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In this paper, we discuss the Cox–Ingersoll–Ross (CIR) process which incorporates the
external and self-exciting jumps having exponential exciting function. This is the gener-
alization of the classical CIR process and CIR process with Poisson and Hawkes jumps
and it belongs to the class of affine point processes. By employing the concept of infinites-
imal generator, we obtain some limit theorems, such as the Law of Large Numbers and
the Central Limit Theorem. Furthermore, we investigate the Large Deviation Principle
by using the Feynman–Kac formula. The last section of this paper uses the proposed

model to analyze the impact of defaults on financial risk and the corresponding loss
processes.
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1. Introduction

The Cox–Ingersoll–Ross (CIR) process was first introduced by Cox et al. [4] and
Feller [13], which is commonly used in finance to model the short-term interest
rate and in credit risk to represent default intensity. However, in credit risk the
primary focus is often on modeling default occurrences as they directly impact the
current value of securities that are subject to default. In the literature, intensity-
based models are proposed to effectively model defaults; thus, the CIR process is
used. On the other hand, in finance, the CIR processes are used to describe how
short-term interest rates evolve over time and to manage interest rate risk.
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Furthermore, in the literature, the study of jumps in the CIR process holds sig-
nificant importance in financial modeling and risk management. The jumps in the
CIR process are motivated by the realization that financial markets are subject to
sudden and discontinuous changes. These unexpected events, which are frequently
characterized by rapid changes in asset prices or credit conditions, result in finan-
cial losses or gains. Therefore, by including the jump component into the model,
analysts may enhance the simulation and prediction of the consequences of severe
occurrences which may strengthen risk assessment and decision-making processes
(see [5, 9, 22]). As a result, point processes have been used to address the jumps in
the CIR process.

Poisson process is the most commonly used point process because of its com-
putational tractability. Consequently, a generalized version of the CIR process is
employed, which includes jumps modeled by the Poisson process (see, for instance,
[17, 18]).

However, looking into the real-world scenarios, the occurrence of jumps does
not always exhibit time homogeneity. The occurrence of default contagion becomes
more apparent during a financial crisis. As from the recent financial crisis, which
led to the collapse of Lehman Brothers, highlighted the importance of contagion
risk in the financial market. Therefore, developing a more advanced model than
the Poisson process became necessary, as it does not sufficiently address the default
clustering. Based on the analysis of real data, Errais et al. [12] found that this
issue could be addressed more effectively using the self-exciting point process, i.e.,
Hawkes process, which was first proposed by Hawkes [15] and Hawkes and Oakes
[16]. Simulations and distributional properties for the CIR process with self-exciting
jumps have been studied by Dassios and Zhao [9].

In addition, Dassios and Zhao [7] introduced a model called “dynamic conta-
gion process” which is the generalization of the Hawkes process and Cox process
with Poisson shot-noise intensity. This model takes into consideration the fact that
defaults can also be influenced by some external factors and consequently, is able to
capture both the externally and self-exciting jumps. Dassios and Zhao ([7, 8]) by a
martingale approach and infinitesimal generator analysis, also known as Dynkin’s
formula, examine the distributional properties of the intensity process and the point
process. Further, Yao and Xiao [23] extended the dynamic contagion process by con-
sidering the general structure of the exciting functions and examine their asymptotic
properties. In Selvamuthu et al. [21], the authors considered the more general form
of the intensity function of the dynamic contagion process and studied their limit
theorems. In order to account for more general jumps in the CIR process, a study
of the generalized CIR process with externally and self-exciting jumps, has been
considered. The distributional properties of such model have been examined by
Dassios et al. [5] and Pasricha and Selvamuthu [20].

Motivated by the work of Zhu [26], we investigate some asymptotic results,
including the Law of Large Numbers (LLN), Central Limit Theorem (CLT) and
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Large Deviation Principle (LDP) for CIR process with externally and self-exciting
jumps.

This paper is organized as follows: Section 2 contains a detailed description of
the Hawkes process, several types of the CIR process, and the asymptotic behaviors
exhibited by these processes. Section 3 presents the model description of the gen-
eralized version of the CIR process with externally and self-exciting jumps. It also
lists some of the assumptions and presents preliminary results. Section 4 focuses on
the main results of the paper, i.e., the LLN, the CLT and the LDP. The detailed
proof of the results are provided in Sec. 5. Section 6 explains the significance of
the proposed model in relation to some financial models. Section 7 provides some
remarks and open problems.

2. Hawkes and CIR Process

Consider, a filtered probability space (Ω,F , {Ft}t≥0, P ), where the filtration Ft

satisfies the usual conditions of completeness and right continuity. All the stochastic
processes used throughout in the paper are defined under this filtered probability
space.

2.1. Hawkes process (self-exciting process)

A Hawkes process is a point process N = {Nt, t ≥ 0} which admits an Ft intensity

λt = φ

(∫ t

0

h(t − s)dNs

)
,

where φ(·) : R
+ → R

+ is locally integrable, left continuous function and h(·) :
R

+ → R
+ is assumed to be integrable, i.e. ‖h‖L1 =

∫ ∞
0

h(t)dt < ∞. Here h(·) and
φ(·) are known as the exciting function and the intensity function, respectively.

When φ(·) is linear, say φ(z) = v + z, v > 0, the Hawkes process is said to
be linear, and it has a nice immigration-birth representation, see [16]. Under the
Stability Assumption, i.e. ‖h‖L1 < 1, Daley and Vere-Jones [6], proved the LLN for
the linear Hawkes process and allow us to write

Nt

t
→ v

1 − ‖h‖L1
, a.s. as t → ∞.

Bacry et al. [1], proved a Functional CLT for the multivariate Hawkes process. In
particular, as a special case, they obtained the following CLT for the linear Hawkes
process,

Nt − μt√
t

→ σN(0, 1), as t → ∞,

where μ = v
1−‖h‖L1

and σ2 = v
(1−‖h‖L1)3 . Moreover, Bordenave and Torrisi [2]

proved a LDP, for P
(

Nt

t ∈ ·
)
. Moderate Deviation Principle (MDP) for the linear
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Hawkes process is studied by Zhu [25]. Limit theorems of linear Hawkes process
with random marks is obtained in [19].

When φ(·) is nonlinear, then the Hawkes process is said to be nonlinear Hawkes
process which is first introduced by Brémaud and Massoulié [3]. In nonlinear Hawkes
process the usual immigration-birth representation is no longer valid thus a different
approach must be taken into account to study the limit theorems. As a result, Zhu
[24] proved the Functional CLT. LDP for the nonlinear case has been studied in
[27, 28].

2.2. CIR process

CIR process {rt, t ≥ 0} is a stochastic process proposed by Cox et al. [4] and satisfies
the stochastic differential equation given by

drt = δ(a − rt)dt + σ
√

rtdWt,

where {Wt, t ≥ 0} is a standard Brownian motion and δ, σ > 0, a ≥ 0 and 2δa ≥ σ2.
The distributional properties of this process is studied by Dufresne [11]. The square
root term, i.e.

√
rt in the volatility and the condition 2δa ≥ σ2 help to ensure that

the process {rt, t ≥ 0} remains positive. This characteristic makes the CIR process
to be widely used in interest rate modeling.

In order to describe the appearance of positive jumps in the model, a natural
generalization of the CIR process is employed, where the jumps are modeled by the
Poisson process, and it is defined as

drt = δ(a − rt)dt + σ
√

rtdWt + αdN
(1)
t ,

where {N (1)
t , t ≥ 0} is a homogeneous Poisson process with constant intensity ρ > 0

and α > 0.
To account the issue of default clustering, Zhu [26] introduced the CIR process

with Hawkes jumps as

drt = δ(a − rt)dt + σ
√

rtdWt + βdNt,

where {Nt, t ≥ 0} is a Hawkes process with intensity λt = b + crt where b, c, β > 0,
and the author has proved the limit theorems such as LLN, CLT and LDP.

3. Model Description and Preliminaries

In order to incorporate both externally and self-exciting jumps, we consider a gen-
eralization of the CIR process {rt, t ≥ 0} which is defined by

drt = δ (a − rt) dt + σ
√

rtdWt + αdN
(1)
t + βdNt, (3.1)

where {Wt, t ≥ 0} is a standard Brownian motion, {N (1)
t , t ≥ 0} is a Poisson

process with parameter ρ > 0, {Nt, t ≥ 0} is a point process with intensity
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λt = b + crt and we require that the constants are such that δ, σ, α, β, b, c > 0,
a ≥ 0 and 2δa ≥ σ2.

Remark 3.1. Using Itô lemma of jump-diffusion process, the CIR process rt

defined in Eq. (3.1) can be expressed as

rt = a + (r0 − a)e−δt + σ

∫ t

0

e−δ(t−s)√rsdWs

+ α

∫ t

0

e−δ(t−s)dN (1)
s + β

∫ t

0

e−δ(t−s)dNs, (3.2)

where r0 > 0 is the initial value of rt at time t = 0.

The joint process {(rt, Nt), t ≥ 0} is a Markov process in the state space D =
R

+×(N∪{0}) since the corresponding exciting function is exponential. The process
(rt, Nt, t) has an infinitesimal generator A defined on a function f : D × R

+ → R

which is given by

Af(r, n, t) =
∂f

∂t
− δ(r − a)

∂f

∂r
+

1
2
σ2r

∂2f

∂r2
+ ρ[f(r + α, n, t) − f(r, n, t)]

+ (b + cr)[f(r + β, n + 1, t) − f(r, n, t)]. (3.3)

Assumption 3.1. (i) {Wt, t ≥ 0}, {N (1)
t , t ≥ 0} and {Nt, t ≥ 0} are independent

of each other.
(ii) δ > βc. This condition is known as the stability condition.
(iii) aδ+αρ+bβ

δ−βc > r0.

Remark 3.2. Under the assumption of δ > βc and 2δa ≥ σ2, there exist an unique
probability measure for Nt and rt (for instance see [3, 26] and the lecture notes by
Hairer [14]).

The following lemma gives us the expression of the first moment of rt and shows
that E[r∞] < ∞. These results are necessary in the proof of the main results of this
paper.

Lemma 3.1. Consider the process {rt, t ≥ 0} as defined in Eq. (3.1), for any
t ≥ 0,

E[rt] =
δa + αρ + bβ

δ − βc
+

(
r0 −

δa + αρ + bβ

δ − βc

)
e−(δ−βc)t. (3.4)

In particular,

E[r∞] =
aδ + αρ + bβ

δ − βc
< ∞. (3.5)

Proof. Using Dynkin’s formula,

E[f(rt)] = f(r0) + E

(∫ t

0

Af(rs)ds

)
. (3.6)
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In Eq. (3.3) consider, f(r, n, t) = r, we get A(r) = δ(a − r) + ρα + (b + cr)β.
Substitute this in Eq. (3.6),

E[rt] = r0 + E

(∫ t

0

(δa + ρα + bβ − (δ − βc)rs)ds

)
. (3.7)

Differentiating Eq. (3.7) with respect to t, we get

d

dt
E[rt] = δa + ρα + bβ − (δ − βc)E[rt],

which implies that

E[rt] =
δa + αρ + bβ

δ − βc
(1 − e−(δ−βc)t) + r0e

−(δ−βc)t.

By taking the limit t → ∞, and by Assumption 3.1, we obtain Eq. (3.5).

Remark 3.3. From Assumption 3.1, i.e., aδ+αρ+bβ
δ−βc > r0, we get that E[rt] ≤ E[r∞]

for all t ≥ 0.

4. Main Results

This section is devoted to the asymptotic study of CIR process with externally and
self-exciting jumps. The main results are presented in Theorems 4.1–4.3.

Theorem 4.1 (Law of Large Numbers). Under the Assumption 3.1, let {rt, t ≥
0} be the CIR process and {Nt, t ≥ 0} be the point process with intensity λt = b+crt

as defined in Eq. (3.1). Then

(i) Nt

t → bδ+(aδ+αρ)c
δ−βc in probability as t → ∞.

(ii) 1
t

∫ t

0 rsds → aδ+αρ+bβ
δ−βc in probability as t → ∞.

Theorem 4.2 (Central Limit Theorem). Under the Assumption 3.1, let {rt, t ≥
0} be the CIR process and {Nt, t ≥ 0} be the point process with intensity λt = b+crt

as defined in Eq. (3.1). Then

(i)
Nt−(

bδ+(aδ+αρ)c
δ−βc )t
√

t
→ N(0, σ2

1) in distribution as t → ∞, where

σ2
1 =

δ2(bδ + (aδ + αρ)c) + (cα)2ρ(δ − βc) + (cσ)2(aδ + αρ + bβ)
(δ − βc)3

. (4.1)

(ii)
∫

t
0 rsds−( aδ+αρ+bβ

δ−βc )t
√

t
→ N(0, σ2

2) in distribution as t → ∞, where

σ2
2 =

α2ρ(δ − βc) + β2(bδ + (aδ + αρ)c) + σ2(aδ + αρ + bβ)
(δ − βc)3

. (4.2)

Remark 4.1. If in Eq. (3.1) α = 0, then Theorems 4.1 and 4.2 correspond to
the LLN and CLT of CIR process with Hawkes jumps with exponential exciting
function as presented in [26].
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Before moving on to the results related to the LDP for Nt and
∫ t

0
rsds, let

us consider a sequence of probability measures (Pn)n∈N defined on a topological
space X. This sequence satisfies the LDP with rate function I : X → R, if I is
non-negative and lower semi-continuous and for any measurable set B in R, the
following inequalities hold

− inf
x∈B0

I(x) ≤ lim inf
n→∞

1
n

log Pn(B) ≤ lim sup
n→∞

1
n

log Pn(B) ≤ − inf
x∈B̄

I(x),

where B0 represents the interior of B (also denoted as int(B)) and B̄ represents its
closure.

Theorem 4.3 (Large Deviation Principle). Under Assumption 3.1,

(i) P (Nt

t ∈ ·) satisfies the Large Deviation Principle with rate function I∗(x)
given by

I∗(x) = sup
θ≤θm

{
θx − δay

(
θ

β

)
− ρ(eαy( θ

β ) − 1) − b(eβy( θ
β ) − 1)

}
(4.3)

where y( θ
β ) and θm, respectively, satisfy the equation

− δy

(
θ

β

)
+

1
2
σ2y

(
θ

β

)2

+ c(eβy( θ
β ) − 1) +

θδ

β
= 0, (4.4)

and

θm =
β

δ

(
δym − 1

2
σ2y2

m − c(eβym − 1)
)

, (4.5)

where ym is the unique solution of δ = σ2ym + βceβym.

(ii) P (1
t

∫ t

0 rsds ∈ ·) satisfies the Large Deviation Principle with rate function I∗(x)
given by

I∗(x) = sup
θ≤θmax

{θx − aδy(θ) − ρ(eαy(θ) − 1) − b(eβy(θ) − 1)}, (4.6)

where y(θ) and θmax satisfy the equation

− δy(θ) +
1
2
σ2y(θ)2 + c(eβy(θ) − 1) + θ = 0, (4.7)

and

θmax = δymax −
1
2
σ2y2

max − c(eβymax − 1), (4.8)

respectively, where ymax is the unique solution of the equation δ = σ2ymax +
βceβymax.

5. Proof of the Main Results

In this section, we present detailed proof of the results.
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5.1. Proof of Theorem 4.1

(i) By the definition given in Eq. (3.2), we have

∫ t

0

rsds = at +
(r0 − a)

δ
(1 − e−δt) + σ

∫ t

0

∫ s

0

e−δ(s−τ)√rτdWτds

+ α

∫ t

0

∫ s

0

e−δ(s−τ)dN (1)
τ ds + β

∫ t

0

∫ s

0

e−δ(s−τ)dNτds

= at +
(r0 − a)

δ
(1 − e−δt) + I1(t) + I2(t) + I3(t). (5.1)

Now, simplify I1(t), I2(t) and I3(t) by the change of variables under integration,
we get

I1(t) = σ

∫ t

0

∫ s

0

e−δ(s−τ)√rτdWτds

= σ

∫ t

0

∫ t

τ

e−δ(s−τ)√rτdsdWτ

=
σ

δ

∫ t

0

√
rτ (1 − e−δ(t−τ))dWτ , (5.2)

I2(t) =
α

δ

∫ t

0

(1 − e−δ(t−τ))dN (1)
τ

=
α

δ
N

(1)
t − α

δ

∫ t

0

e−δ(t−τ)dN (1)
τ (5.3)

and

I3(t) =
β

δ
Nt −

β

δ

∫ t

0

e−δ(t−τ)dNτ . (5.4)

respectively. Consequently, by substituting I1(t), I2(t) and I3(t) into Eq. (5.1), we
deduce that∫ t

0

rsds = at +
(r0 − a)

δ
(1 − e−δt) +

σ

δ

∫ t

0

√
rτ (1 − e−δ(t−τ))dWτ

+
α

δ
N

(1)
t +

β

δ
Nt − εt, (5.5)

where

εt =
α

δ

∫ t

0

e−δ(t−τ)dN (1)
τ +

β

δ

∫ t

0

e−δ(t−τ)dNτ . (5.6)
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Taking into account that λt = b + crt, we get∫ t

0

λsds = (b + ac)t +
c(r0 − a)

δ
(1 − e−δt) +

cσ

δ

∫ t

0

√
rτ (1 − e−δ(t−τ))dWτ

+
cα

δ
N

(1)
t +

cβ

δ
Nt − cεt,

and consequently,

Nt =
Nt −

∫ t

0 λsds

(1 − βc
δ )

+
(b + ac)t
(1 − βc

δ )
+

c(r0 − a)
δ(1 − βc

δ )
(1 − e−δt)

+
cσ

δ(1 − βc
δ )

∫ t

0

√
rτ (1 − e−δ(t−τ))dWτ +

cα

δ(1 − βc
δ )

N
(1)
t

− c

(1 − βc
δ )

εt. (5.7)

Since Nt −
∫ t

0
λsds is a martingale, by Jensen’s inequality, we get (Nt −

∫ t

0
λsds)2

is a sub-martingale, and by Doob’s Decomposition, we have

E

(
Nt −

∫ t

0

λsds

)2

= E

(∫ t

0

λsds

)
.

By using Lemma 3.1, i.e. E[r∞] < ∞, we obtain

E

⎡
⎣(

Nt −
∫ t

0 λsds

t

)2
⎤
⎦ =

1
t2

E

(∫ t

0

λsds

)

=
1
t2

∫ t

0

E[λs]ds ≤ 1
t
E[λ∞]

=
1
t
(b + cE[r∞]) → 0 as t → ∞. (5.8)

Thus, by Markov’s inequality, we conclude that

Nt −
∫ t

0 λsds

t
→ 0 in probability as t → ∞. (5.9)

Now let’s consider the error terms εt, as defined in Eq. (5.6), and we get that

E[εt] =
α

δ

∫ t

0

e−δ(t−τ)ρdτ +
β

δ

∫ t

0

e−δ(t−τ)
E[λτ ]dτ

≤ α

δ

∫ t

0

e−δ(t−τ)ρdτ +
β

δ
(b + cE[r∞])

∫ t

0

e−δ(t−τ)dτ

=
(

αρ

δ2
+

β

δ2
(b + cE[r∞])

)
(1 − e−δt). (5.10)
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Using Lemma 3.1, i.e. E[r∞] < ∞, we deduce that 1
t E[εt] → 0 as t → ∞, this in

turn implies that
εt

t
→ 0 in probability as t → ∞. (5.11)

In order to use the zero mean property of Itô integral, i.e.,

E

(
cσ

δ

∫ t

0

√
rτ (1 − e−δ(t−τ))dWτ

)
= 0, (5.12)

we need to show that

E

(
c2σ2

δ2

∫ t

0

rτ (1 − e−δ(t−τ))2dτ

)
< ∞. (5.13)

To this end, note that

E

(
c2σ2

δ2

∫ t

0

rτ (1 − e−δ(t−τ))2dτ

)
=

c2σ2

δ2

∫ t

0

(
1 − e−δ(t−τ)

)2

E[rτ ]dτ

≤ c2σ2

δ2
E[r∞]

∫ t

0

(1 − e−δ(t−τ))2dτ

< ∞

as E[r∞] < ∞. This implies that the integral in Eq. (5.13) is finite and Eq. (5.12)
holds, therefore

1
t

(
cσ

δ

∫ t

0

√
rτ (1 − e−δ(t−τ))dWτ

)
→ 0 in probability as t → ∞. (5.14)

Recalling that N
(1)
t is a standard Poisson process, we have that

N
(1)
t

t
→ ρ a.s. as t → ∞. (5.15)

Substituting all the results obtained in Eqs. (5.9), (5.11), (5.14) and (5.15) into
Eq. (5.7), we get

Nt

t
→ bδ + (aδ + αρ)c

δ − βc
in probability as t → ∞. (5.16)

(ii) Again, by substituting all the results obtained so far in Eqs. (5.9), (5.11), (5.14),
(5.15) and (5.16) into Eq. (5.5), we get

1
t

∫ t

0

rsds → aδ + αρ + bβ

δ − βc
in probability as t → ∞. (5.17)

Remark 5.1. The convergence in Theorem 4.1 also holds almost surely, which can
be established by using the existence of a unique invariant probability measure (as
discussed in Remark 3.2) and the ergodic property. Consequently, using the ergodic
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theorem and Eq. (3.5), we obtain

1
t

∫ t

0

rsds → E[r∞] =
aδ + αρ + bβ

δ − βc
a.s. as t → ∞.

Note that, from Eq. (5.9)

Nt

t
→ 1

t

∫ t

0

λsds → E[λ∞] = b + cE[r∞] =
bδ + (aδ + αρ)c

δ − βc
a.s. as t → ∞.

5.2. Proof of Theorem 4.2

(i) By Eq. (5.7), we deduce that

Nt −
(

bδ + (aδ + αρ)c
δ − βc

)
t

=
Nt −

∫ t

0
λsds

(1 − βc
δ )

+
cα

δ(1 − βc
δ )

(N (1)
t − ρt)

+
cσ

δ(1 − βc
δ )

∫ t

0

√
rτ (1 − e−δ(t−τ))dWτ

+
c(r0 − a)
δ(1 − βc

δ )
(1 − e−δt) − c

(1 − βc
δ )

εt. (5.18)

By following the same approach as demonstrated in Theorem 4.1, we can derive
the result that

1√
t

(
c(r0 − a)
δ(1 − βc

δ )
(1 − e−δt) − c

(1 − βc
δ )

εt

)
→ 0 in probability as t → ∞. (5.19)

Since

Nt −
∫ t

0
λsds

(1 − βc
δ )

+
cα

δ(1 − βc
δ )

(N (1)
t − ρt) +

cσ

δ(1 − βc
δ )

∫ t

0

√
rτ (1 − e−δ(t−τ))dWτ

is a martingale and its quadratic variation is given by

δ2 Nt

(δ − βc)2
+

(cα)2 N
(1)
t

(δ − βc)2
+

(cσ)2

(δ − βc)2

∫ t

0

rτ (1 − e−δ(t−τ))2dτ. (5.20)

Note that,

1
t
E

[∫ t

0

rτ |e−2δ(t−τ) − 2e−δ(t−τ)|dτ

]
=

1
t

∫ t

0

(2e−δ(t−τ) − e−2δ(t−τ))rτdτ

≤ 1
t

∫ t

0

(2e−δ(t−τ) − e−2δ(t−τ))dτ · E[r∞]

→ 0 as t → ∞, (5.21)
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which implies

1
t

∫ t

0

rτ |e−2δ(t−τ) − 2e−δ(t−τ)|dτ → 0 in probability as t → ∞.

By the LLN for Nt and
∫ t

0rsds as derived in Eqs. (5.16) and (5.17) of Theorem 4.1,
we conclude that

1
t

δ2 Nt

(δ − βc)2
+

1
t

(cα)2 N
(1)
t

(δ − βc)2
+

1
t

(cσ)2

(δ − βc)2

∫ t

0

rτ (1 − e−δ(t−τ))2dτ

→ δ2(bδ + (aδ + αρ)c)
(δ − βc)3

+
(cα)2ρ

(δ − βc)2
+

(cσ)2(aδ + αρ + bβ)
(δ − βc)3

(5.22)

in probability as t → ∞. Thus, by the Martingale Central Limit Theorem, we
obtain

Nt −
(

bδ+(aδ+αρ)c
δ−βc

)
t

√
t

→ N(0, σ2
1) (5.23)

in distribution as t → ∞, where σ2
1 is defined in Eq. (4.1).

(ii) By Eq. (5.5), we have∫ t

0

rsds = at +
(r0 − a)

δ
(1 − e−δt) +

σ

δ

∫ t

0

√
rτ (1 − e−δ(t−τ))dWτ

+
α

δ
N

(1)
t +

β

δ
Nt − εt

=
α

δ(1 − βc
δ )

(N (1)
t − ρt) +

β

δ(1 − βc
δ )

(Nt −
∫ t

0

λsds)

+
σ

δ(1 − βc
δ )

∫ t

0

√
rτ (1 − e−δ(t−τ))dWτ +

at

(1 − βc
δ )

+
(r0 − a)
δ(1 − βc

δ )
(1 − e−δt) +

αρt

δ(1 − βc
δ )

+
βbt

δ(1 − βc
δ )

− εt

(1 − βc
δ )

.

Now consider,∫ t

0

rsds −
(

aδ + αρ + bβ

δ − βc

)
t

=
α

δ(1 − βc
δ )

(N (1)
t − ρt) +

β

δ(1 − βc
δ )

(Nt −
∫ t

0

λsds) − εt

(1 − βc
δ )

+
σ

δ(1 − βc
δ )

∫ t

0

√
rτ

(
1 − e−δ(t−τ)

)
dWτ +

(r0 − a)
δ(1 − βc

δ )
(1 − e−δt).
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From Eq. (5.19), we have that

1√
t

(
c(r0 − a)
δ(1 − βc

δ )
(1 − e−δt) − c

(1 − βc
δ )

εt

)
→ 0 in probability as t → ∞.

Consequently,

α

δ(1 − βc
δ )

(N (1)
t − ρt) +

β

δ(1 − βc
δ )

(
Nt −

∫ t

0

λsds

)

+
σ

δ(1 − βc
δ )

∫ t

0

√
rτ (1 − e−δ(t−τ))dWτ (5.24)

is a martingale and its quadratic variation is given by

α2N
(1)
t

(δ − βc)2
+

β2Nt

(δ − βc)2
+

σ2

(δ − βc)2

∫ t

0

rτ (1 − e−δ(t−τ))2dτ. (5.25)

From Eq. (5.21), we know that

1
t

∫ t

0

rτ |e−2δ(t−τ) − 2e−δ(t−τ)|dτ → 0 in probability as t → ∞.

Similarly, by the results obtain in Eqs. (5.16) and (5.17), we obtain

1
t

α2N
(1)
t

(δ − βc)2
+

1
t

β2Nt

(δ − βc)2
+

1
t

σ2

(δ − βc)2

∫ t

0

rτ (1 − e−δ(t−τ))2dτ

→ α2ρ

(δ − βc)2
+

β2(bδ + (aδ + αρ)c)
(δ − βc)3

+
σ2(aδ + αρ + bβ)

(δ − βc)3
(5.26)

in probability as t → ∞. Thus, by the Martingale Central Limit Theorem, we
deduce that ∫ t

0 rsds − (aδ+αρ+bβ
δ−βc )t

√
t

→ N(0, σ2
2) (5.27)

in distribution as t → ∞, where σ2
2 is defined in Eq. (4.2).

5.3. Proof of Theorem 4.3

(i) In order to establish the Large Deviation, let us first find the expression for the
moment generating function of Nt. From Eq. (3.1), we have that

Nt =
1
β

(
rt − r0 − δ

∫ t

0

(a − rs)ds − σ

∫ t

0

√
rsdWs − αN

(1)
t

)
. (5.28)

Now by Eq. (5.28), we can determine that E[eθNt | r0 = r] = e−
θ
β ru(θ, t, r) where

u(θ, t, r) = E[e
θ
β rt− θδ

β

∫
t
0 (a−rs)ds− θσ

β

∫
t
0
√

rsdWs− θα
β N

(1)
t | r0 = r].
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Using the Feynman–Kac formula, u satisfies the partial differential equation
given by

∂u

∂t
= δa

∂u

∂r
− δr

∂u

∂r
+

1
2
σ2r

∂2u

∂r2
+ ρ[u(θ, t, r + α) − u(θ, t, r)]

+ (b + cr)[u(θ, t, r + β) − u(θ, t, r)] +
θδ

β
ru,

with initial condition given as u(θ, 0, r) = e
θ
β r. Taking into account the affine struc-

ture (see for instance [12]), we know that u(θ, t, r) = eA(t; θ
β )r+B(t; θ

β ), where A(t; θ
β )

and B(t; θ
β ) satisfy the following ordinary differential equation

A′
(

t;
θ

β

)
= −δA

(
t;

θ

β

)
+

1
2
σ2A2

(
t;

θ

β

)
+ c(eβA(t; θ

β ) − 1) +
θδ

β
,

B′
(

t;
θ

β

)
= δaA

(
t;

θ

β

)
+ ρ(eαA(t; θ

β ) − 1) + b(eβA(t; θ
β ) − 1),

A

(
0;

θ

β

)
=

θ

β
, B

(
0;

θ

β

)
= 0.

Note that limt→∞ A(t; θ
β ) = y( θ

β ), where y(·) satisfies the equation given by

− δy +
1
2
σ2y2 + c(eβy − 1) +

θδ

β
= 0. (5.29)

If Eq. (5.29) admits a solution then the limit exist, otherwise, limt→∞ A(t; θ
β ) = ∞.

We claim that y( θ
β ) is the solution of Eq. (5.29) whenever θ < θm, where

θm =
β

δ

(
sup

y∈R+

{
δy − 1

2
σ2y2 − c(eβy − 1)

})

=
β

δ

(
δym − 1

2
σ2y2

m − c(eβym − 1)
)

and ym is the solution of δ = σ2ym + βceβym . Thus, we get that for θ ≤ θm,
limt→∞ A(t; θ

β ) = y( θ
β ) which further implies that for θ ≤ θm

lim
t→∞

B′
(

t;
θ

β

)
= δay

(
θ

β

)
+ ρ(eαy( θ

β ) − 1) + b(eβy( θ
β ) − 1).

Consequently, for θ ≤ θm by L’Hôpital’s rule,

I(θ) = lim
t→∞

1
t

log E[eθNt | r0 = r]

= δay

(
θ

β

)
+ ρ(eαy( θ

β ) − 1) + b(eβy( θ
β ) − 1). (5.30)
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Now to obtain the LDP we apply Gärtner–Ellis Theorem (see [10, Theorem 2.3.6])
and to this end, we have to check the, so-called, essential smoothness condition.
Define, DI = {θ : I(θ) < ∞} and recall that for θ ≤ θm, I(θ) < ∞ which
implies that the interior of DI contains a nonempty neighborhood of the origin,
i.e. int(DI) 
= φ. Also, from Eq. (5.29) we have that y(·) is differentiable at θ for
θ < θm, which implies that I(θ) is differentiable for θ < θm. Now differentiate
Eq. (5.29) with respect to θ, we get

∂y( θ
β )

∂θ
=

δ

δ − σ2y( θ
β ) − βceβy( θ

β )
.

Since, y ↑ ym as θ ↑ θm, where ym satisfies the equation δ = σ2ym + βceβym ,
therefore, for θ ↑ θm, we get

∂y( θ
β )

∂θ
→ +∞. (5.31)

Again by differentiating both the sides of Eq. (5.30) with respect to θ, we obtain

∂I(θ)
∂θ

=
1
β

(δa + ραeαy( θ
β ) + bβeβy( θ

β ))
∂y( θ

β )

∂θ
.

Using Eq. (5.31), we get ∂I(θ)
∂θ → +∞ as θ ↑ θm. Since we have proved that

I satisfies the essential smoothness condition, thus by Gärtner–Ellis Theorem,
P (Nt

t ∈ ·) satisfies the LDP with rate function I∗(x) as defined in Eq. (4.3).

(ii) Using the same approach as in the proof of part (i) of Theorem 4.3, let
us first find the expression of the moment generating function of

∫ t

0
rsds. Let

u(θ, t, r) = E[eθ
∫ t
0 rsds | r0 = r], then by the Feynman–Kac formula, u satisfies

the partial differential equation

∂u

∂t
= δa

∂u

∂r
− δr

∂u

∂r
+

1
2
σ2r

∂2u

∂r2
+ ρ[u(θ, t, r + α) − u(θ, t, r)]

+ (b + cr)[u(θ, t, r + β) − u(θ, t, r)] + θru,

with the initial condition given by u(θ, 0, r) = 1. Now by affine structure (see for
instance [12]) we have u(θ, t, r) = eA(t;θ)r+B(t;θ), where A(t; θ) and B(t; θ) satisfy
the ordinary differential equation given by

A′(t; θ) = −δA(t; θ) +
1
2
σ2A2(t; θ) + c(eβA(t;θ) − 1) + θ,

B′(t; θ) = δaA(t; θ) + ρ(eαA(t;θ) − 1) + b(eβA(t;θ) − 1),

A(0; θ) = B(0; θ) = 0.

We conclude that limt→∞ A(t; θ) = y(θ), where y(θ) satisfies the equation

− δy(θ) +
1
2
σ2y2(θ) + c(eβy(θ) − 1) + θ = 0, (5.32)
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otherwise, limt→∞ A(t; θ) = ∞. Further, we claim that y(θ) is the solution of
Eq. (5.32) for θ ≤ θmax, where θmax is defined as

θmax = sup
y∈R+

{
δy − 1

2
σ2y2 − c(eβy − 1)

}

= δymax −
1
2
σ2y2

max − c(eβymax − 1) (5.33)

and ymax is the unique solution of the equation δ = σ2ymax + βceβymax . Since,
δ > βc, this implies that Eq. (5.33) admits an unique solution. Consequently, we
obtain that Eq. (5.32) has a solution for θ ≤ θmax, implying limt→∞ A(t; θ) = y(θ)
for θ ≤ θmax. Furthermore, we have that

B′(t; θ) = δaA(t; θ) + ρ(eαA(t;θ) − 1) + b(eβA(t;θ) − 1) (5.34)

which implies limt→∞ B′(t; θ) = δay(θ) + ρ(eαy(θ) − 1) + b(eβy(θ) − 1) for
θ ≤ θmax. Thus, by employing L’Hôpital’s rule, for θ ≤ θmax, we obtain

I(θ) = lim
t→∞

1
t

log u(θ, t, r) = δay(θ) + ρ(eαy(θ) − 1) + b(eβy(θ) − 1). (5.35)

To apply the Gärtner–Ellis Theorem, let us check the essential smoothness condi-
tion. Define DI = {θ : I(θ) < ∞} since, for θ ≤ θmax, I(θ) < ∞ which implies
int(DI) 
= φ. From Eq. (5.32), y(θ) is differentiable at θ for θ < θmax which implies
I(θ) is also differentiable at θ for θ < θmax. Differentiate Eq. (5.32) both the sides
with respect to θ, we get

∂y(θ)
∂θ

=
1

δ − σ2y(θ) − βceβy(θ)

since, we know that for θ ↑ θmax we have y ↑ ymax where ymax satisfies the equation
δ = σ2ymax + βceβymax which implies

∂y(θ)
∂θ

→ +∞ as θ ↑ θmax. (5.36)

Now differentiate Eq. (5.35), both the sides with respect to θ, we obtain

∂I(θ)
∂θ

= (δa + ραeαy(θ) + bβeβy(θ))
∂y(θ)
∂θ

.

Using Eq. (5.36), we obtain ∂I(θ)
∂θ → +∞ as θ ↑ θmax. Hence, I satisfies the essential

smoothness condition, and by Gärtner–Ellis Theorem, P (1
t

∫ t

0 rsds ∈ ·) satisfies a
LDP with rate function I∗(x) as defined in Eq. (4.6).

6. Application to Finance

We consider a generalized intensity-based model for modeling default probability.
This model takes into account many adverse events that are relevant to the under-
lying company, as well as the external circumstances which lead to the occurrence
of default or bankruptcy. Suppose that the occurrences of such severe events are
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described by the point process {Nt, t ≥ 0} with intensity λt = rt. Here, rt repre-
sents the CIR process as stated in Eq. (3.1). Certainly, such intensity-based model
effectively captures the internal risk factors of the company, as well as the external
risk factors and market noise that consistently impact it.

Before we continue, let’s first examine the probability generating function of
the dynamic contagion process {Nt, t ≥ 0} with CIR intensity (or with diffusion)
λt = rt where rt as specified in Eq. (3.1). Although, the corresponding proof has
been provided by Dassios and Zhao [8].

Theorem 6.1 (Probability Generating Function). For δ > β and θ ∈ [θ, 1),
the probability generating function of NT condition on λ0 is given by

E[θNT |λ0] = exp

(
−

∫ G−1
0,θ(T )

0

aδu + ρ(1 − e−αu)
1 − δu − θe−βu − 1

2σ2u2
du

)
∗ e−G−1

0,θ(T )λ0 , (6.1)

where

G0,θ(L) =
∫ L

0

du

1 − δu − θe−βu − 1
2σ2u2

. (6.2)

Remark 6.1. (i) For {Nt, t ≥ 0} to be dynamic contagion process without diffu-
sion, take λ0 = a and σ = 0 in Eqs. (6.1) and (6.2) thus, we obtain probability
generating function of NT condition on λ0 as

E[θNT |λ0] = exp

(
−

∫ G−1
0,θ(T )

0

λ0δu + ρ(1 − e−αu)
1 − δu − θe−βu

du

)
∗ e−G−1

0,θ(T )λ0 , (6.3)

where

G0,θ(L) =
∫ L

0

du

1 − δu − θe−βu
.

(ii) For {Nt, t ≥ 0} to be Hawkes process, take λ0 = a, σ = 0, α = 0, ρ = 0 thus,
we obtain

E[θNT |λ0] = exp

(
−

∫ G−1
0,θ(T )

0

λ0δu

1 − δu − θe−βu
du

)
∗ e−G−1

0,θ(T )λ0 , (6.4)

where

G0,θ(L) =
∫ L

0

du

1 − δu − θe−βu
.

We assume that each bad event or each jump in the point process {Nt, t ≥ 0}
result in default with a constant probability d, where 0 < d ≤ 1. Therefore, survival
probability conditional on λ0 is given by

PS(T ) = E[(1 − d)NT |λ0]. (6.5)

By considering θ = 1− d in Eqs. (6.1), (6.3), (6.4), we present a comparison graph
illustrating the survival probabilities PS(t) of three processes: dynamic contagion
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Fig. 1. Comparison of the survival probability for the dynamic contagion process with diffusion,
dynamic contagion process without diffusion and Hawkes process with parameters: d = 10% and
(a; ρ; δ; α; β; σ; λ0) = (0.7; 0.5; 2.0; 0.5; 0.6; 0.5; 0.6).

process with diffusion, dynamic contagion process without diffusion, and Hawkes
process under a fixed parameter setup.

The given parameters involved can be estimated from real data. However, in
this paper, we have chosen to use fixed parameter values for the sake of graph-
ical illustration. These values are based on the assumptions stated in Assump-
tions 3.1. The parameter values are as follows: d = 10% and (a; ρ; δ; α; β; σ; λ0) =
(0.7; 0.5; 2.0; 0.5; 0.6; 0.5; 0.6). The corresponding results are shown in Fig. 1.

Remark 6.2. In the comparison graph, certain parameter such as d = 10%, remain
same for all three processes. However, other parameters are as follows:

• For dynamic contagion process with diffusion, parameters are: (a; ρ; δ; α; β;
σ; λ0) = (0.7; 0.5; 2.0; 0.5; 0.6; 0.5; 0.6).

• For dynamic contagion process without diffusion, we have λ0 = a and σ = 0.
Thus, parameters are: (a; ρ; δ; α; β; σ; λ0) = (0.6; 0.5; 2.0; 0.5; 0.6; 0; 0.6).

• For Hawkes process, we have λ0 = a, σ = 0, α = 0, ρ = 0. Thus, parameters are:
(a; ρ; δ; α; β; σ; λ0) = (0.6; 0; 2.0; 0; 0.6; 0; 0.6).

Remark 6.3. Note that, the dynamic contagion process with diffusion (or CIR
intensity) yields the lowest survival probability compared to the other two processes.
This is because it accounts for both endogenous and exogenous factors, as well as
random fluctuations of the market, or market noises. Therefore, this process has the
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capacity to capture a broader range of risk factors, which is particularly useful for
modeling risks during financial crises, as it incorporates clusters of adverse events.

In this context, the loss process, which represents the total financial loss caused
by the defaults in a portfolio, plays a critical role in risk analysis. Remark 6.3
highlights that the underlying process encompasses a broader range of risk factors.
Therefore, we focus on a portfolio of investments where losses from defaults or
adverse events are modeled using the point process {Nt, t ≥ 0} with intensity
λt = b + crt where rt is defined in Eq. (3.2).

Consider the loss process {Lt, t ≥ 0} which is defined as

Lt =
Nt∑
i=1

Li, (6.6)

where {Li}i≥1 is the individual loss, which is an i.i.d. sequence of positive random
variables and are assumed to be independent of {Nt, t ≥ 0} and {N (1)

t , t ≥ 0}.
Understanding the dynamics of this loss process is essential for assessing finan-

cial stability and informing risk management strategies. Consequently, we study the
limit theorems of the loss process, which helps to determine the valuable insights
into its behavior over time. The LLN helps to determine the long-term expected
losses, which are crucial for setting pricing policies and maintaining stability. The
CLT enables the approximation of aggregate losses by a normal distribution when
the number of claims is large, which helps us to estimate the probability of exceed-
ing critical loss thresholds. Additionally, the LDP provides tools to quantify the
probability of extreme losses that significantly deviate from the mean, offering a
framework for understanding rare but severe financial risks.

Theorem 6.2 (LLN of Lt). Under the Assumption 3.1, let {Lt, t ≥ 0} be the
Loss process as defined in Eq. (6.6). Then

Lt

t
→

(
bδ + (aδ + αρ)c

δ − βc

)
E[L1] in probability as t → ∞. (6.7)

Proof. Proof is the direct consequence of LLN of Nt as defined in
Theorem 4.1.

Theorem 6.3 (CLT of Lt). Under Assumption 3.1, let {Lt, t ≥ 0} be the Loss
process as defined in Eq. (6.6). Then

Lt − E[L1](
bδ+(aδ+αρ)c

δ−βc )t
√

t
→ N(0, σ2

L) in distribution as t → ∞, (6.8)

where

σ2
L = (E[L1])2σ2

1 +
(

bδ + (aδ + αρ)c
δ − βc

)
Var[L1] (6.9)

and σ2
1 is defined in Eq. (4.1).
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Proof. Note that,

Lt − E[L1]
(

bδ + (aδ + αρ)c
δ − βc

)
t

=
Nt∑
i=1

Li − E[L1]
(

bδ + (aδ + αρ)c
δ − βc

)
t

= E[L1]
[
Nt −

(
bδ + (aδ + αρ)c

δ − βc

)
t

]
+

Nt∑
i=1

Li − E[L1]Nt. (6.10)

From Eqs. (5.18) and (5.19) of Theorem 4.2, Eq. (6.10) can be expressed in terms
of the sum of martingales whose quadratic variation is given by

(E[L1])2
(

δ2 Nt

(δ − βc)2
+

(cα)2 N
(1)
t

(δ − βc)2
+

(cσ)2

(δ − βc)2

∫ t

0

rτ (1 − e−δ(t−τ))2dτ

)

+
Nt∑
i=1

(Li − E[L1])2. (6.11)

Moreover, by using Eqs. (5.21) and (5.22) of Theorem 4.2,

(E[L1])2
[

1
t

δ2 Nt

(δ − βc)2
+

1
t

(cα)2 N
(1)
t

(δ − βc)2
+

1
t

(cσ)2

(δ − βc)2

∫ t

0

rτ (1 − e−δ(t−τ))2dτ

]

+
1
t

Nt∑
i=1

(Li − E[L1])2

= (E[L1])2
[
1
t

δ2 Nt

(δ − βc)2
+

1
t

(cα)2 N
(1)
t

(δ − βc)2
+

1
t

(cσ)2

(δ − βc)2

∫ t

0

rτ (1 − e−δ(t−τ))2dτ

]

+
Nt

t
· 1
Nt

Nt∑
i=1

(Li − E[L1])2

→ (E[L1])2σ2
1 +

(
bδ + (aδ + αρ)c

δ − βc

)
Var[L1]

in probability as t → ∞. Thus, by the Martingale Central Limit Theorem, we
deduce that

Lt − E[L1](
bδ+(aδ+αρ)c

δ−βc )t
√

t
→ N(0, σ2

L) in distribution as t → ∞

where σ2
L as defined in Eq. (6.9).

Theorem 6.4 (LDP of Lt). Under Assumption 3.1 and assume that E[eθL1 ] <∞.
Then for any r0 = r ∈ R

+, P (Lt

t ∈ ·) satisfies the LDP with the rate
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function

I∗L(x) = sup
θ∈R

{θx − IL(θ)}, (6.12)

where IL(θ) = I(log E[eθL1 ]) and I(θ) is defined in Eq. (5.30) of Theorem 4.3.

Proof. For θ ∈ R such that E[eθ
∑Nt

i=1 Li ] < ∞, we have

E[eθ
∑Nt

i=1 Li ] = E[E[eθ
∑Nt

i=1 Li |Nt]]

=
∞∑

n=0

E[eθ
∑Nt

i=1 Li |Nt = n]P (Nt = n)

=
∞∑

n=0

E[eθ
∑n

i=1 Li ]P (Nt = n)

=
∞∑

n=0

(E[eθL1 ])nP (Nt = n)

= E[e(log E[eθL1 ])Nt ].

Recalling the definition of I(·) given in Eq. (5.30), we get

IL(θ) = lim
t→∞

1
t

log E[eθ
∑Nt

i=1 Li ]

= lim
t→∞

1
t

log E[e(log E[eθL1 ])Nt ] = I(log E[eθL1 ]).

Hence, it implies that P (Lt

t ∈ ·) satisfies the LDP with the rate function I∗L(x) as
defined in Eq. (6.12).

Hence, by studying the loss process with these asymptotic behaviors, we estab-
lish a comprehensive framework for understanding and analyzing losses in portfolios,
which provides critical insights for effective decision-making and risk management.

7. Conclusion and Future Work

The CIR process is a useful tool in financial modeling and in the dynamics of interest
rate and credit risk. Previous models of CIR processes need to be more efficient
in capturing the default clustering effect. In this paper, we have studied the CIR
process with externally and self-exciting jumps with exponential exciting functions.
This modification enhances the model’s ability to capture the default clustering
effect impacted by both endogenous and exogenous factors of the underlying system.
Consequently, we have investigated the asymptotic properties of the generalized
CIR process, specifically focusing on the LLN, the CLT and the LDP. Moreover,
we analyze the importance of the presented model in the field of finance with the

2550017-21
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help of default events and by studying the limiting behavior of the loss process. An
open problem in this area for future work is to study the MDP.
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