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Abstract: Understanding how crises like the COVID-19 pandemic affect variable annu-
ity pricing is crucial, especially in emerging markets like India. The motivation is that
financial stability and risk management in these markets depend heavily on accurate pric-
ing models. While prior research has primarily focused on Western markets, there is a
significant gap in analyzing the impact of extreme volatility and regime-dependent dy-
namics on variable annuities in emerging economies. This study investigates how regime
shifts during the COVID-19 pandemic influence variable annuity pricing in the Indian
stock market, specifically using the Nifty 50 Index data from 7 September 2017 until 7
September 2023. Advanced methodologies, including regime-switching hidden Markov
models, artificial neural networks, and Monte Carlo simulations, were applied to analyze
pre- and post-COVID-19 market behavior. The regime-switching hidden Markov models
effectively capture latent market regimes and their transitions, which traditional models
often overlook, while neural networks provide flexible functional approximations that en-
hance pricing accuracy in highly non-linear environments. The Expectation-Maximization
(EM) algorithm was employed to achieve robust calibration and enhance pricing accuracy.
The analysis showed significant pricing variations across market regimes, with height-
ened volatility observed during the pandemic. The findings highlight the effectiveness
of regime-switching models in capturing market dynamics, particularly during periods
of economic uncertainty and turbulence. This research contributes to the understanding
of variable annuity pricing under regime-dependent dynamics in emerging markets and
offers practical implications for improved risk management and policy formulation.

Keywords: variable annuity pricing; hidden Markov model; regime switching; Monte
Carlo; calibration; EM algorithm; Nifty 50 Index data; neural networks; emerging markets

JEL Classification: C13; C32; C45; G22; N25

1. Introduction

Over the last ten years, the life insurance sector has been modifying its product designs
to meet client demands more effectively. Traditional life insurance products, such as pure
endowments, death-deferred capital, and unit-linked insurance, have transformed into
more adaptable options known as variable annuities (VAs). These VA products are tax-
deferred and provide customers the choice to deploy their funds to investing methods
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before or after retirement, ensuring a lifelong income or death capital while protecting
against market downturns.

In recent years, VAs have witnessed substantial sales volumes, surpassing 20 billion
per quarter. This surge in popularity is driven mainly by the inclusion of rider features,
which offer enhanced benefits and customization options to policyholders. However, the
incorporation of rider features in VAs introduces a spectrum of risks for issuers, spanning
financial risks, mortality or longevity risks, and surrender risks. Additionally, navigating
the complexities of a low- or negative-interest-rate environment, market interconnections,
and risk interactions poses challenges in accurately valuing life insurance contracts with
embedded guarantees (see [1]). GMxB is a common abbreviation for these guarantees,
where x represents the kind of benefit. A few of the most common examples are the GMDB,
GMAB, GMWB, and GMIB, which guarantee a minimum death benefit, minimum accumu-
lation benefit, minimum withdrawal benefit, and minimum income benefit, respectively.
As a result of intense competition, insurers have increased the scope of these guarantees.

Researchers have extensively studied life insurance contracts with embedded guaran-
tees for many years.

Most VA issuers suffered significant losses during the credit crisis that lasted from
October 2007 until March 2009. The sources of these losses were found to be rising guarantee
values, decreased earnings from mutual fund fees, negative hedging results, and exceeding
hedging expenses. To reduce the risk of financial losses for VA issuers, it is critical to
incorporate economic regime variations into the valuation framework while also taking
into account the benefits of VAs during periods of economic boom and recession.

Furthermore, understanding market behavior during different economic conditions
is crucial for accurate valuation and risk management. For example Figure 1 represents
the trajectory of the Nifty 50 Index price before and after the COVID-19 pandemic. The
price movements display relatively stable behavior before COVID-19, with moderate levels
of volatility. However, after COVID-19, the price processes exhibit a significantly higher
level of volatility. Table 1 presents the descriptive statistics for Nifty 50 Index prices
before COVID-19 and after the COVID-19 pandemic. Before COVID-19, the Nifty 50 Index
exhibited relatively stable behavior, with a mean price of 7200 and a low degree of volatility
(standard deviation of 2468.981). A higher mean price (15718) and standard deviation
(2992.078) after COVID-19 show that there was a significant increase in volatility. The
negative skewness before and after COVID-19 suggests a left-tailed distribution, indicating
more frequent lower index values, whereas the full dataset’s slight positive skewness
reflects a small rightward asymmetry. The negative kurtosis values across all cases indicate
a platykurtic distribution, suggesting fewer extreme price fluctuations compared to a
normal distribution. The properties of time series (spikes) render the widely used class
of jump-diffusion models ineffective, as they cannot depict successive spikes with the
regularity seen in market data.

The complexity and flexibility of these products can be solved by using a regime-
switching model. Hardy [2] and Sui et al. [3] discussed how to value and hedge long-term
investment guarantees within the context of regime-switching models. Elliott et al. [4]
introduced a novel approach to option pricing by proposing a switching jump-diffusion
process. Building upon this work, Boyarchenko and Levendorskii [5] extended Carr’s
randomization procedure to evaluate American options in the context of regime-switching
models. Lin et al. [6] examined the valuation of equity-indexed annuities (EIAs) and VAs
by employing a regime-switching model that modeled the dynamics of the reference
investment fund value as a geometric Brownian motion, modulated by a continuous-time,
finite-state Markov chain. Ng and Li [7] were pioneers in exploring the valuation of VA
guarantees using a multivariate regime-switching model. Fan et al. [8] studied the valuation
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of VAs with Guaranteed Minimum Death Benefits (GMDBs) using a Markov-modulated
geometric Brownian motion for the investment fund. Mohammad et al. [9] applied a
regime-switching local volatility model for pricing VAs with embedded GMABs. Bargos
and Claro Romaéo [10] investigated the integration of machine learning techniques with
risk and return performance measures, providing a data-driven framework for identifying
investment opportunities in equity funds.

Table 1. Descriptive statistics for Nifty 50 Index prices.

Mean Std. Dev. Kurtosis Skewness
Before COVID-19 7200 2468.981 —0.86 —0.35
After COVID-19 15,718 2992.078 —0.29 —0.88
Full Data 13,043.61 3503.70 —1.28 0.43
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Figure 1. Nifty 50 Index price (INR) from September 2007 to September 2023. (a) Before COVID-19
pandemic. (b) After COVID-19 pandemic.

However, the majority of the current work on the valuation of financial assets using
regime-switching models assumes that the model parameters vary with respect to the
modulating observable Markov chain. There has been relatively less attention given to
regime-switching hidden Markov models (HMMs). The main idea behind hidden Markov
models (HMMs) is to characterize the observed stochastic behavior of a given time series
using two or more different states or regimes with different underlying stochastic processes.
HMMs have gained popularity in this domain due to their relative simplicity and ability to
capture the distinguishing features of index pricing.

The econometric literature has devoted considerable attention to modeling economic
cycles using hidden Markov chains. Our article directly aligns with this research line,
drawing insights from previous studies. Guidolin and Timmermann [11] provide em-
pirical evidence of enduring ‘bull” and ‘bear” periods in the returns of UK stocks and
bonds. In Shahzad et al. [12], the daily return spillover of 18 cryptocurrencies is examined
under low- and high-volatility regimes, with consideration given to three price parame-
ters and the impact of the COVID-19 pandemic. It is shown that the regime-dependent
spillover results provide better ways to manage portfolio diversification strategies. S.Y.
Tchoumi et al. [13] formulated a mathematical model incorporating infective immigrants
and vaccination to study the impact of imported infections on COVID-19 dynamics. De
Blasis et al. [14] examined the impact of stablecoin design on market behavior during
turbulent periods and found significant contagion effects from the TerraUSD collapse.
Using an event study approach, Wu et al. [15] investigated how the COVID-19 outbreak
affected stock price movements of China’s tourism industry. The findings indicated that the
crisis had a negative impact on stocks in the tourism sector. Mazur et al. [16] investigates
the US stock market performance during the crash of March 2020 triggered by COVID-19.
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MC Belili et al. [17] analyzed the dynamics of a discrete-time SIRS epidemic model, fo-
cusing on the stability of the endemic state and bifurcations. Using COVID-19 data from
the USA, they applied optimal control strategies, demonstrating their effectiveness in
mitigating the pandemic’s spread.

As Silva [18], who examined exchange rate and stock price behavior in developing
nations using the Markov Switching Vector Autoregressive model, shows, the adoption of
regime-switching models has been shown to be an efficient method in catching structural
changes in financial markets. In order to assess the performance of sustainability-oriented
indexes in India, Jasuja et al. [19] also used a Markov regime-switching technique, therefore
underlining the need to include regime changes into financial modeling. Xie et al. [20] have
pointed out that the COVID-19 epidemic emphasizes the need for including such models,
as market discipline and risk management in developing nations were clearly disrupted.
Reiterating the need for regime-dependent techniques in actuarial and financial modeling,
Zhong et al. [21] showed, in the context of VA pricing, the efficacy of regime-switching
jump-diffusion models in capturing mortality and surrender risks. This work uses regime-
switching models and machine learning approaches to improve the accuracy of VA pricing
in developing countries considering the higher volatility and structural changes brought
about by crises such as COVID-19.

Building upon the framework established by prior researchers who have utilized
regime-switching models, this study seeks to address critical questions regarding the impact
of the COVID-19 pandemic on the pricing of VAs in emerging markets, focusing on the
Indian stock market. Specifically, this research investigates how market volatility induced
by the pandemic influenced VA pricing and assesses the suitability of regime-switching
HMMs in capturing these dynamics. Key research questions include the following: How
did the pandemic affect VA pricing in an emerging market?; Can regime-switching models
effectively capture price variations under extreme market conditions? Previous studies have
largely focused on VA pricing in developed markets or under stable economic conditions,
leaving a gap in understanding how emerging markets respond to significant financial
disruptions. By addressing this gap, this study aims to provide insights into VA pricing
in volatile contexts, using the Nifty 50 Index to model market shifts and analyze pricing
behavior pre- and post-COVID-19. This analysis contributes to a deeper understanding
of how crisis-induced regime shifts affect VA pricing, offering valuable implications for
financial risk management in similar contexts.

The NIFTY 50 Index was selected as the benchmark for this study due to its broad
market representation, liquidity, and relevance in the Indian financial market. As India’s
premier stock market index, NIFTY 50 comprises the 50 most liquid and large-cap stocks
across various sectors, making it a strong indicator of overall market performance. Unlike
broader indices such as NIFTY 500 or sector-specific indices, NIFTY 50 strikes a balance
between comprehensive market coverage and efficient trading activity, ensuring that the
findings remain both representative and practical. Additionally, it is widely used by
institutional and retail investors as a benchmark for portfolio performance, derivatives
trading, and economic analysis. Given its significance in capturing market sentiment and
macroeconomic shifts, NIFTY 50 provides a robust framework for analyzing the impact of
economic events, such as the COVID-19 pandemic, on the Indian stock market.

This research utilizes a mean-reverting model to examine the impact of COVID-19 on
the evaluation of VA contracts. The primary objective of this research is to analyze how
the VA contract price changed during the COVID-19 pandemic, specifically using Indian
stock market data. We employ a well-known model to answer this question across different
market conditions, which, to the best of our knowledge, has not been previously explored.
By applying these methodologies, we aim to fill this gap and provide a comprehensive
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answer to how variable annuity pricing is affected during the pandemic. Our main purpose
is not to develop a new methodology but to use existing ones to address this specific issue
under varying market regimes.

The second contribution of our work is the application of the modeling technique
proposed by Janczura and Weron [22] to a specific financial domain. We utilize Expectation—
Maximization (EM) algorithm techniques to extract significant information and determine
the regime-switching parameters from real-world data. By employing this regime-switching
model, we are able to obtain a significant level of precision in our valuation methodology.

At present, India has one of the most rapidly developing emerging stock markets
in the world, and although many scholars have shown strong interest in its market (see
Selvamuthu et al. [23]), the impact of COVID-19 on variable annuity pricing in the Indian
context has received scant attention. Therefore, analyzing Indian stock market data provides
a unique opportunity to fill the gap in the extant literature on government policy responses
to India’s stock markets and identify whether such responses had a mitigating effect on the
relationship between COVID-19 and variable annuity pricing. In the context of the Indian
stock market, these methodologies have not been implemented in VA market evaluation.
The MRS model is applied to the pricing of variable annuities in India in our research,
which has not been previously investigated. The potential of this model to capture regime
shifts and their impact on VA pricing under the unique dynamics of the Indian market
is demonstrated through its implementation. This innovative application expands the
application of well-established methods, providing insights that can improve the accuracy
of VA pricing models in emerging markets like India.

There is a noticeable difference in prices before and after the COVID-19 pandemic.
Our findings demonstrate that the pandemic has significantly affected the fair prices of
VA contracts across different guarantee frameworks and market regimes. Prior to the
pandemic, fair prices were higher, but they dropped considerably afterward, indicating
changes in investor sentiment and risk perception due to heightened market volatility and
unpredictability. Furthermore, during the COVID-19 period, prices remained stable across
regimes, suggesting that the pandemic had a uniform impact on the market, diminishing
regime-specific variations.

The paper is structured as follows. Section 2 explains the model’s description. Next,
Section 3 describes the model calibration methodology for Markov regime-switching
models. Then, in Section 4, an application of the proposed approach to Nifty 50 Index data
is discussed. In Section 5, the valuation of VAs with GMAB and GMDB riders is discussed.
Section 6 discusses the numerical results and sensitivity analysis. Finally, in Section 7, we
conclude and provide suggestions for future work.

2. Model Description

A Markov regime-switching model (MRS) represents the observed stochastic behavior
of a time series by two separate states or regimes, each characterized by different underlying
stochastic processes. The transition process between states is intended to be a hidden
Markov chain. These models have attracted significant attention in recent years, not only in
the field of econometrics but also in several other scientific domains, such as option pricing
(Elliott et al. [24,25]), life insurance policies (Siu [26]), and electricity spot pricing (Janczura
and Weron [22]).

Let (Q), F, (Ft);~(, P) be a filtered probability space satisfying the standard filtration
conditions of compléteness and right-continuity, with 7y = {®, Q}. An MRS model is
based on an unobservable continuous-time homogeneous Markov chain X(t) = {X(¢),t € T},
defined for t € T with a time horizon T € [0, ). This chain enables transitions between
distinct states or regimes, governed by a transition probability matrix P. The entries of P,
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denoted as p;; = P(X(t +1) = j | X(t) = i), specify the likelihood of moving from regime i
at time f to regime j at time t + 1. For a two-state model, where 7, j € {1,2}, the transition
matrix is structured as

P:<P11 Plz):<1plz P12 ) 1)
P21 p22 p21 1—=pxn

The Markov property ensures that the current state X(t) relies solely on the immedi-
ately preceding state X(t — 1), simplifying the complexity of state dependencies over time.

This study focuses on two widely used MRS models in economics, both based on a
discretized version of mean-reverting heteroskedastic processes, originally proposed by
Janczura and Weron [22] to model electricity spot price processes, for modeling investment
risk or the underlying processes S(t). These processes are described by the following
stochastic differential equation:

dS(t) = (a — S(1))dt + o|S(1)[YdW(t), @)

where 7 is a constant. In this model, volatility is influenced by the current stock price level,
denoted as S(t). When 1 is positive, higher stock prices are associated with larger price
fluctuations, meaning that volatility increases as the stock price rises. Conversely, when
7 is negative, lower stock prices correspond to greater price fluctuations, implying that
volatility is higher when the stock price declines. This relationship highlights how the
magnitude of price changes varies depending on the price level and the sign of . In the
context of financial data, 7y can be interpreted as a parameter representing the ‘degree of
inverse leverage’. The inverse leverage effect captures the observation that positive shocks
to asset prices tend to increase volatility more than negative shocks, which contrasts with
the traditional leverage effect observed in financial markets.

The absolute value is required to manage cases where the process may take negative
values, e.g., the return series of underlying stock. The first model configuration involves pa-
rameter switching, where the model parameters switch depending on the regime. The second
configuration separates the regimes into distinct processes, each governed independently.

In the first case, i.e., the parameter-switching setup, the process S(t) evolves as

S(1) = ax( + (1= Bx(n ) S(t = 1) + ox[S(t = 1) 0e(t), ©)

with e(t) representing random shocks drawn from a standard normal distribution. The
same random innovations apply across all regimes in this formulation.
For the second case, the process S(t) is explicitly defined for each regime as

S(,,1) ifX(t) =1,
sy =) EX a
S(t,2) ifX(t) =2,
where at least one of the regimes is characterized as
S(t,i) =a;+ (1 —B;)S(t—1,i) +0;|S(t — 1,0)|Ve(t,i), i=1Vi=2. (5)

While this study specifically examines a two-regime model, the framework can be
easily extended to include additional regimes, allowing for a more comprehensive rep-
resentation of complex processes. This flexibility makes MRS models a robust tool for
capturing dynamic behavior across various regimes. The adoption of a two-regime model
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is well supported by empirical evidence, as highlighted in [27,28], where regime-switching
techniques effectively capture shifts in market behavior.

Although MRS models have shown success in reflecting changes in financial regimes,
they are not without limitations. Especially with a small sample size, problems like state
misclassification and overfitting may develop. Under such conditions, inadequate data
might cause the model to overfit to noise, instead of accurately identifying real structural
changes, and assign observations to inappropriate regimes. But in our analysis, we gain
from an enormous dataset that greatly allays these issues. Having enough data helps to
reduce overfitting and misclassification risks, therefore guaranteeing a stronger and more
consistent estimate of regime shifts.

3. Calibration Methodology of MRS Models

Calibrating MRS models is challenging since the regimes are hidden and hence not
easily identifiable. Hamilton [29] offered an application of the Expectation-Maximization
method initially proposed by Dempster et al. [30]. This application involves a two-step
iterative approach starting from the initial set of parameters, denoted as ©. To initiate
the EM algorithm, an appropriate initial set of parameters must be selected. A reasonable
approach is to use estimates obtained through alternative estimation methods, such as the
method of moments, to define the initial values for the parameter vector. This section gives
a general description of the estimate technique and offers explicit estimators for the model
parameters provided by Equation (2). We apply the calibration process as used by Janczura
and Weron [22], which serves as a basis for estimating the parameters in this model.

3.1. Parameter-Switching Variant

To start the estimation procedure, first an initial parameter vector is needed. We
assume the following initial parameter vector:

i

0 = («, ", 0%, 7%, P, pl"), )

for i = 1,2, where pgo) = P(X(1) = i) and the remaining parameters are defined by
Equations (1), (2) and (5).

At the beginning of the iterative procedure, i.e., the E-step, estimates about the hidden-
state process are calculated. Since X(t) is unobservable, only the expected values of the
state process, conditioned on the observed data, IE(]IX(t):]- | s(1),s(2),.. .,s(T);@), can
be determined. Where s(1),s(2),...,s(T) are the realizations of the processes S(t) for
t =1,2,...T. These expectations provide smoothed inferences, which are the conditional
probabilities P(X(t) = j | s(1),s(2),...,s(T); ®), indicating the probability of the system
being in regime j at time ¢. In the following step, i.e., the M-step, new estimates for the
parameter vector © are computed using the maximum likelihood approach, based on the
smoothed inferences derived in the E-step. These two steps are repeated iteratively until
the likelihood function converges to its local maximum. A detailed explanation of this
algorithm is provided below.

3.1.1. The E-Step

Assume the vector of parameters at the n'’ iteration ®"), calculated in the M-step
during the previous iteration, is known. Now, the first part of the E-step is called filtering.
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1. Filtering: Compute regime probabilities using the Bayes formula. Let s(t) =
(s(1),s(2),...,s(t)). Therefore, we have
. —i|s(t—1);,0(" £)X(t)=i;s(t—1);0"))
_ . (n)> _ P(X(t) i|s(t—1);0 )f(s( ; ;
P(X(t) =i s(t);0 T B (X()=is( )00 (s(O XD =i (E1)707)”
wheref(s(t) | X(t) =i;s(t— 1);9(")) is the density of the S(t) process conditional

on the i regime. Observe that

F(s(0) 1X(8) = st = 1,0 ~ N (i + (1= Bi)S(t — 1), G?IS(¢ — 1)[27).

P(X(t+1) =is(0;0") = Zﬂ%% )= ls(;0),

until P(X(t) =i]|s(T) ;®(”)) is calculated. The starting point for the iteration is
chosen as P(El =1 sO;G)(”)) = pf").

2. Smoothing: Starting from t = T — 1 and moving backward to ¢ = 1, perform iterations

on the following steps:
P(X(t)=ils(1);0" )P(X(t+1)=]|s(T);0" ) pl"
— , w): 2 ij
P(X() =i]s();0) =L}, PR D0 .
The procedure mentioned above requires the derivation of the conditional probability
distribution function (pdf),

f(s(t) | X(t) = i;s(t — 1);@<n>),

which is used in the filtering. The model definition Equation (3) states that
S(t), given S(t — 1), follows a conditional Gaussian distribution with a mean of
a; + (1 —B;)S(t — 1) and a standard deviation of 0;|S(t — 1)|7i. This distribution is
described by the following probability distribution function:

f(s0) 1 X() = izs(t —1);,0 ) = o

3.1.2. The M-Step

In the second step of the EM algorithm, updated maximum likelihood estimates,
@("*1), are computed for all model parameters with greater precision. Unlike standard
maximum likelihood estimation, which maximizes the log-likelihood function for a given
probability density function (pdf) f, this approach incorporates weights based on smoothed
inferences. These weights account for the fact that each observation is associated with a
specific regime, determined probabilistically. The model defined in Equation (3) allows
explicit parameter estimates to be derived by solving the system of equations obtained
by setting the partial derivatives of the log-likelihood function to zero. This results in the
following system of equations:
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20 (s(t) = (1 - Bi)st — 1)

:00) |s(t —1)|-27]
)Is(t 1) 7278y }

W)s(t = 1)ls(t—1)|21B,]

Lo P(X(8) = | s(T);00 ) |s(t = 1) 20 (s(t) — s(t — 1))
Lo P(X(5) =i | s(T);00)[s(t —1)| 27

T P(X(5) =i s(T); 0 )s(t —1)[s(t —1)| 2%

T LR =i smpesi - Y

T {P(X() =i s(T);00 ) |s(t = 1) 21 (s(t) — & — (1= Bi)s(t 1))}

" L P(X() = i | s(T);00) |

The parameter 7; is determined through the numerical maximization of the log-
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likelihood function.
Following the approach outlined by [29], the updated estimate for pf"ﬂ)

pl(nﬂ) = P(X(l) =1il|s(T); G)(”)). Additionally, the transition probabilities are calculated
using the formula proposed by [31].

is given by

(n+1) EtTZZP(X(f) =i,X(t—=1)=i|s(T ) (n))

pij = YELP(X(t—1) =i |s(T ) )
P (x( = strye) AT et
- Ll P(X <t—1>— | < >, <">> '

(n)

where p;; is the transition probability from the previous iteration.

All values obtained in the M-step are then used as a new parameter vector
ent+l) — (&i, ﬁi, 0i, i, pln+l), pf"H)),i = 1,2, in the next iteration of the E-step. Al-
though the latent states rely on the whole history of the process, which makes the standard
EM algorithm computationally demanding, we use a computationally effective method to
solve this problem. Specifically, we approximately estimate the latent state expectations
depending on the available information at every time step instead of considering all feasible
paths of the state process. Inspired by Gray [32], this approach substitutes the unobserved
past-state values with their expected values, hence lowering the E-step’s computational
complexity. This improves practicality for big datasets by significantly reducing the mem-
ory needs from an exponential dependency on sample size to a more reasonable form. It has
been demonstrated that this type of approximation can enhance computational efficiency
while simultaneously maintaining estimation accuracy.

Remark 1. The standard EM algorithm was utilized in this study without the application of
any acceleration techniques. To ensure convergence and avoid premature termination, a stringent
stopping criterion was adopted, terminating the iterative process only when the relative change
in log-likelihood fell below 10~12, ensuring high precision. To address challenges associated with
multi-factor optimization, the initial parameter values were determined using alternative estimation
methods, such as the method of moments, to improve stability and convergence. Additionally,
multiple initializations were tested to mitigate local optima issues, and numerical stability was
maintained by constraining transition probabilities and applying reqularization where necessary.
The robustness of the estimated parameters was further verified through multiple calibration trials
and consistency checks.
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4. Application to Nifty 50 Index Data

In this study, we demonstrate how the methods outlined in Section 3 are able to
effectively calibrate the MRS models to the Nifty 50 Index data. We use the daily returns
of the Nifty 50 Index data from September 2017 to September 2023. To enable accurate
comparisons of market behavior before and after COVID-19, daily price data for the Nifty
50 Index were divided into two sets: pre-pandemic (September 2017 to February 2020)
and post-pandemic (February 2020 to September 2023). Each dataset was standardized to
ensure comparability, equalizing factors such as mean and variance to allow for meaningful
analysis of regime shifts induced by the pandemic. Calibration of the regime-switching
HMM was achieved using the Expectation-Maximization algorithm, which iteratively
optimizes model parameters for hidden regimes within the data. However, calibration
presented challenges due to the increased volatility in post-COVID-19 data, which af-
fected the convergence and stability of parameter estimates. To address these issues, we
carefully selected initial values and performed multiple runs to ensure robustness. This
expanded methodological approach provides greater transparency on data handling and
calibration, ensuring that the model reliably captures shifts in VA pricing across different
market regimes.

In order to achieve consistency and make meaningful comparisons in statistical analy-
sis, it is crucial to standardize both datasets. This uniformity allows for a fair assessment of
market behavior and allows researchers to accurately distinguish the distinct impacts of the
COVID-19 epidemic on the performance of the Nifty 50 Index. By equalizing the datasets,
we ensure that statistical methods can be consistently applied to both time periods, which
improves the reliability and validity of the research. It is crucial to ensure parity between
the datasets in order to derive significant conclusions about the influence of the pandemic
on financial markets.

While the World Health Organization (WHO) officially declared COVID-19 a pan-
demic in March 2020, financial markets and economic activity in India started reacting to
the outbreak much earlier. By February 2020, global supply chain disruptions had already
begun affecting the Indian economy, particularly due to India’s trade dependence on China,
which imposed lockdown measures in January 2020. The Indian stock market also showed
early signs of distress, with the benchmark indices (SENSEX and NIFTY 50) experiencing
increased volatility and declines in February 2020, reflecting global uncertainties. Addition-
ally, the first confirmed COVID-19 case in India was reported on 30 January 2020, leading
to heightened concerns and precautionary measures by businesses and investors. Hence,
February 2020 is chosen as the cut-off date, as it marks the initial financial market reactions
and economic disruptions in India, making it a more relevant point for distinguishing the
pre- and post-pandemic periods.

In what follows, the returns series of the underlying stock prices has been considered
for the analysis. Returns series tend to be easier to model with the models discussed in this
article rather than the prices themselves.

Let us consider the stochastic process S(t) a return series of the underlying prices,
which is determined by a Markov regime-switching model consisting of two indepen-
dent states:

Siq i X(t) =

S = Sia HEX(H)

1
2

The mean-reverting, heteroskedastic process with Equation (7) represents the base
regime, i.e., regime 1, which defines the normal pricing behavior:

S(5,1) = &y + (1 - B1)S(E—1,1) + o |S(t —1,1)Me(t), %
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where €(t) is the standard normally distributed random variable. Regime 2, or the spike
regime, which is represented by independent and identically distributed random variables
from the shifted log-normal distribution, is characterized by sudden price surges (spikes)
due to unexpected changes in the market:

log(S(t,2) — S(q2)) ~ N (az,03), S(t,2) > S(q2) (8)

In the above Equation (8), S(42) represents the third quantile of the dataset. In general,
the choice for 42 is arbitrary, but in this section, we assume 42 is 0.75, i.e., the third quartile.
The reason for this is the statistical nature of the model, where the base regime’s dynamics
drive small deviations, and only large deviations are driven by the spike regime’s dynamics.

Our approach categorizes prices as spikes based on certain criteria related to the
probabilities of market regimes. More precisely, we define a spike as an event where the
likelihood of being in regime 2, represented by P(X(t) =2 | s(1),s(2),...,s(T)), is greater
than 0.5. When analyzing the historical data till time ¢, if the probability of the market
being in regime 2 is more than 50%, we categorize the observed price at time ¢ as a spike.

This classification technique enables us to identify cases in which the market exhibits
evident support for regime 2, indicating a substantial departure from its usual pattern.
Regime 2 may indicate periods characterized by high volatility, intense market sentiment,
or sudden shifts in economic conditions.

Tables 2 and 3 show the calibrated model parameters. For instance, f; = 0.3784
suggests a relatively fast mean-reversion rate in the base regime’s pre-COVID-19 data as
compared to f1 = —0.2548 in the base regime’s post-COVID-19 data. A negative value
of 1y is responsible for the positive leverage effect, meaning that as the value of the asset
declines, volatility increases. Finally, by evaluating the probability p;; of remaining in the
same regime, relatively high values are observed for each of the base regimes, ranging from
0.8469 for pre-COVID-19 data to 0.9083 for the post-COVID-19 data in Nifty 50 returns
series. As a result, there are numerous successive observations from the same regime
on average. Based on the findings presented in Table 4, it is evident that the Akaike
information criterion (AIC) and Bayesian information criterion (BIC) values for the two-
regime model are lower in comparison to those without the regime model. This implies
that the two-regime model provides a better fit.

Table 2. Calibration results for MRS models with (two) independent regimes fitted to the Nifty
50 Index returns before COVID-19.

Parameters Probabilities

0y b1 03 T o2 T2 03 1 P22
—0.2227 03784 0.0158 —0.1468 —5.3880 0.0005 1.6526 0.8469 0.1440

Table 3. Calibration results for MRS models with (two) independent regimes fitted to the Nifty
50 Index returns after COVID-19.

Parameters Probabilities
0y b1 03 T 02 T2 03 pn P22
0.1037 —0.2548 0.0336 —0.1690 —6.0557 0.0014 2.2115 0.9083 0.2492
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Table 4. Comparing best-fit model: AIC and BIC values without regime and with two regimes.

Without Regime With Two Regimes
AIC 25.99 19.74
BIC 42.00 35.74

Regime Classification Measure

Traditional specification tests for regime-switching (RS) models have predominantly
focused on examining the properties of residuals or utilizing score-based approaches.
However, these methods do not directly assess the precision of regime classification. To
address this gap, Ang and Bekaert [33] introduce a summary statistic that quantifies the
effectiveness of regime classification in RS models.

In an RS framework, the underlying state of the system at any given time is assumed
to follow a latent regime structure, where the regime is observable to economic agents but
remains unobserved by the econometrician. The inference about the prevailing regime
is typically based on smoothed (ex-post) regime probabilities, denoted as p;. When an
RS model is well specified, it should assign high confidence to specific regimes, implying
that p; should be close to either 0 or 1. If, instead, the probabilities hover around 0.5, the
model struggles to distinguish between regimes, suggesting weak regime identification
and potential misspecification.

To formally evaluate the accuracy of regime classification, we use the Regime Classifi-
cation Measure (RCM), which quantifies the extent to which the estimated probabilities
provide clear separation between regimes. For a two-state model, the RCM is defined as

T
RCM = 400 x (1 Y pe(1- pt)>, )
T t=1

where the constant ensures that the measure is normalized to the range [0,100]. A lower
RCM value indicates a higher degree of confidence in regime classification. Since the true
regime follows a Bernoulli distribution, the RCM statistic serves as an empirical estimate of
its variance.

For models incorporating multiple regimes (K), the generalized form of the RCM is
expressed as

T K
RCM(K) = 100K> (; Y (]’[ p§t> ) (10)
t=1 \i=1

where p;; = P(X(t) = i | Fr) represents the smoothed probability of being in regime i
at time ¢. The measure extends naturally to higher-order regime-switching models and
provides a direct assessment of how well the model differentiates between regimes.

The regime classification measure analysis reveals a shift in regime dynamics when
comparing pre- and post-COVID-19 periods. Prior to the COVID-19 pandemic, the RCM
was estimated at 49.301, indicating a moderate level of information revealed about the
regimes under consideration and a degree of uncertainty in their classification. In contrast,
the RCM post-COVID-19 was calculated to be 33.314, a notable decrease. This lower RCM
value suggests a more distinct regime classification following the pandemic, implying that
the factors influencing the regimes have become more pronounced or that the regimes
themselves have become more clearly differentiated. This could be attributed to the
significant disruptions and shifts in various sectors caused by the pandemic, leading to
more defined patterns and behaviors within the data
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5. Variable Annuity Pricing

This section explores the pricing of variable annuity contracts, focusing on a detailed
description of the contracts’ features including their guarantees and terms, and methodolo-
gies for valuation.

5.1. Contract Description

The Guaranteed Minimum Death Benefit (GMDB) and Guaranteed Minimum Accu-
mulation Benefit (GMAB) represent two key features of the VA contract analyzed in this
research work. Under this contract, policyholders make a single premium payment of
ho > 0 in exchange for benefits tied to the performance of the investment portfolio. The
insurance policy incurs fees to cover management expenses, including mortality fees, man-
agement fees, and other fees related to contract riders. An annual proportion of m > 0is
charged to the account value of the VA contract by the insurer. Consequently, the insured’s
fund value F(t) at time t € [0, T] is determined by the following equation:

F(t)  _S(t)
FO) ~° 5(0) D

~—

where the initial values are F(0) = S(0) = hy.

Furthermore, let w > 0 represent the guaranteed roll-up rate utilized to reset the
premium throughout the duration of the VA contract. This contract provides a lump sum
payout upon its expiration date and a minimum guaranteed benefit in the event of death.
It is assumed that withdrawals and surrenders are prohibited during the contract’s lifetime.
Accordingly, the benefits are defined as follows.

GMDB: In the event of death before the maturity time T, the insurer pays out the
higher of the fund value and a guaranteed amount. At the time of death t;,t < t; < T,
the death benefit is calculated as Dy, (t;) = max(F(t;), G(t4)), where G(0) € (0, ho] and the
common guaranteed amount G(t,;) in the market is either of the following:

1.  The roll-up of the premium at the guaranteed roll-up rate w:
G(ts) = G(t)e!t™") (12)

2. The highest account value recorded every year before death, known as the ratchet
guarantee:
G(ta) ke{f}aﬁtd”(G(t),P(t +k)). (13)
GMAB: If the policyholder is still alive on the expiration date T, they receive the
maximum of the policy fund value and the guaranteed amount. Therefore, the living
benefit is given by
Ly(T) = max{F(T), G(T)},

where the guaranteed amount G(T) is defined similarly as in the case of death (see
Equations (12) and (13)).

5.2. Valuation of VAs

Assume P(5(0),G, T) as the present value of the embedded guarantee in the VA
contract written on S, with an initial value S(0), with guaranteed amount G, and time
to maturity T. In this article, we rely on the no-arbitrage principle and thus consider a
risk-adjusted measure P. As we concentrate on market risk, it is assumed that mortality
risk may be diversified away. Hence, P and P coincide on occurrences relating to mortality.
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It is also assumed that the financial and mortality risks are independent under P. Hence,
the present values of the death benefit and the living benefit at time ¢t = 0 are as follows:

P(5(0),G,T) =Ep (EirtH{Td<T}Dh(Td) + eirTH{rd>T}Lb<T))' (14)

In the preceding expression, the indicator function I, - 1) ensures that the insured is
still alive at time T and E; denotes an expectation under the risk-neutral Esscher measure
PP (refer [34]). It is assumed that the policyholder dies at the end of the year. Therefore, the
death payment is paid out at the end of the year of death. Hence, the present value of the
death benefit is then given by

Po(t) = Ep (e "Lz 1y Do(ta) | Fi)
T—t—-1

= Y kPrrtGrrrkEp (37r(t+k+1)Db(t +k+1) | ]-'t>,
=0

wheret +1,t+2,..., T represent the potential payment dates for death benefits up to the
maturity date T, while the present value of the living benefit is determined by

PL(T) =Ep (eirTH{Td>T}Lb(T) | ft)

= rPx+iEp (EfrTLb(T) | ft)-
The living benefit L,(T) = max{F(T), G(T)} is valued based on the two kinds of
guarantees considered. Equation (12) describes the guaranteed amount G(T), which takes
into account the roll-up guarantee. The maximum value of a random variable and a fixed

constant can determine the living benefit. Thus, the present value of living benefits may be
calculated as

PL(T) = Tpx+Ep (e—rT max{F(T), G(t)e?T-)1 | ]__t)
=TPr+ilp (f”‘*) (F(t)e—m(T—t> 5(5((115)) )

" <c(t)ew<Tt> - p(t)em<Tt>5$)+ | ft>

—rpraiBp (f” (S(T)e—mT i (G(O)e“’T - S(T)e—mT) +) | }'t> (15)

—rpie T (]EP (e*rTsm | ]—'t> +Ep (erT (G(o)e("l+w>T - S(T)) | ]—"t)>
=rprrie” " (S0 +pr(t)),

where the last step is due to the discounted process (e "!S(t)) being a martingale, pr(t) rep-
resents the price of a European put option having maturity T and strike price G(0)e("+<)T,
and for any real number (x, x) = max(x,0).

In the case of a ratchet guarantee, the living benefit is calculated using the maximum
value of account F observed each year till maturity T. The martingale property does not
apply since the account value at any point in time is determined by the state of the chain.
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Hence, a closed-form expression cannot be deduced in this scenario. Thus, the present
value of the living benefits in this case will be

PL(T) = Tpx+Ep (e—rT max{F(T),ke{ll{r}%{t_l}(c;(f)/F(t +h)} ft)- (16)

The Monte Carlo (MC) technique is used to evaluate Equation (16).

5.3. Pricing with Neural Networks: An Efficient Approach

The neural network methodology has proven its validity in making predictions in
several research fields; see, e.g., Atomsa and Zhou [35]. Finance is not an exception, and the
use of neural network pricing methodology provides an efficient way to assess liabilities
without requiring repeated MC simulations. This approach involves training a neural
network model to make predictions on liability using only a certain set of input factors.
In contrast to the extensive data inputs needed for MC simulations, the neural network
specifically targets the parameters that are pertinent to the calculation of liabilities.

The process commences by choosing suitable input factors that have a substantial
impact on the liability. The inputs are utilized to train the neural network model, which
acquires the ability to comprehend the intricate connections between the inputs and the
related liabilities. The training data usually comprise historical data that include pairings
of inputs and outputs, where the inputs represent the chosen parameters and the outputs
reflect the related liabilities.

During the training process, the neural network continuously modifies its internal
parameters in order to minimize the discrepancy between the predicted and real liabilities.
This optimization process persists until the model attains adequate performance on the
training dataset, as assessed by suitable metrics such as loss functions.

After undergoing training, the neural network model is capable of accurately forecast-
ing liabilities using novel sets of input variables. This enables quick and precise evaluations
of liabilities without the computing effort associated with MC simulations. Furthermore,
the pricing approach of the neural network can be adjusted and optimized to accommodate
variations in input variables or include other elements as required, offering flexibility and
scalability in the calculation of liabilities. Inputs for neural network pricing:

e Time until contract maturity (T).
e Interest rate (r).
*  Nifty 50 Index returns.
e Fund value (F(T)).
e Nifty 50 volatility (o).
*  Guaranteed amount (G(T)).
¢  The calibrated model’s parameter values.
*  Regime probabilities.

The neural network used in this study is designed to predict the present value of the
VA contract, with one hidden layer consisting of 10 neurons. This architecture, denoted as
10-10-1, was chosen based on a heuristic approach that matches the hidden layer neurons
to the neurons in the input layer. Moller [36] employed this approach with successful
outcomes and without encountering issues of overfitting. While experimenting with
alternative architectures, we observed that expanding the number of hidden-layer nodes
resulted in only slight improvements in performance, but with the drawback of longer
training durations.
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Training Neural Networks: Optimization Algorithms and Data Partitioning

An essential component of training neural networks consists of modifying the weights
that separate nodes in order to improve the network’s comprehension of the correlation
between inputs and outcomes. Commonly, the gradient descent algorithm computes, with
respect to each weight, the derivative of an error function (typically the sum of squares for
regression or cross-entropy for classification). Scaled by the learning rate, the weights are
subsequently revised by repositioning them in the opposite direction to their gradients.
Nevertheless, determining an optimal learning rate is a difficult task; if the rate is too
high, the network might fail to converge and fail to detect minima, whereas if it is too low,
training could be considerably prolonged.

Resilient backpropagation (RPROP)-scaled conjugate gradient descent (SCGD), and
the Broyden-Fletcher—Goldfarb—Shanno (BFGS) algorithm are alternative gradient descent
optimization algorithms. RPROP updates weights based solely on gradient signs, adjusting
step sizes dynamically. SCGD employs second-order approximations to determine optimal
learning rates, while BFGS offers a more comprehensive second-order approach, with line
searches for step size determination (see [36]).

For this analysis, we utilized the BFGS algorithm, implemented in the nnet package in R.

The dataset was partitioned into training and testing sets, with 80% allocated for train-
ing and 20% for testing, randomly selecting data points for each set. This split is a common
practice in neural network applications for data partitioning. Table 5 summarizes the neural
network training time, resource utilization, and hardware specifications, highlighting key
metrics such as total training time, GPU usage, and memory consumption.

Table 5. Neural network training time and resource utilization.

Metric Value Remarks

Total Training Time 3.0h Convergence achieved via early stopping
Average Time per Epoch 3.6 min Estimated over ~50 epochs
Number of Epochs ~50 Training iterations until convergence
GPU Utilization 85% Peak utilization during training
Maximum GPU Memory Usage 8 GB Monitored during training

MacBook Air M2 with 8 GB RAM, running

Hardware Specifications macOS Sonoma 14.6.1.

System details

6. Numerical Results and Sensitivity Analysis

This section provides a description of the data used in the numerical calculation and
the corresponding numerical results for the proposed model.

Data Description

This paper considers Nifty 50 Index daily returns data from the Indian market for
numerical analysis. The index was selected on the basis of available data. We considered
information from 7 September 2017 until 7 September 2023. The data for the Nifty 50 Index
is taken from Bloomberg Terminal.

The Gompertz-Makeham distribution is used to model the mortality rate (see Make-
ham [37]). With this setting, a closed-form expression of the survival probability can be
derived. The mortality rate v(x) is given by the following equation for an individual age x
at time zero:

v(x) = Ay + B,C}, with B>0,A > —B,C > 1and x > 0.
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The mortality rate due to accidents is denoted as A,, while the term related to aging
is represented by B,C;. The survival probability of an individual aged x at time zero is
determined by the death time, denoted as t;, given as follows:

ipx = Bty > 1) = e~ Jovlrmdu vy > o

where v is the mortality intensity. We use the following mortality parameters obtained by
Melnikov and Romaniuk [38]:

A=95666x10"% B=5162x10"°, C = 1.09369.

The Gompertz—Makeham mortality model is selected due to its extensive use in
actuarial studies and VA pricing. Although we do not apply it to a specific dataset, its
parameters serve as a benchmark for numerical analysis, ensuring that the results are
consistent with the existing literature. This model is an appropriate choice for our pricing
framework because it effectively depicts mortality dynamics that are pertinent to VA
contracts. The financial parameters are derived through the process of calibrating the model
using the Nifty 50 Index data. This is performed to demonstrate how two different economic
conditions, namely, a spike regime characterized by high volatility and low returns and a
base regime characterized by low volatility and high returns, impact pricing performance.

Specifically, the equity components (funds) of the VA guarantees being evaluated are
based on the Nifty 50 Index data (India) from September 2017 to September 2023. Unless
otherwise stated, the values for the model parameters are given in Tables 2 and 3. The
management fee is m = 0.2 percent (see Sun et al. [39]). The insured age is x = 50 years
(see Mamon et al. [40]) at the beginning of the contract. An INR 100 premium is invested in
the referenced portfolio, which has an initial fund value of F(0) = 100. The interest rate is
r = 3 percent. The initial guarantee G(0) is assumed to be 100 percent of the initial fund
value (see Mamon et al. [40]).

Tables 6 and 7 display the fair pricing of VAs with embedded Guaranteed Minimum
Accumulation Benefits (GMABs) during two different market regimes before the COVID-19
outbreak. It assumes a roll-up rate (w = 0) and the guaranteed benefit G = F(0). The prices
are classified into three distinct regimes: the base regime, the spike regime, and without
any particular regime.

Table 6. Fair price of GMAB with two regimes before COVID-19, considering roll-up rate w = 0 and
G =F(0).

Base Regime Spike Regime Without Regime
T (Years) Price (INR) T (Years) Price (INR) T (Years) Price (INR)
5 139.2658 5 163.5337 5 152.068
10 113.6701 10 129.0237 10 118.554
15 90.6150 15 107.9259 15 106.343

Table 7. Fair price of GMAB with two regimes before COVID-19, considering ratchet guarantee.

Base Regime Spike Regime Without Regime
T (Years) Price (INR) T (Years) Price (INR) T (Years) Price (INR)
5 147.3695 5 164.9542 5 153.250
10 133.2425 10 141.4670 10 140.4530

15 128.4624 15 140.0761 15 139.5820
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In the base regime, which represents a relatively stable market environment with
lower volatility, the fair prices of GMAB are generally the lowest across all time horizons
(5, 10, and 15 years) compared to the spike regime. For instance, with a roll-up rate w = 0
and initial guarantee G = F(0), the fair price at a 5-year maturity is INR 139.27, which
then decreases to INR 113.67 and INR 90.62 at 10 and 15 years, respectively, as shown in
Table 6. This pattern aligns with the expectations in a stable market, where investors may
perceive lower risk and therefore demand a smaller premium for guaranteed accumulation
benefits. In stable market conditions, investors place relatively less importance on the need
for guarantees since the likelihood of adverse market movements is lower, which results in
lower fair prices for GMAB.

In contrast, the spike regime, which is characterized by increased market volatility
and sudden price surges, produces significantly higher GMAB prices. For instance, under
the same roll-up and guarantee conditions, the 5-year fair price in the spike regime is INR
163.53, considerably higher than the INR 139.27 seen in the base regime (Table 6). This
pattern remains consistent across longer time horizons. The increased prices reflect the
increased risk premium associated with volatile markets, where investors are willing to pay
more for GMABs to secure their returns against sudden market downturns. The literature
on regime-switching models (see [3,6]) suggests that in times of elevated volatility, the
valuation of guarantees increases as investors seek protection from potential losses, thereby
driving up the fair price of these products.

In the without regime scenario, which serves as a baseline for GMAB pricing without
accounting for specific market dynamics, the prices fall between those observed in the
base and spike regimes. For example, the 5-year fair price is INR 152.07 (Table 6). This
intermediate pricing level suggests that without clear regime patterns, the model reflects a
balanced valuation that partially accounts for the average risk level but lacks the specificity
of regime-dependent adjustments. In Table 7, which considers the ratchet guarantee, the
fair prices similarly show an increase under the spike regime compared to the base regime,
with the without regime scenario yielding intermediate prices. This scenario aligns with
findings in the literature indicating that fair prices calculated without accounting for regime-
specific volatility are typically higher than those in stable conditions but lower than in
high-volatility scenarios (see [7]).

The pricing behavior across these regimes underscores the importance of incorporat-
ing regime-switching mechanisms in VA pricing models, as different market conditions
significantly influence investor demand for guarantees and consequently the fair price of
GMABs. This insight supports the theoretical and empirical conclusions from prior studies,
which emphasize that regime-dependent pricing better captures the risk—return trade-off
perceived by investors under varying market conditions (see [8,24]).

Moreover, in order to compare the price for the roll-up guarantee with the ratchet
guarantee, using the MC technique, the prices of the GMAB contract for different maturities,
specifically T = 5,10, 15 years, are calculated. The results, shown in Table 6, demonstrate
that the prices for the roll-up guarantee are less compared to the yearly ratchet guarantee
(Table 7). The extra cost associated with ratchet options is the reason for this variation
in prices.

Upon conducting a comparative analysis of the fair prices of GMABs prior to and
subsequent to the COVID-19 pandemic, it becomes apparent that the occurrence had a
substantial influence on the pricing dynamics within various guarantee frameworks and
market regimes. As shown in Tables 6 and 7, fair prices appear to have been higher prior to
COVID-19, irrespective of the guarantee framework. Conversely, fair prices witnessed a
significant drop after the commencement of the pandemic, as illustrated in Tables 8 and 9.
This implies that investor sentiment and risk perceptions underwent a transformation,
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possibly impacted by the increased market volatility and unpredictability instigated by the
pandemic. The substantial price fluctuations after the epidemic may be primarily ascribed
to increased market volatility, influenced by economic uncertainty, policy changes, and
investor state of mind. The disruptions caused by the pandemic resulted in significant
swings in asset values, characterized by phases of severe volatility followed by stabilization
as markets adapted to new circumstances. Heightened risk perception among investors led
to elevated implied volatility, impacting asset values and pricing models.

Table 8. Fair price of GMAB with two regimes after COVID-19, considering roll-up rate w = 0 and
G = F(0).

Base Regime Spike Regime Without Regime
T (Years) Price (INR) T (Years) Price (INR) T (Years) Price (INR)
5 137.5320 5 145.4734 5 141.2034
10 110.1768 10 114.4784 10 111.4890
15 89.4207 15 106.9060 15 103.0897

Table 9. Fair price of GMAB with two regimes after COVID-19, considering ratchet guarantee.

Base Regime Spike Regime Without Regime
T (Years) Price (INR) T (Years) Price (INR) T (Years) Price (INR)
5 146.003 5 150.4295 5 148.3564
10 131.5893 10 137.7056 10 134.3098
15 113.0430 15 116.4080 15 112.5052

These modifications underscore the criticality for insurers and financial institutions
to consistently assess and adjust pricing strategies in order to efficiently mitigate risk and
satisfy investor requirements in ever-changing financial landscapes, especially in times
of crisis. More study is necessary to thoroughly examine the fundamental elements that
are causing these price patterns and to formulate adaptable risk management approaches
customized to the financial environment following the pandemic. It is worth mentioning
that these computed prices appear to be rational and typically align with the prices derived
from earlier research on comparable VA guarantees. However, because of the diverse range
of product structures, methodologies, and assumptions used, making direct comparisons
is challenging.

The main objective of this study was to perform a comprehensive analysis of the fair
prices of variable annuity contracts with embedded GMABs under different market regimes
to see the impact of the COVID-19 pandemic, and also to examine the effectiveness of using
a neural network technique for valuation and to compare with the prices calculated by MC
simulations. Convincing evidence has been found that the neural network performs better
and faster than the usual MC simulation methods. The neural network predictions are
examined using the R? measure, which is a measure regularly used by researchers (refer to
N. Hattab [41]) to determine the performance of neural networks. Table 10 displays the
R? values obtained by comparing the neural network’s outcomes with those produced
by the MC simulations. For both the pre- and post-COVID-19 data, across the base and
spike regimes, one can see that the neural network performs well using the R?> metric.
However, the spike regime performs significantly worse than the base regime in both
datasets, owing to the existence of a few outliers. The primary benefit of using the neural
network approach instead of the MC method is in the possible time efficiency during
computations. On the specific computer used in this analysis, the computation of the
pricing of VAs with embedded GMABs over 5-, 10-, and 15-year durations using MC
simulations takes around six hours. Conversely, the neural network technique performs the
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same computation in little more than one minute. To train a neural network, each training
input is fed in sequentially, the gradients of the network weights throughout the whole
dataset are evaluated, and the weights are modified accordingly. As a consequence, when
networks and datasets are bigger, the time required for training is often greater. However,
once the neural network has been trained, evaluating the outcomes of the entire set of
data occurs very fast and is proportional to its magnitude rather than to the quantity of
data used for training. This is in contrast to approaches like kriging, which need distance
computations and hence become more challenging as the quantity of the training data rises.
Although the neural network approach may have somewhat lower accuracy compared to
methods like kriging, its substantial time savings make it attractive.

Table 10. Values of R? for GMAB with two regimes before and after COVID-19.

Before COVID-19 After COVID-19
Base Regime Spike Regime Base Regime Spike Regime
GMAB 0.996 0.988 0.993 0.985

Figures 2 and 3 illustrate that when the initial guarantee amount G(0) decreases, the
fair price also decreases. The inverse relationship between the fair price and the initial
guaranteed amount suggests that lower guaranteed amounts are associated with lower fair
prices. Nevertheless, it is crucial to acknowledge that when there are positive returns in the
market, the relationship may be reduced, leading to prices that may not perfectly follow
this inverse trend. However, contracts with higher guaranteed amounts generally have
higher fair prices, which are impacted by positive market yields. Especially for contracts of
short duration, the decrease in the initial guaranteed payment significantly reduces the fair
price because of the increased uncertainty over the contract’s duration.
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Figure 2. Sensitivity of GMAB price with respect to time to maturity for different guaranteed values
in spike regime.
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Figure 3. Sensitivity of GMAB price with respect to time to maturity for different guaranteed values
in the base regime.

7. Conclusions and Future Work

This study investigates the impact of the COVID-19 pandemic on the pricing of
variable annuities (VAs) within the Indian stock market, using a regime-switching HMM
framework combined with artificial neural networks and Monte Carlo simulations. By
focusing on the Nifty 50 Index data split into pre- and post-COVID-19 periods, this study
sheds light on how extreme market conditions can influence VA pricing. The results
highlight that the pandemic had a significant effect on the pricing of VA products, with
increased volatility leading to notable price shifts across market regimes. Fair prices of VAs
dropped significantly after COVID-19, reflecting changes in investor sentiment and risk
perceptions due to the heightened unpredictability during this period.

The findings underscore the utility of regime-switching models in capturing market
regime dynamics, especially under conditions of economic turbulence. In stable market
conditions, regime-switching models show significant variation in pricing dynamics, while
during catastrophic events like the COVID-19 pandemic, the models show less variation
across regimes. This observation suggests that crisis conditions might dampen regime-
specific influences, with overall volatility overshadowing differences in pricing behavior.
This insight is crucial for insurers and financial institutions, as it emphasizes the need for
adaptable pricing models that can effectively manage risks in times of crisis and better
align with changing market dynamics.

This study also demonstrates the efficiency of neural network pricing approaches in the
VA context, offering a faster alternative to Monte Carlo simulations. The comparison shows
that neural networks can provide accurate VA pricing with significant computational
advantages, particularly when applied across portfolios. These findings reinforce the
importance of integrating advanced computational techniques into VA pricing models, as
they can enhance accuracy and efficiency under varying market conditions. Furthermore,
the best-fitted model was compared using well-known methods based on the AIC and BIC,
suggesting that the model with two regimes was best fitted. These findings may assist
regulators and insurers in enhancing risk management methods, modifying capital reserves,
and formulating more robust pricing frameworks to mitigate future market disruptions.
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Despite these contributions, the study has limitations. It focuses exclusively on the
Indian stock market, which may limit the generalization of the findings to other emerging
markets. Additionally, the reliance on historical data restricts the ability to capture longer-
term pandemic-related market behaviors. Future research could extend this analysis
to other emerging markets and explore alternative modeling techniques, such as semi-
Markov processes or ensemble machine learning approaches, to better capture regime-
dependent dynamics with more complexity. Moreover, expanding the scope to analyze VA
pricing under various macroeconomic shocks could provide deeper insights into managing
financial risks in highly volatile markets.
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