 Suppose the assumptions of Theorem 3.1 are satisfied. Then, the rescaled pro-

cess {NmH
n (t), t ≥ 0} converges in probability to the deterministic process {NmH

(t), t ≥ 0}
uniformly on compact sets as n → ∞, i.e., for every T > 0 and ε > 0,

lim
n→∞P

(
sup

0≤t≤T

∣∣∣NmH
n (t) − N

mH
(t)

∣∣∣ > ε

)
= 0.

Remark 3.5 If the mark random sequence {ξi (τi ), i ∈ N} are i.i.d., then in view of Remark
2.1 ψ(t, s) = ψ(t − s) and �(t, s) = �(t − s), (see [16]. Therefore, the limiting process

{NmH
(t), t ≥ 0} turns out to be

N
mH

(t) =
∫ t

0
μmH (s) ds +

∫ t

0
��μmH (s) ds.
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In addition, if μmH (t) = μmH , under i.i.d. framework, the resulting process of functional
laws of large number yields

N
mH

(t) = μmH t(1 + ||�||L1) = μmH t

1 − ||ψ ||L1
,

by Remark 2.1, knowing that ||ψ ||L1 < 1.

Remark 3.6 For simple Hawkes process, the kernel function is of the form φ(t − s, z) =
φ(t − s), which implies ψ(t − s) = φ(t − s). If the base intensity function is assumed to be
constant, i.e., μmH (t) = μmH , then

N
mH

(t) = μmH t

1 − ||φ||L1
,

where
�(t) = φ��(t) = ��φ(t),

implying ||�||L1 = ||φ||
L1

1−||φ||
L1

by Remark 2.1.

Now, based on the deterministic approximations of the marked Hawkes process by The-
orem 3.2, we can obtain the functional laws of large numbers for the additive functional
process {YmH

n (t), t ≥ 0} knowing the deterministic convergence of θn(t, z) = θ(nαt, nβ z),
with esssupz∈Eθn(t, z) < ∞, which is often referred to as the shot noise process, see [16,
22]. To prove the following functional convergence, we require the following condition for
the associated kernel function θn(t, z).

Assumption 3.4 There exists a locally bounded function θ(., .) on R+ × E such that

sup
0≤t≤T

esssupz∈E
∣∣θn(t, z) − θ(t, z)

∣∣ → 0, as n → ∞. (3.37)

Here, Assumption 3.4 via Assumption 3.3 ensures that

sup
0≤t≤T

∣∣∣∣
∫ t

0

∫

E
θn(t − s, z)πn

s (dz) ds −
∫ t

0

∫

E
θ(t − s, z)π s(dz) ds

∣∣∣∣ → 0, as n → ∞.

(3.38)
Also

ψθ(n
αt, nαs) =

∫

E
θn(t − s, z)πn

s (dz) < ∞, 0 ≤ s ≤ t, (3.39)

where ψθ(t, s) = ∫
E θ(t − s, z)πs(dz) is the weighted kernel associated with θ(t, z).

Theorem 3.3 Suppose assumptions of Theorem 3.1 are satisfied. In addition, the convergence

of Assumption 3.4 holds. Then the rescaled shot noise process {YmH
n (t), t ≥ 0} converges to

{YmH
(t), t ≥ 0} in probability uniformly on compact sets as n → ∞, i.e., for every T > 0

and ε > 0,

lim
n→∞P

(
sup

0≤t≤T

∣∣∣YmH
n (t) − Y

mH
(t)

∣∣∣ > ε

)
= 0, (3.40)

where Y
mH

(t) = ∫ t
0

∫
E θ(t − s, z)CmH (s)π s(dz) ds.
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3.3 Functional Central Limit Theorems

In this section, we focus on the functional central limit theorems for marked Hawkes pro-
cess, additive functional process driven by the marked Hawkes measure under the asymptotic
regime, which are built on the diffusion approximations of the intensity process. In partic-
ular, we demonstrate the Gaussian approximations of the cumulative intensity process in
Theorem 3.4 after centering and normalized the scaled process {∫ t

0 λmH
n ds, t ≥ 0} under

appropriate assumptions. The next two Theorems 3.5 and 3.6 shows the weak convergence
of {NmH

n (t), t ≥ 0} and {YmH
n (t), t ≥ 0} with trajectories in D([0,∞),R). The complete

proofs of this section is provided in Sect. 4.3.
Define the diffusion scaled processes

N̂mH
n (t) = N 1−δ

(
N

mH
n (t) − N

mH
(t)

)
,

Ŷ mH
n (t) = N 1−δ

(
Y
mH
n (t) − Y

mH
(t)

)
, 1/2 ≤ δ < 1, (3.41)

and the diffusion scaled cumulative intensity process by

ẐmH
n (t) = nα/2

(∫ t

0
λmH
n (s) ds −

∫ t

0
CmH (s) ds

)
, t ≥ 0. (3.42)

The functional central limit theorems for these diffusion scaled processes are stated below.
They are established using second-order deterministic convergences that build onAssumption
3.1 and convergence relation (3.19), resulting from functional laws of large number scaling.

Assumption 3.5 Given μmH (.) in Assumption 3.1, there exists a locally integrable function
μ̂mH (.) such that

sup
0≤t≤T

∣∣∣∣n
1−δ

(∫ t

0
μmH
n (s) ds −

∫ t

0
μmH (s) ds

)
−

∫ t

0
μ̂mH (s) ds

∣∣∣∣ → 0, as n → ∞.

(3.43)

Assumption 3.6 Given the measure π t (A) on E in Assumption 3.3, there exists a measure
π̂t (A) on E such that for every bounded BR+ ⊗ BE -measurable function f (., .),

sup
0≤t≤T

∣∣∣∣n
1−δ

(∫

E
f (t, z)πn

t (dz) −
∫

E
f (t, z)π t (dz)

)
−

∫

E
f (t, z)π̂t (dz)

∣∣∣∣ → 0, as n → ∞.

(3.44)

Assumption 3.7 Given �(., .) in (3.19), there exists a locally bounded function �̂(., .) on
R+ × R+ such that for every T > 0 and η > 0,

sup
0≤v≤t≤T
t−v≥η

∣∣∣∣n
1−δ

(∫ t

v

�n(s, v) ds − �(v

1 − �(v)

)
− �̂(t, v)

∣∣∣∣ → 0, as n → ∞.

Note 3.2 By virtue of (3.18), if the weighted kernel ψ(t, s) has second order deterministic
approximation at order n−(1−δ) given by

∫ t

v

ψn(s, v) ds = �(v) + n−(1−δ) Ĥ�(t, v) + o(n−(1−δ)),
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for some locally bounded function Ĥ�(., .) ∈ R+ × R+, provided t − v ≥ η > 0, for any
η > 0, it results

∫ t

v

�n(s, v) ds = �(v)

1 − �(v)
+ n−(1−δ) Ĥ�(t, v)

(1 − �(v))2
+ o(n−(1−δ)),

which essentially leads to Assumption 3.7 with �̂(t, v) = Ĥ�(t,v)

(1−�(v))2
, provided the stability

condition (3.20) holds.

Before stating the diffusion approximations for {ẐmH
n (t), t ≥ 0}, we analyze the diffusion

scaled process {ϒ̂n,t ( f ), t ≥ 0} for every BE -measurable function f , which is defined by

ϒ̂n,t ( f ) = 1

nα/2

∫ nα t

0

∫

E

∫ λmH (v−)

0
f (z)Tnα t (v, z)MP (dv, dz, du). (3.45)

Note that, for everyBE -measurable function f , {ϒ̂n,t ( f ), t ≥ 0} is a normalized version of
the process {ϒn,t ( f ), t ≥ 0} by normalizing the difference

∫ t
0 λmH

n (s) ds − ∫ t
0 EλmH

n (s) ds
by nα/2.

Proposition 3.3 Suppose the assumptions of Lemma 3.4 are satisfied. Then the diffusion
scaled process {ϒ̂n(t), t ≥ 0} converges in distribution to the Gaussian process {B(t), t ≥ 0}
with trajectories in D([0,∞),R) as n → ∞, where the limiting process {B(t), t ≥ 0} is a
mean zero Gaussian process with covariance

EB(t)B(s) =
∫ t∧s

0

∫

E
T 2∞(v, z)CmH (v)πv(dz) dv. (3.46)

Now, we proceed to state that the weak convergence of the cumulative intensity process
{ẐmH

n (t), t ≥ 0} built on the functional central limit theorem, where the limiting process
has a diffusion nature capturing the randomness through the Gaussian process {B(t), t ≥ 0}
resulting from Proposition 3.3.

Theorem 3.4 Let the deterministic diffusion convergences hold in Assumptions 3.5 and 3.7.
Additionally, the assumptions of Theorem 3.1 are satisfied. Then {ẐmH

n (t), t ≥ 0} converges
in distribution to the process {B̂mH (t), t ≥ 0} in C([0,∞),R) embedded with Skorokhod
J1 topology as n → ∞, where the limiting process {B̂mH (t), t ≥ 0} satisfies the following
stochastic integral equation

B̂mH (t) = B(t) + 1(δ = 1 − α/2)

(∫ t

0
μ̂mH (s) ds +

∫ t

0
�̂(t, v)μmH (v) dv

)
, (3.47)

where {B(t), t ≥ 0} is a Gaussian process with mean zero and covariance (3.46).

Knowing the weak convergence of the diffusion scaled intensity process in Theorem
3.4, we derive the functional central limit theorem for the marked Hawkes process in next
Theorem 3.5, which can be obtained by the weak convergence of the diffusion scaled process
{N̂mH (t), t ≥ 0}.
Theorem 3.5 Suppose the assumptions of Theorem 3.4 are satisfied. Additionally, the deter-
ministic convergence in Assumption 3.6 hold on E . Then {N̂mH

n (t), t ≥ 0} converges in
distribution to 1(δ = 1 − α/2){N̂mH (t), t ≥ 0} in D([0,∞),R) embedded with Sko-
rokhod J1 topology, where the limiting process is a decomposition of two Gaussian processes
{W(.), t ≥ 0} and {B̂mH (t), t ≥ 0} given by

N̂mH (t) = W(t) +
∫ t

0

∫

E
π s(dz) dB̂mH (s) +

∫ t

0

∫

E
π̂s(dz)C

mH (s) ds,
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where {W(t), t ≥ 0} is a Gaussian process with mean zero and time-dependent variance∫ t
0

∫
E CmH (s)π s(dz) ds and {B̂mH (t), t ≥ 0} is a diffusion process satisfying the stochastic

integral equation (3.47).

Remark 3.7 In particular, when themark sequence is i.i.d. in view ofRemark 2.1, the resulting
process under themulti-scaling regime is accumulation of twoGaussian processes {W(t), t ≥
0} and {B(t), t ≥ 0}, and admits the following form

N̂mH (t) = W (t) + B̂mH (t), t ≥ 0, (3.48)

where intensity of the Gaussian noise {W(t), t ≥ 0} is given by μmH

1−||�||
L1
t , provided the

deterministic convergence of Remark 3.5 holds in D([0,∞),R), which is established by
[16].

Remark 3.8 Ifwe consider the simpleHawkes processwithout considering themark sequence
analogous to Remark 3.6, then the limiting process turns out to be a single Gaussian process,
which is given by

N̂mH (t) = W

(
μmH

(1 − ||�||L1)3
t

)
, t ≥ 0,

where {W (t), t ≥ 0} is a Wiener process. This particular form the limiting process coincided
with the weak limit of [1] under suitable assumptions.

Similar to marked Hawkes process, we derive the functional central limit theorems for
shot noise process under multi-scaling regime, resulting from the Gaussian approximations
of cumulative intensity process by virtue of Theorems 3.4 and 3.5. In addition, we assume
the following deterministic convergences.

Assumption 3.8 Given θ(., .) in Assumption 3.4, there exists a locally integrable function
θ̂ (., .) on R+ × E such that

sup
0≤t≤T

esssupz∈E
∣∣n1−δ

(
θn(t, z) − θ(t, z)

) − θ̂ (t, z)
∣∣ → 0, as n → ∞. (3.49)

Theorem 3.6 Suppose the assumptions of Theorem 3.3 are satisfied. In addition, the con-
vergences of Assumptions3.5, 3.6, 3.8 hold. Then the diffusion scaled shot noise process
{Ŷ mH

n (t), t ≥ 0} converges in distribution to the process 1(δ = 1− α/2){Ŷ mH (t), t ≥ 0} in
D([0,∞),R) as n → ∞, where

ŶmH (t) = W
θ
(t) +

∫ t

0

∫

E
θ(t − s, z)π s(dz) dB̂mH (s) +

∫ t

0

∫

E
θ̂ (t − s, z)π s(dz)C

mH (s) ds

+
∫ t

0

∫

E
θ(t − s, z)π̂s(dz)C

mH (s) ds,

where {Wθ (t), t ≥ 0} is theGaussian noisewith variance ∫ t
0

∫
E θ

2
(t−s, z)CmH (s)π s(dz) ds

and {B̂mH (t), t ≥ 0} is the diffusion process represented by (3.47).

4 Proofs of Main Limit Theorems

In this section, we provide the detailed proof of the main results including functional law of
large numbers and functional central limit theorem for the marked Hawkes processes and the
associated shot noise processes in Sects. 4.2 and 4.3 respectively, under the given hypotheses,
which are relied on the results derived in Sect. 4.1.
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4.1 Proofs of Auxiliary Results

This section provides the proofs of Lemmas 2.2, 3.1, 3.2, 3.3, 3.4, Propositions 3.1, 3.2 in
detail, which plays essential roles to prove the main results in following Sects. 4.2 and 4.3.

Proof of Lemma 2.2 Fix T > 0. It follows from (2.11) that

sup
0≤t≤T

∣∣∣E(λmH (t))
∣∣∣ ≤ sup

0≤t≤T
|μmH (t)| + sup

0≤t≤T

∣∣∣∣
∫ t

0
�(t, s)μmH (s) ds

∣∣∣∣

≤ ||μmH ||T
(
1 + sup

0≤t≤T

∫ t

0
|�(t, s)| ds

)
. (4.1)

The subcritical condition (2.12) controls the future influence of an event occurred at time s
and therefore yields

sup
s≥0

∫ ∞

s
|�(t, s)| dt < ∞.

However, in order to obtain the finiteness ofE(λmH (t) uniformly on compact sets, we require

sup
0≤t≤T

∫ t

0
|�(t, s)| ds < ∞. (4.2)

In particular, for convolution type kernel entity ψ(t, s) := ψ(t − s), the condition (2.12)
directly implies

sup
0≤t≤T

∫ t

0
|ψ(t, s)| ds = sup

0≤t≤T

∫ t

0
|ψ(s)| ds <

∫ ∞

0
|ψ(s)| ds < 1,

and hence (4.2). But in general for the non-convolution kernelψ(t, s), we additionally assume

ρT := sup
0≤t≤T

∫ t

0
|ψ(t, s)| ds < 1.

By (2.10), we obtain

sup
0≤t≤T

∫ t

0
|�(t, s)| ds ≤ sup

0≤t≤T

∫ t

0
|ψ(t, s)| ds + sup

0≤t≤T

∫ t

0
|�(t, u)|

∣∣∣∣
∫ u

0
ψ(u, s) ds

∣∣∣∣ du

≤ ρT

(
1 + sup

0≤t≤T

∫ t

0
|�(t, u)| du

)
.

It implies

sup
0≤t≤T

∫ t

0
|�(t, s)| ds ≤ ρT

1 − ρT
, (4.3)

and consequently concludes the proof using the relation (4.1) by virtue of Assumptions2.1
and (4.3). ��
Proof of Lemma 3.1 Recall that φn(s − v, z) = 0 for s < v. Therefore

∫ t
0 φn(s − v, z) ds ≡∫ t

v
φn(s − v, z) ds, t ≥ v ≥ 0. Consider the difference

∣∣∣∣
∫ t

0

∫

E
φn(s − v, z)πn

v (dz) ds −
∫

E
�(z)πv(dz)

∣∣∣∣
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=
∣∣∣∣
∫ nα t

nαv

∫

E
φ(s − nαv, nβ z)πn

v (dz) ds −
∫

E
�(z)πv(dz)

∣∣∣∣

=
∣∣∣∣
∫ nα(t−v)

0

∫

E
φ(s, nβ z)πn

v (dz) ds −
∫

E
�(z)πv(dz)

∣∣∣∣

≤
∣∣∣∣
∫ nα(t−v)

0

∫

E
φ(s, nβ z)πn

v (dz) ds −
∫

E
�̄(nβ z)πn

v (dz)

∣∣∣∣

+
∣∣∣∣
∫

E
�̄(nβ z)πn

v (dz) −
∫

E
�(z)πn

v (dz)

∣∣∣∣

+
∣∣∣∣
∫

E
�(z)πn

v (dz) −
∫

E
�(z)πv(dz)

∣∣∣∣.

Applying Fubini’s theorem, we obtain

∣∣∣∣
∫ t

0

∫

E
φn(s − v, z)πn

v (dz) ds −
∫

E
�(z)πv(dz)

∣∣∣∣ ≤ esssupz∈E

∣∣∣∣∣

∫ nα(t−v)

0
φ(s, nβ z) ds − �̄(nβ z)

∣∣∣∣∣

+ esssupz∈E
∣∣�̄(nβ z) − �(z)

∣∣

+ esssupz∈E |�(z)|
∫

E

∣∣πn
v (dz) − πv(dz)

∣∣ ,

and it goes to zero uniformly on [δ, T ] as n → ∞ for every T > δ > 0 by virtue of (2.15),
(3.14) and Assumption 3.3. The proof is complete. ��

Proof of Lemma 3.2 Consider the difference

E

(∫ t

0
λmH
n (s) ds

)
−

∫ t

0
CmH (s) ds

=
∫ t

0
μmH
n (s) ds −

∫ t

0
μmH (s) ds +

∫ t

0

∫ s

0
�n(s, v)μmH

n (v) dv ds −
∫ t

0

�(s)

1 − �(s)
μmH (s) ds

=
∫ t

0
μmH
n (s) ds −

∫ t

0
μmH (s) ds +

∫ t

0

∫ s

0
�n(s, v)

(
μmH
n (v) − μmH (v)

)
dv ds

+
∫ t

0

∫ s

0
�n(s, v)μmH (v) dv ds −

∫ t

0

�(s)

1 − �(s)
μmH (s) ds

=
∫ t

0
μmH
n (s) ds −

∫ t

0
μmH (s) ds +

∫ t

0

∫ s

0
�n(s, v)

(
μmH
n (v) − μmH (v)

)
dv ds

+
∫ t

0

(∫ t

v
�n(s, v) ds − �(v

1 − �(v)

)
μmH (v) dv. (4.4)

To prove the assertion, it suffices to show that the each difference term in (4.4) converges to
zero on every compact sets [0, T ] for all T > 0 as n → ∞. The convergence of the first part
of (4.4) directly follows from Assumption 3.1.

For the second part of (4.4), Fubini’s theorem results in

sup
0≤t≤T

∣∣∣∣
∫ t

0

∫ s

0
�n(s, v)

(
μmH
n (v) − μmH (v)

)
dv ds

∣∣∣∣

= sup
0≤t≤T

∣∣∣∣
∫ t

0

∫ t

v

�n(s, v)
(
μmH
n (v) − μmH (v)

)
ds dv

∣∣∣∣

123



Functional Limiting Behaviour of Non-stationary Marked Hawkes… Page 27 of 39   123 

≤ sup
0≤v≤t≤T

∣∣∣∣
∫ t

0
�n(s, v) ds

∣∣∣∣ × sup
0≤t≤T

∣∣∣∣
∫ t

0
(μmH

n (v) − μmH (v)) dv

∣∣∣∣ , (4.5)

which vanishes to zero by Assumption 3.1 and (3.21) as n → ∞.
Similarly, for the third part of (4.4), using Fubini’s theorem we obtain

sup
0≤t≤T

∣∣∣∣
∫ t

0

∫ s

0
�n(s, v)μmH (v) dv ds −

∫ t

0

�(s)

1 − �(s)
μmH (s) ds

∣∣∣∣

= sup
0≤t≤T

∣∣∣∣
∫ t

0

(∫ t

v

�n(s, v) ds − �(v)

1 − �(v)

)
μmH (v) dv

∣∣∣∣

≤ sup
0≤t≤T

∣∣∣∣
∫ t

0
μmH (v) dv

∣∣∣∣ × sup
0≤v≤t≤T

∣∣∣∣
∫ t

0
�n(s, v) ds − �(v)

1 − �(v)

∣∣∣∣ ,

which converges to zero uniformly on [δ, T ] by Assumption 3.1 provided t − v ≥ δ for
δ > 0. The convergence on [0, δ] follows from (3.19) and (3.21). The proof is complete. ��
Proof of Lemma 3.3 By definition (3.31) of Tnα t (v, z) to prove assertion (3.33), it suffices to
show that

1. supn≥1 sup0≤v≤t≤T esssupz∈E
∣∣∣
∫ t
v

φn(w − v, z) dw
∣∣∣ < ∞.

2. supn≥1 sup0≤v≤t≤T esssupz∈E
∣∣∣
∫ t
v

∫ t
w

φn(w − v, z)�n(s, w) ds dw
∣∣∣ < ∞.

It is straightforward to verify that (1) and (2) hold by reason of (3.13) and (3.21).
In order to prove the second part (3.34), we define

An(t, w) =1 +
∫ t

w

�n(s, w) ds, t ≥ w ≥ 0,

a(w) = 1

1 − �(w)
,

and by (3.19), for any η > 0 and T > 0 we get

sup
η≤w≤t≤T
t−w≥η

|An(t, w) − a(w)| → 0, as n → ∞. (4.6)

Fix δ > 0. For t − v ≥ δ, consider the difference

Tnα t (v, z) − T∞(v, z) =
∫ t

v

φn(w − v, z)An(t, w) dw − �(z)a(v)

≤
∫ t

v

φn(w − v, z)

(
An(t, w) − a(w)

)
dw (4.7)

+
∫ t

v

φn(w − v, z) (a(w) − a(v)) dw

+ a(v)

(∫ t

v

φn(w − v, z) dw − �(z)

)
. (4.8)

For the first part, fix η ∈ (0, δ), split the first integral part of (4.7) into

T n,t
1 (v, z) =

∫ t−η

v

φn(w − v, z) (An(t, w) − a(w)) dw,

T n,t
2 (v, z) =

∫ t

t−η

φn(w − v, z) (An(t, w) − a(w)) dw.
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Now, for w ∈ [v, t − η], the convergence (4.6) of An(t, w) together with (3.13) yields that
T n,t
1 (v, z) converges to zero uniformly on t and z. For the latter entity T n,t

2 (v, z), note that
w−v ∈ (t −η−v, t −v] and t −v ≥ δ and η ∈ (0, δ) together imply t −η−v ≥ δ−η > 0.
As a consequence, the interval w ∈ (t − η, t] in T n,t

2 (v, z) is away from zero, but the
concentration of φn(., .) from Assumption 3.2 lies near zero only, which results

lim
n→∞ sup

0≤v≤t≤T
t−v≥δ

esssupz∈E
∫ t

t−η

∣∣φn(w − v, z)
∣∣ dw = 0.

Hence T n,t
2 (v, z) vanishes to zero uniformly.

For the second integral part of (4.7), we use the concentration property of φn(w − v, z)
at the diagonal w = v inside the limiting regime. Due to this mass concentration around
w = v, the entity a(w) eventually behaves as a(v) in the limiting regime and hence, without
loss of generality, we can say that

sup
0≤v≤t≤T
t−v≥δ

esssupz∈E
∣∣∣∣
∫ t

v

φn(w − v, z) (a(w) − a(v)) dw

∣∣∣∣ → 0, as n → ∞.

Knowing t − v ≥ δ, it is easy to verify that the third part of (4.7) converges to zero
uniformly on 0 ≤ v ≤ t ≤ T and z by reason of Assumption 3.2.

The proof is complete. ��
Proof of Proposition 3.1 For every f ∈ Cb(E,R), define

R̂n,t ( f ) = 1

nα/2

∫ nα t

0

∫

E

∫ λmH (v−)

0
f (z)1(v ≤ nα t) (Tnα t (v, z) − T∞(v, z)) MP (dv, dz, du)

such that R̂n,t ( f ) = 1
nα/2 ϒn,t ( f ) − 1

nα/2 ϒ̃n,t ( f ). To prove the assertion it suffices to prove
that for every f ∈ Cb(E,R), T > 0 and ε > 0,

lim
n→∞P

(
sup

0≤t≤T

∣∣R̂n,t ( f )
∣∣ > ε

)
= 0.

Define

Cn([t1, t2]) = sup
t1≤v≤t≤t2

esssupz∈E
∣∣Tnα t (n

αv, z) − T∞(nαv, z)
∣∣ , t1, t2 ≥ 0.

Now by change of variables we rewrite

sup
0≤t≤T

|R̂n,t ( f )|

= sup
0≤t≤T

∣∣∣∣∣
1

nα/2

∫ t

0

∫

E

∫ λmH
n (v−)

0
f (z)1(nαv ≤ nα t)

(
Tnα t (n

αv, z) − T∞(nαv, z)
)
MP (nα dv, dz, du)

∣∣∣∣∣

≤ || f ||ECn([0, T ]) sup
0≤t≤T

∣∣∣∣∣
1

nα/2

∫ t

0

∫

E

∫ λmH
n (v−)

0
MP (nα dv, dz, du)

∣∣∣∣∣ .

By given hypothesis, { 1
nα/2

∫ t
0

∫
E

∫ λmH
n (v−)

0 MP (nα dv, dz, du), t ≥ 0} is an Fn-martingale.

Therefore, it follows from Doob’s L2-inequality that

E

⎛

⎝ sup
0≤t≤T

∣∣∣∣∣
1

nα/2

∫ t

0

∫

E

∫ λmH
n (v−)

0
MP (nα dv, dz, du)

∣∣∣∣∣

2
⎞

⎠ ≤ 4E

(
1

nα

∫ T

0

∫

E
λmH
n (v)πnαv(dz)n

α dv

)
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= 4E

(∫ T

0
λmH
n (v) dv

)
.

It leads to for every ε > 0,

P

(
sup

0≤t≤T

∣∣R̂n,t ( f )
∣∣ > ε

)

≤ 1

ε2
Cn([0, T ])2|| f ||2EE

⎛

⎝ sup
0≤t≤T

∣∣∣∣∣
1

nα/2

∫ t

0

∫

E

∫ λmH
n (v−)

0
MP (nα dv, dz, du)

∣∣∣∣∣

2
⎞

⎠

≤ 1

ε2
Cn([0, T ])2|| f ||2E4E

(∫ T

0
λmH
n (v) dv

)

≤ 8

ε2
|| f ||2E

(
Cn([0, δ])2E

(∫ δ

0
λmH
n (v) dv

)
+ Cn([δ, T ])2E

(∫ T

δ

λmH
n (v) dv

) )
.

(4.9)

In the end, taking δ ↓ 0, Lemma 3.2 and the convergence (3.34) of Lemma 3.3 respectively
result that the both term in (4.9) vanishes to zero as n → ∞. ��
Proof of Lemma 3.4 Recall that the compensated Poisson measure MP (dv, dz, du) is a mar-
tingale measure with the intensity measure dvπv(dz) du. To prove the assertion, by virtue of
Theorem T8(β) in [4] it suffices to show that for each n ∈ N,

1. T∞(v, z) is locally bounded on R+ × E .
2. E

∫ nα t
0

∫
E

∣∣ f (z)T∞(v, z)λmH (v)
∣∣ πv(dz) dv < ∞, for all t ≥ 0.

By given hypotheses, the condition (1) directly follows from Assumption 3.2 and (3.19).
Similarly, Lemma 2.2 together with Assumption 3.2 and (3.19) imply the second condition
(2).

The quadratic variation of the martingale ϒ̃n,t ( f ) can be calculated by the following
relation in virtue of Lemma 5.7 in [26],

〈ϒ̃n,.( f ), ϒ̃n,.(g)〉(t) =
∫ nα t

0

∫

E

∫ λmH (v−)

0
f (z)g(z)T 2∞(v, z)〈MP (dv, dz, du)〉

=
∫ nα t

0

∫

E
f (z)g(z)T 2∞(v, z)λmH (v)πv(dz) dv.

The proof is complete. ��
Proof of Proposition 3.2 It is already proved in Lemma 3.4 that { 1

nα/2+η ϒ̃n(t), t ≥ 0} is an
Fn-square integrable martingale with predictable quadratic variation process

1

nα+2η 〈ϒ̃n〉(t) = 1

nα+2η

∫ nα t

0

∫

E
T 2∞(v, z)λmH (v)πv(dz) dv.

To prove the assertion, it is enough to show that the entity 1
nα+2η 〈ϒ̃n〉(t) converges to zero in

probability for every t ≥ 0 as n → ∞. On that account, for every θ > 0, using Markov’s
inequality we obtain

P

(∣∣∣∣∣
1

nα+2η

∫ nα t

0

∫

E
T 2∞(v, z)λmH (v)πv(dz) dv

∣∣∣∣∣ > θ

)
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≤ 1

θ

1

nα+2η

∫ nα t

0

∫

E
T 2∞(v, z)EλmH (v)πv(dz) dv. (4.10)

The boundedness ofEλmH (t) by Lemma 2.2 and of T 2∞(v, z) together imply that the integral
entity on right hand side of (4.10) is bounded byO(1/n2η), which vanishes to zero as n → ∞
for all η > 0. In the end, in accordance with Lenglart and Rebolledo inequality in view of
Theorem 1.9.3 in [20], it follows that for every T > 0 and ε > 0, θ > 0,

P

(
sup

0≤t≤T

1

nα/2+η
|ϒ̃n(t)| > ε

)
≤P

(
1

nα+2η 〈ϒ̃n〉(T ) > θ

)
+ θ

ε2

≤1

θ

1

nα+2η

∫ nαT

0

∫

E
T 2∞(v, z)EλmH (v)πv(dz) dv + θ

ε2
.

Taking n → ∞, the above inequality concludes the requisite convergence. ��

4.2 Proofs of Functional Law of Large Number Theorems

In this section, we particularly focus on the derivation of the functional law of large numbers
of themarkedHawkes process {NmH

n (t), t ≥ 0} alongwith the intensity process {λmH
n (t), t ≥

0}. In addition, we provide the functional law of large numbers for the shot noise process
{YmH

n (t), t ≥ 0}.

Proof of Theorem 3.1 Using definition (3.35), we write
∫ t

0
λn(s) ds −

∫ t

0
CmH (s) ds =

∫ t

0
λmH
n (s) ds −

∫ t

0
EλmH

n (s) ds +
∫ t

0
EλmH

n (s) ds

−
∫ t

0
CmH
n (s) ds

= 1

nα
ϒn(t) +

∫ t

0
EλmH

n (s) ds −
∫ t

0
CmH (s) ds, (4.11)

where ϒn(t) := ϒn,t (1). In particular, the convergence of first term of (4.11) is a direct
consequences of Propositions 3.1 and 3.2 for η = α/2. On the other hand, Lemma 3.2 yields
the convergence of the second part of (4.11) and hence concludes the assertion of the theorem.

��

Proof of Theorem 3.2 Given an BE -measurable function f ∈ Cb(E,R), we define

N
mH
t ( f ) =

∫ t

0

∫

E
f (z)CmH (s)π s(dz) ds. (4.12)

We consider the difference

1

nα
NmH
n,t ( f ) − N

mH
t ( f )

= 1

nα

∫ t

0

∫

E
f (z)MmH

n (ds, dz) +
∫ t

0

∫

E
f (z)

(
λmH
n (s) − CmH (s)

)
πn
s (dz) ds

+
∫ t

0

∫

E
f (z)CmH (s)

(
πn
s (dz) − π s(dz)

)
ds, (4.13)
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where MmH
n (ds, dz) = NmH

n (ds, dz) − λmH
n (s)nα dsπn

s (dz). For every BE -measurable
bounded function f , the double integral process { 1

nα

∫ t
0

∫
E f (z)MmH

n (ds, dz), t ≥ 0} is an
Fn-martingale with quadratic variation process

〈
1

nα

∫ .

0

∫

E
f (z)MmH

n (ds, dz),
1

nα

∫ .

0

∫

E
g(z)MmH

n (ds, dz)

〉
(t)

= 1

nα

∫ t

0

∫

E
f (z)g(z)λmH

n (s)πn
s (dz) ds.

In view of Lenglart and Rebolledo inequality (see Theorem 1.9.3 of [20]), for every T > 0
and ε > 0, θ > 0, we get

P

(
sup

0≤t≤T

1

nα

∣∣∣∣
∫ t

0

∫

E
f (z)MmH

n (ds, dz)

∣∣∣∣ > ε

)

≤ P

(
1

nα

∫ T

0

∫

E
f 2(z)λmH

n (s)πn
s (dz) ds > θ

)
+ θ

ε2

≤ 1

θ

1

nα

∫ T

0

∫

E
f 2(z)EλmH

n (s)πn
s (dz) ds + θ

ε2
. (4.14)

Now, in view of Assumption 3.3 and Theorem 3.1,
∫ t
0

∫
E f 2(z)EλmH

n (s)πn
s (dz) ds converges

to
∫ t
0

∫
E f 2(z)CmH (s)π s(dz) ds uniformly on compact sets. Therefore, the first double inte-

gral term of (4.14) is bounded byO(1/nα), which vanishes to zero as n → ∞. It essentially
shows by reason of Lenglart and Rebolledo inequality that the martingale part of (4.13)
converges to zero process in probability uniformly on compact sets as n → ∞.

For the second integral part of (4.13), we obtain

P

(
sup

0≤t≤T

∣∣∣∣
∫ t

0

∫

E
f (z)

(
λmH
n (s) − CmH (s)

)
πn
s (dz) ds

∣∣∣∣ > ε

)

≤ P

(
|| f ||E sup

0≤t≤T

∣∣∣∣
∫ t

0

(
λmH
n (s) − CmH (s)

)
ds

∣∣∣∣ > ε

)
,

and the latter probability vanishes to zero as n → ∞ by virtue of Theorem 3.1.
To conclude the assertion of the theorem, it remains to show that

lim
n→∞P

(
sup

0≤t≤T

∣∣∣∣
∫ t

0

∫

E
f (z)CmH (s)

(
πn
s (dz) − π s(dz)

)
ds

∣∣∣∣ > ε

)
= 0,

which immediately follows from Assumption 3.3.
Substituting f ≡ 1 in the representation (4.12) and applying the continuous mapping

theorem, we conclude the proof. ��
Proof of Theorem 3.3 Consider the difference

1

nα
YmH
n (t) − Y

mH
(t)

= 1

nα

∫ t

0

∫

E
θn(t − s, z)MmH

n (ds, dz) +
∫ t

0

∫

E
θn(t − s, z)

(
λmH
n (s) − CmH (s)

)
πn
s (dz) ds

+
∫ t

0
CmH (s)

(∫

E
θn(t − s, z)πn

s (dz) −
∫

E
θ(t − s, z)π s(dz)

)
ds. (4.15)
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For the first part { 1
nα

∫ t
0

∫
E θn(t − s, z)MmH

n (ds, dz), t ≥ 0} of (4.15), we apply the

martingale argument used in the earlier proof of Theorem 3.2. By definition, { 1
nα

∫ t
0

∫
E θn(t−

s, z)MmH
n (ds, dz), t ≥ 0} is an Fn-square integrable martingale with quadratic variation

process
〈
1

nα

∫ .

0

∫

E
θn(t − s, z)MmH

n (ds, dz)

〉
(t) = 1

nα

∫ t

0

∫

E
θ2n (t − s, z)λmH

n (s)πn
s (dz) ds.

Now, by Assumptions 3.3 and 3.4 and Theorem 3.1, we obtain

lim
n→∞P

(
sup

0≤t≤T

∣∣∣∣
∫ t

0

∫

E
θ2n (t − s, z)λmH

n (s)πn
s (dz) ds −

∫ t

0

∫

E
θ
2
(t − s, z)CmH (s)π s(dz) ds

∣∣∣∣

)
= 0,

which concludes that the quadratic variation entity
〈 1
nα

∫ .

0

∫
E θn(t − s, z)MmH

n (ds, dz)
〉
(t)

converges to zero in probability for all t ≥ 0 as n → ∞. Analogous to the previ-
ous proof, this convergence is sufficient to establish that the martingale { 1

nα

∫ t
0

∫
E θn(t −

s, z)MmH
n (ds, dz), t ≥ 0} converges to zero process in probability uniformly on compact

sets as n → ∞ as a consequence of Theorem 1.9.3 of [20].
For the second part of (4.15),

P

(
sup

0≤t≤T

∣∣∣∣
∫ t

0

∫

E
θn(t − s, z)

(
λmH
n (s) − CmH (s)

)
πn
s (dz) ds

∣∣∣∣ > ε

)

≤ P

(
sup

0≤t≤T

∣∣∣∣
∫ t

0
esssupz∈E |θn(t − s, z)|

(
λmH
n (s) − CmH (s)

)
ds

∣∣∣∣ > ε

)
,

which converges to zero as n → ∞ by the given hypothesis of θn(t, z) in Assumption 3.4
and Theorem 3.1.

The third part of (4.15) leads to

P

(
sup

0≤t≤T

∣∣∣∣
∫ t

0
CmH (s)

(∫

E
θn(t − s, z)πn

s (dz) −
∫

E
θ(t − s, z)π s(dz)

)
ds.

∣∣∣∣ > ε

)

≤ P

(
sup

0≤t≤T

∣∣∣∣
∫ t

0
CmH (s)

∫

E

(
θn(t − s, z) − θ(t − s, z)

)
πn
s (dz)

∣∣∣∣ >
ε

2

)

+ P

(
sup

0≤t≤T

∣∣∣∣
∫ t

0
CmH (s)

∫

E
θ(t − s, z)

(
πn
s (dz) − π s(dz)

)∣∣∣∣ >
ε

2

)
,

which converges to zero as n → ∞ by virtue of Assumption 3.3 and 3.4. Finally, the direct
application of the continuous mapping theorem concludes the convergence of (4.15).

��

4.3 Proofs of Functional Central Limit Theorems

In this section, we prove the functional central limit theorems for the processes of interests
under the multi-scaling regime. Before proceeding to the main proofs, we prove the weak
convergence of {ϒ̂n( f )(t), t ≥ 0} in D([0,∞),R) in Proposition 3.3.

Proof of Proposition 3.3 In order to establish the weak convergence of {ϒ̂n,t ( f ), t ≥ 0}, we
prove the following.
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1.
{

1
nα/2 ϒ̃n,t ( f ), t ≥ 0

}
converges in distribution to a Gaussian process {Bt ( f )), t ≥ 0} in

D ([0,∞),R) as n → ∞, where

E(Bt ( f )) = 0, E(Bt ( f )Bt (g)) =
∫ t

0

∫

E
f (z)g(z)T 2∞(v, z)CmH (v)πv(dz) dv.

(4.16)

2. For every f ∈ Cb(E,R), T > 0 and ε > 0,

lim
n→∞P

(
sup

0≤t≤T

∣∣∣∣ϒ̂n,t ( f ) − 1

nα/2 ϒ̃n,t ( f )

∣∣∣∣ > ε

)
= 0. (4.17)

By view of Theorem 3.1 of [3], (1) and (2) together yield the requisite convergence of
{ϒ̂n,t ( f ), t ≥ 0} in D ([0,∞),R) embedded with Skorokhod J1 topology. Here, the second
assertion (2) directly follows from Proposition 3.1. Therefore, it only remains to prove the
first assertion (1).

To prove the first assertion (1), we begin with the fact that, in accordance with Lemma

3.4,
{

1
nα/2 ϒ̃n,t ( f ), t ≥ 0

}
is an Fn-square-integrable martingale with quadratic covariation

entity
〈

1

nα/2 ϒ̃n,.( f ),
1

nα/2 ϒ̃n,.(g)

〉
(t) = 1

nα
〈ϒ̃n,.( f ), ϒ̃n,.(g)〉(t)

= 1

nα

∫ nα t

0

∫

E
f (z)g(z)T 2∞(v, z)λmH (v)πv(dz) dv

=
∫ t

0

∫

E
f (nβ z)g(nβ z)T 2∞(nαv, nβ z)λmH

n (v)πn
v (nβ dz) dv.

(4.18)

Next thing is to derive the limit of the predictable covariation process
{〈 1

nα/2 ϒ̃n,.( f ),
1

nα/2 ϒ̃n,.(g)〉(t), t ≥ 0} in D([0,∞),R) for given f , g ∈ Cb(E,R). Our
aim is to show that

lim
n→∞P

(
sup

0≤t≤T

∣∣∣∣

〈
1

nα/2 ϒ̃n,.( f ),
1

nα/2 ϒ̃n,.(g)

〉
(t) −

∫ t

0

∫

E
f (z)g(z)T 2∞(v, z)CmH (v)πv(dz) dv

∣∣∣∣ > ε

)

= 0.

To prove this, we consider

∣∣∣∣

〈
1

nα/2 ϒ̃n,.( f ),
1

nα/2 ϒ̃n,.(g)

〉
(t) −

∫ t

0

∫

E
f (z)g(z)T 2∞(v, z)CmH (v)πv(dz) dv

∣∣∣∣

=
∣∣∣∣
∫ t

0

∫

nβE
f (z)g(z)T 2∞(nαv, z)λmH

n (v)πnαv(dz) dv −
∫ t

0

∫

E
f (z)g(z)T 2∞(v, z)CmH (v)πv(dz) dv

∣∣∣∣

≤
∣∣∣∣
∫ t

0

∫

nβE
f (z)g(z)T 2∞(nαv, z)

(
λmH
n (v) − CmH (v)

)
πnαv(dz) dv

∣∣∣∣

+
∣∣∣∣
∫ t

0

∫

nβE
f (z)g(z)

(
T 2∞(nαv, z) − T 2∞(v, z)

)
CmH (v)πnαv(dz) dv

∣∣∣∣

+
∣∣∣∣
∫ t

0

∫

nβE
f (z)g(z)T 2∞(v, z)CmH (v) (πnαv(dz) − πv(dz)) dv

∣∣∣∣

≤|| f ||E ||g||E
(∣∣∣∣

∫ t

0

∫

nβE
T 2∞(nαv, z)

(
λmH
n (v) − CmH (v)

)
πnαv(dz) dv

∣∣∣∣
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+
∣∣∣∣
∫ t

0
esssupz∈E

∣∣∣T 2∞(nαv, z) − T 2∞(v, z)
∣∣∣CmH (v) dv

∣∣∣∣

+
∣∣∣∣
∫ t

0

∫

E
T 2∞(v, z)CmH (v)

(
πn

v (dz) − πv(dz)
)
dv

∣∣∣∣

)
. (4.19)

As the results of Assumption 3.3, Theorem 3.1 and Proposition 3.1, the above difference
entity (4.19) converges to zero in probability for all t ≥ 0 as n → ∞. Also the expected

maximum squared jump of
{

1
nα/2 ϒ̃n,t ( f ), t ≥ 0

}
is bounded by O( 1

nα ), which eventually

vanishes to zero as n → ∞. Finally, substituting f ≡ 1 in (3.45), in accordance with the
martingale functional central limit theorem in view of Theorem 7.1.4 of [10], the requisite

weak convergence of
{

1
nα/2 ϒ̃n,t ( f ), t ≥ 0

}
follows. ��

Proof of Theorem 3.4 By definitions (3.8), (3.45), we write

nα/2
(∫ t

0
λn(s) ds −

∫ t

0
CmH (s) ds

)

=nα/2
(∫ t

0
λmH
n (s) ds −

∫ t

0
EλmH

n (s) ds

)
+ nα/2

(∫ t

0
EλmH

n (s) ds −
∫ t

0
CmH (s) ds

)

=ϒ̂n(t) + nα/2
(∫ t

0
μmH
n (s) ds −

∫ t

0
μmH (s) ds

)

+ nα/2
(∫ t

0

∫ s

0
�n(s, v)μmH

n (v) dv ds −
∫ t

0

�(s)

1 − �(s)
μmH (s) ds

)

=ϒ̂n(t) + nα/2
(∫ t

0
μmH
n (s) ds −

∫ t

0
μmH (s) ds

)

+ nα/2
∫ t

0

(∫ t

v

�n(s, v) ds − �(v

1 − �(v)

)
μmH (v) dv. (4.20)

Now, by view of Proposition 3.3, the martingale part {ϒ̂n(t), t ≥ 0} of (4.20) weakly
converges to the Gaussian process {B(t), t ≥ 0} in D ([0,∞),R). Finally, Assumptions
3.5 and 3.7 and the application of the continuous mapping theorem conclude the requisite
convergence. ��

Proof of Theorem 3.5 Firstly, for given BE -measurable functions f , g ∈ Cb(E,R), we
decompose

N̂mH
n,t ( f ) =n1−δ

(
1

nα
NmH
n,t ( f ) − N

mH
(t)( f )

)

= n1−δ−α

∫ t

0

∫

E
f (z)MmH

n (ds, dz)

+ n1−δ

∫ t

0

∫

E
f (z)

(
λmH
n (s) − CmH (s)

)
πn
s (dz) ds

+ n1−δ

∫ t

0

∫

E
f (z)CmH (s)

(
πn
s (dz) − π s(dz)

)
ds. (4.21)

Let us define

N̂mH
n,1,t ( f ) =n1−δ−α

∫ t

0

∫

E
f (z)MmH

n (ds, dz),
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N̂mH
n,2,t ( f ) =n1−δ

∫ t

0

∫

E
f (z)

(
λmH
n (s) − CmH (s)

)
πn
s (dz) ds,

N̂mH
n,3,t ( f ) =n1−δ

∫ t

0

∫

E
f (z)CmH (s)

(
πn
s (dz) − π s(dz)

)
ds,

such that N̂mH
n,t ( f ) = N̂mH

n,1,t ( f ) + N̂mH
n,2,t ( f ) + N̂mH

n,3,t ( f ).

Under the given hypotheses, {n1−δ−α
∫ t
0

∫
E f (z)MmH

n (ds, dz), t ≥ 0} is an Fn-square
integrable martingale with quadratic variation process

〈
n1−δ−α

∫ .

0

∫

E
f (z)MmH

n (ds, dz), n1−δ−α

∫ .

0

∫

E
g(z)MmH

n (ds, dz)

〉
(t)

= n2−2δ−α

∫ t

0

∫

E
f (z)g(z)λn(s)π

n
s (dz) ds,

which converges to 1(δ = 1− α/2)
∫ t
0

∫
E f (z)g(z)CmH (s)π s(dz) ds in probability as n →

∞ for every t ≥ 0. In order to the verify that the expected maximum square jump of the
martingale {N̂mH

n,1,t ( f ), t ≥ 0} vanishes to zero as n → ∞, i.e.,

lim
n→∞E

(
sup

0≤t≤T
|N̂mH

n,1,t ( f ) − N̂mH
n,1,t−( f )|2

)
= 0.

By the cumulative jumps of the Poisson random measure NmH
n (ds, dz),

E

(
sup

0≤t≤T
|N̂mH

n,1,t ( f ) − N̂mH
n,1,t−( f )|2

)
≤E

⎛

⎝
∑

0≤t≤T

|N̂mH
n,1,t ( f ) − N̂mH

n,1,t−( f )|2
⎞

⎠

= n2−2δ−2α
E

(∫ T

0

∫

E
| f (z)|2NmH

n (ds, dz)

)

≤ n2−2δ−2α|| f ||2E ,

and under the diffusion scaling δ = 1 − α/2, the above cumulative jumps is bounded by
O(1/nα), which eventually vanishes to zero as n → ∞.

Therefore, bymartingale central limit theorem {N̂mH
n,1,t ( f ), t ≥ 0} converges in distribution

to the Gaussian process {Wt ( f ), t ≥ 0} with E(Wt ( f )) = 0 and

E (Wt ( f ),Wt (g)) =
∫ t

0

∫

E
f (z)g(z)CmH (s)π s(dz) ds.

Next, in view of (3.42), we can rewrite N̂mH
n,2,t ( f ) as

N̂mH
n,2,t ( f ) = n1−δ−α/2

∫ t

0
Fn
f (s) d Ẑ

mH
n (s),

where

F f
n (t) :=

∫

E
f (z)πn

t (dz).

{ẐmH
n (t), t ≥ 0} is absolute continuous with respect to the Lebesgue measure a.e., and

converges in distribution to the diffusion process {B̂mH (t), t ≥ 0} in C ([0,∞),R) as n →
∞ by virtue of Theorem 3.4. Consequently, it follows from Theorem 11.4.5 of [27] and
Assumption3.3 that {(F f

n (t), ẐmH
n (t)), t ≥ 0} jointly converges to {(F f (t), B̂mH (t)), t ≥ 0}

in D ([0,∞),R) × C ([0,∞),R) embedded with Skorokhod product topology. However,
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the aforementioned joint convergence is not sufficient to conclude the Skorokhod weak
convergence of {N̂mH

n,2,t ( f ), t ≥ 0} inD ([0,∞),R). For this purpose,we require the sequence

of semimartingales {{ẐmH
n (t), t ≥ 0}, n ∈ N} to be predictable uniformly tight (P-UT) (see

[18, 24]), which follows from Theorem VI.6.13 of [18] as the predictable entity of the
associated martingale {ϒ̂n(t), t ≥ 0} is C-tight by (4.18). In the end, Theorem VI.6.22
of [18] concludes the convergence of {N̂mH

n,2,t ( f ), t ≥ 0} to the integral process 1(δ =
1 − α/2){∫ t

0

∫
E f (z)π s(dz) dB̂mH (s), t ≥ 0} in D ([0,∞),R) as n → ∞.

Again, by Assumption 3.6, it follows that the deterministic process {N̂mH
n,3,t ( f ), t ≥ 0}

converges to {∫ t
0

∫
E f (z)CmH (s)π̂s(dz) ds), t ≥ 0} as n → ∞.

In the end, by virtue of Theorem 11.4.4 and 11.4.5 in [27],
{(N̂mH

n,1,t ( f ), N̂
mH
n,2,t ( f )N̂

mH
n,3,t ( f )), t ≥ 0} jointly converges to {(1(δ = 1 −

α/2)Wt ( f ), 1(δ = 1−α/2)
∫ t
0

∫
E f (z)π s(dz) dB̂mH (s),

∫ t
0

∫
E f (z)CmH (s)π̂s(dz) ds), t ≥

0} inD ([0,∞),R)3 as n → ∞. Since the limiting processes have continuous trajectories P-
a.s, the requisite convergence of (4.21) is the direct consequence of the continuous mapping
theorem.

Finally after substituting f ≡ 1, we get the desired weak convergence. The proof is
complete. ��
Proof of Theorem 3.6 In the beginning of the proof, we decompose the process {Ŷ mH

n (t), t ≥
0} as follows:

Ŷ mH
n (t) = Ŷ mH

n,1 (t) + Ŷ mH
n,2 (t) + Ŷ mH

n,3 (t) + Ŷ mH
n,4 (t), (4.22)

where

Ŷ mH
n,1 (t) =n1−δ−α

∫ t

0

∫

E
θn(t − s)MmH

n (ds, dz),

Ŷ mH
n,2 (t) =n1−δ

∫ t

0

∫

E
θn(t − s)

(
λmH
n (s) − CmH (s)

)
πn
s (dz) ds,

Ŷ mH
n,3 (t) =n1−δ

∫ t

0

∫

E

(
θn(t − s, z) − θ(t − s, z)

)
CmH (s)πn

s (dz) ds,

Ŷ mH
n,4 (t) =n1−δ

∫ t

0

∫

E
θ(t − s, z)CmH (s)

(
πn
s (dz) − π s(dz)

)
ds.

Recall that {Ŷ mH
n,1 (t), t ≥ 0} is an Fn-square integrable martingale with quadratic variation

process
〈
Ŷ mH
n,1

〉
(t) = n2−2δ−α

∫ t

0

∫

E
θ2n (t − s)λmH

n (s)πn
s (dz) ds.

Applying the similar arguments used in the proof of Theorem 3.3, it can be easily verified
that for any T > 0 and ε > 0,

lim
n→∞P

(
sup

0≤t≤T

∣∣∣∣
∫ t

0

∫

E
θ2n (t − s)λmH

n (s)πn
s (dz) ds −

∫ t

0

∫

E
θ
2
(t − s, z)CmH (s)π s(dz) ds

∣∣∣∣ > ε

)

= 0. (4.23)

Also, analogous to the above proof, the expected maximum square jump of {Ŷ mH
n,1 (t), t ≥ 0}

is bounded by O(n2−2δ−2α), and consequently 1(δ = 1− α/2)O(1/nα) which converges to
zero as n → ∞. Therefore, by martingale central limit theorem {Ŷ mH

n,1 (t), t ≥ 0} converges
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in distribution to the Gaussian process {1(δ = 1 − α/2)Wθ (t), t ≥ 0} in D ([0,∞),R) as
n → ∞, where the limiting process {Wθ (t), t ≥ 0} is characterized by

E
(
Wθ (t)

) = 0, E
(
Wθ (t)Wθ (s)

) =
∫ t∧s

0

∫

E
θ
2
(t − v, z)CmH (v)πv(dz) dv. (4.24)

Analogous to the proof of Theorem 3.5, we rewrite Ŷ mH
n,2 (t) as

Ŷ mH
n,2 (t) = n1−δ−α/2

∫ t

0

∫

E
θn(t − s, z)πn

s (dz) d ẐmH
n (s).

By Assumptions 3.3 and 3.4, it follows that the deterministic entity
∫
E θn(t − s, z)πn

s (dz)
converges to

∫
E θ(t−s, z)π s(dz) uniformly on compact sets as n → ∞. Applying the similar

P-UT arguments as used in the above proof, it can be proved that {Ŷ mH
n,2 (t), t ≥ 0} weakly

converges to {1(δ = 1 − α/2)
∫ t
0

∫
E θ(t − s, z)π s(dz) dB̂mH (s), t ≥ 0} in D ([0,∞),R) as

n → ∞.
Next, it directly follows from Assumptions 3.3, 3.4, 3.6, 3.8 that {Ŷ mH

n,3 (t), t ≥ 0} and
{Ŷ mH

n,4 (t), t ≥ 0} respectively converges to {∫ t
0

∫
E θ̂ (t − s, z)CmH (s)π s(dz) ds, t ≥ 0} and

{∫ t
0

∫
E θ(t − s, z)CmH (s)π̂s(dz) ds, t ≥ 0}.

In the end, by virtue of Theorems 11.4.4 and 11.4.5 of [27], {(Ŷ mH
n,1 (t), Ŷ mH

n,2 (t), Ŷ mH
n,3 (t),

Ŷ mH
n,4 (t)), t ≥ 0} weakly converges to {(1(δ = 1 − α/2)Wθ (t), 1(δ = 1 −

α/2)
∫ t
0

∫
E θ(t − s, z)π s(dz) dB̂mH (s),

∫ t
0

∫
E θ̂ (t − s, z)CmH (s)π s(dz) ds,

∫ t
0

∫
E θ(t −

s, z)CmH (s)π̂s(dz) ds), t ≥ 0} with trajectories in D ([0,∞),R)4. Finally, the continuous
mapping theorem results the desired convergence of (4.22).

��

5 Conclusion and FutureWork

In this paper, we establish the functional limit theorems including the functional laws of large
numbers and functional central limit theorems for the marked Hawkes process along with the
shot noise process under the multi-scaling high intensity regime. This particular asymptotic
regime is generated by multiplying the time parameter by nα for some α > 0. Depending
on α, the diffusion scale parameter δ takes the value accordingly to derive the functional
limit theorems under suitable assumptions, which develops a new asymptotic framework
to study significantly different from the conventional asymptotic regime. Inside the new
proposed asymptotic framework, we prove the diffusion approximations for the cumulative
intensity process associated with the marked Hawkes process. Later, we obtain that the
limiting processes of the marked Hawkes process as well as shot noise process resulting
from the functional central limit theorems is a sum of a Gaussian noise and diffusion process
(associated with an another Gaussian process).

This work focuses on the univariate Hawkes model, and extending the analysis to the
multivariate setting would provide a broader understanding of interactions across multiple
components. Investigating how our asymptotic regime and marked structure behave in the
multivariate case is an important direction for future research. Earlier, the Hawkes process
without incorporating marks, i.e., for φ(t − τi , ηi (τi )) = φ(t − τi ), i ∈ N, has been studied
by [1] under multi-dimensional framework. Another direction for future work could involve
studying asymptotic phenomena, including mean-field limits and large deviation principles
for the framework developed in this paper. Moreover, it would be interesting to study the
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limiting behaviour of the proposed processes when the marks in the self-exciting function
are scaled jointly with the time parameter.
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