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Abstract
With the rapid advancements in Internet of Things, high-altitude platforms (HAPs) are 
revolutionizing various sectors, particularly in the realm of communication networks. As 
HAPs continue to exert their transformative influence across multiple domains, the aspect 
of reliability assumes a pivotal role in determining their triumph and widespread accep-
tance. The proposed study presents a comprehensive reliability analysis of HAPs using 
stochastic modeling. The investigation focuses on two distinct types of failures affecting 
a HAP: local failure (LF) and propagation failure (PF). To assess the reliability of the 
system employing a redundant HAP in the presence of these two failure types, a stochastic 
model has been developed. Considering the non-Markovian nature of the PF, the proposed 
model incorporates Markov and semi-Markov processes. Through extensive numerical 
examples, the presented study explores the influence of failure propagation probability on 
system reliability and throughput. This analysis provides insights into how the system’s 
reliability and overall performance are affected by the likelihood of failure. Furthermore, 
the study offers a comparative analysis of the results obtained from the Markov and semi-
Markov models which provides a deeper understanding of the strengths and limitations 
of each modeling approach, enabling them to make more informed decisions in practice.

Keywords  Backup server · High altitude platforms · Local failure · Propagation failure · 
Reliability characteristics · Semi-Markov process · Transient analysis
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1  Introduction

The increasing need for fast, wide-bandwidth communication has captured the attention of 
researchers who are working on creating inventive solutions for the future of wireless com-
munication. Optical wireless communication has arisen as a hopeful option that is free from 
protocol constraints, feasible, secure, and simple to implement, rendering it highly suit-
able for fulfilling the demands of upcoming communication technologies. Free-space optics 
(FSO) plays a pivotal role in optical wireless communication. Nonetheless, because it relies 
on direct line-of-sight connections, the dependability of FSO systems is markedly influ-
enced by atmospheric conditions, limiting terrestrial link distances to only a few kilometers. 
To address this challenge, relaying techniques have been employed to mitigate the effects of 
atmospheric fading [1, 4]. FSO communication systems currently employ both serial (multi-
hop) and parallel (cooperative) relaying methods to improve their performance.

However, an alternative approach involves leveraging high-altitude platforms (HAPs) 
positioned within the stratosphere, specifically between 17 and 32 kilometers [15, 29]. 
HAPs provide advantages such as increased distance capabilities, high capacity, low trans-
mission delay, and acceptable power consumption. This makes HAPs a promising solution 
to overcome the limitations of terrestrial communication, enabling longer and more reliable 
communication links for various applications.

Reliability holds immense significance in the context of HAPs for a variety of reasons. 
To achieve the desired level of reliability, it is crucial to dedicate meticulous attention to 
various aspects of HAP design, manufacturing, and operation. This entails employing robust 
materials, incorporating redundant systems, implementing effective maintenance protocols, 
and conducting comprehensive testing and quality assurance procedures. Furthermore, con-
tinuous monitoring, data analysis, and predictive maintenance techniques play a vital role 
in maintaining reliability. These approaches aid in the early detection and resolution of 
potential issues before they escalate into major failures.

By proactively identifying and addressing these concerns, HAP operators can signifi-
cantly improve the overall reliability of the system. In conclusion, as HAPs continue to 
revolutionize multiple domains, their reliability becomes a pivotal factor in ensuring their 
success and widespread adoption. By delivering consistent and dependable performance, 
HAPs can fulfill their intended missions while simultaneously enhancing operational effi-
ciency and minimizing risks in challenging environments. The commitment to reliability 
not only inspires confidence in the users and stakeholders but also unlocks the full potential 
of HAPs in various applications. An extensive literature devoted to the study of the reliabil-
ity of HAPs can be found in [35].

HAP is vulnerable to different types of failures, including local failures (LF) and propa-
gation failures (PF). When an LF happens, it only disrupts the specific component that’s 
affected. However, a PF has the potential to cause widespread damage across the entire 
system. In a communication system aided by a HAP where a PF is a factor, the impact of 
the PF on the source node depends on when it occurs. If the PF, like a virus, emerges before 
the HAP’s LF, it triggers a cascading effect, impacting other parts of the communication 
network. In this scenario, the PF spreads and disrupts the operation of the entire system. 
Conversely, if the LF of the HAP occurs prior to the emergence of the source’s PF, there is a 
probabilistic disconnection of communication from the source. As a result, the PF from the 
source node is prevented from affecting the rest of the system.
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Therefore, the timing and sequence of LF and PF events in the HAP-aided communi-
cation system play a crucial role in determining the extent of failure propagation and the 
overall system performance. Understanding and managing these dynamics are important 
for ensuring the reliability and uninterrupted operation of the communication network [16]. 
FSO technology facilitates inter-HAP links between different HAPs within a network. Con-
sequently, in the event of a failure of a HAP, a redundant HAP is deployed to seamlessly 
take over and continue providing the required services. The FSO technology enables reli-
able and high-speed communication between HAPs, allowing for efficient coordination and 
connectivity within the network.

When a HAP encounters a failure, such as a malfunction or outage, the redundant HAP 
is designed to swiftly and automatically step in and assume the responsibilities of the failed 
HAP. This redundancy ensures uninterrupted service provision and helps maintain the over-
all network performance and connectivity. By employing redundant HAPs and leveraging 
FSO technology, the network can effectively manage and mitigate the impact of failures 
on the system. The seamless transition from the failed HAP to the redundant HAP ensures 
continuous operation and minimizes disruptions, enhancing the reliability and availability 
of the network as a whole [30]. In the proposed modeling framework, the secondary HAP 
is assumed to operate in a cold standby configuration. This choice is motivated by practical 
considerations: keeping the redundant HAP in cold standby conserves energy, minimizes 
operational costs, and extends the service lifetime of the redundant platform. A hot standby 
configuration, in contrast, would require the redundant HAP to remain continuously active 
alongside the primary, which–although enabling faster failover–would significantly increase 
energy consumption, coordination complexity, and system cost. The cold standby assump-
tion thus provides a more realistic balance between reliability enhancement and operational 
feasibility in large-scale HAP deployments.

The pictorial representation of the proposed model is given in Fig. 1.
There are a number of research studies conducted on the reliability analysis of HAPs. 

Although Markov models have been widely employed for reliability analysis of commu-

Fig. 1  Pictorial representation of the proposed model
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nication and aerospace systems, they are inherently restricted by the assumption of expo-
nentially distributed sojourn times. This assumption implies a constant failure rate, which 
often does not hold in practice. In the context of HAPs, certain failure mechanisms–par-
ticularly propagation failures–are progressive in nature and exhibit time-dependent hazard 
rates rather than memoryless behavior. Empirical studies in related aerospace domains (e.g., 
[16, 27]) have demonstrated that component lifetimes are more accurately represented by 
non-exponential distributions such as the Weibull or gamma distributions, reflecting wear-
out and degradation effects. To capture these realistic dynamics, it becomes necessary to 
move beyond standard Markov modeling and employ semi-Markov processes, which allow 
for general lifetime distributions while retaining analytical tractability. By incorporating a 
gamma-distributed sojourn time for propagation failures, the proposed semi-Markov frame-
work provides a closer approximation to real-world HAP operations and yields more reli-
able performance insights than a purely Markovian model.

1.1  Related Work

Researchers are more interested in analysing the reliability, performability, and energy anal-
ysis of HAPs [15, 23, 31]. The reliability of HAPs has been extensively analyzed through 
the utilization of k-out-of-n systems in numerous studies. One crucial application within 
this field involves examining the reliability of rotor-craft platforms [14, 20, 32]. These stud-
ies focus on evaluating the reliability of platforms with a multi-rotor architecture, enabling 
them to sustain operation even when k − 1 out of the n rotary-wing engines experience 
failures. This analysis provides valuable insights into the efficiency and dependability of 
rotor-craft platforms, contributing to advancements in HAP technology.

Dharmaraja et al. [5] proposed a Markov model design for determining the tether’s reli-
ability of a tethered HAP. They looked at the reliability of the Markov model by supposing 
that the tether consists of a number of wires, the failure rates of which depend on the number 
of failed wires. In a recent study by Wu et al. [34], a novel approach to reliability analysis 
was introduced. The proposed method involves consecutive-k-out-of-r-from-n subsystems, 
specifically focusing on a balanced system with load sharing. This innovative approach 
considers both linear and circular structures when evaluating the reliability of the system. 
Truong et al. [30] proposed an algorithm to identify a set of necessary HAPs and designed 
the HAP network topology to analyse the reliability of the system. In their study, Sharma 
et al. [27] put forward a network configuration for HAP that emphasizes both high capacity 
and reliability.

This configuration utilizes free-space optical links, enabling seamless communica-
tion between ground stations and consecutive HAPs positioned in the stratosphere. The 
researcher in [8] concentrated on theoretically deriving a channel model tailored for the 
communication link between HAP and terrestrial mobile users or stations. The channel 
model aimed to provide a mathematical framework for understanding and analyzing the 
characteristics of the communication channel in this context. Levitin et al. [17] examined 
heterogeneous fault-tolerant systems following a 1-out-of-n:G design. These systems incor-
porate a combination of hot and cold standby redundancies to strike a balance between the 
costs associated with restoration and operation of standby elements.

The research paper [14] presented a model that utilizes a multidimensional Markov pro-
cess to analyze and evaluate the reliability characteristics of a tethered HAP. The platform is 
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specifically based on a hexacopter configuration, and the model aims to assess its reliability 
in various operational scenarios. The author of [32] investigated the reliability of the flight 
module in a tethered HAP using the k-out-of-n: F model. Various versions of this model 
were examined, including one that incorporates diverse failure logic, which accounts for 
the dependence of system failures on the configuration of failed components. The analysis 
aimed to assess the reliability and functioning of the flight module under different scenarios, 
considering the complex interplay of component failures and their impact on overall system 
performance.

The article [33] proposed a reliability analysis for a balanced system that encompasses 
multiple sequential stages and consists of several multi-state components. Li et al. [18] 
conducted an investigation on a k-out-of-n system comprising independent exponential 
components. The study assumed that when the system experienced a failure, some work-
ing components were immediately suspended, and repair operations commenced promptly 
upon component failure.

While several previous studies have advanced the understanding of HAP reliability, they 
generally exhibit significant limitations. In particular, most existing work does not explic-
itly distinguish between different types of failures that affect HAPs, nor does it adequately 
incorporate redundancy, which is a critical aspect of practical deployment. To the best of the 
authors’ knowledge, no comprehensive study has been reported that simultaneously mod-
els LF and PF while accounting for the interdependent behavior of redundant HAPs. Fur-
thermore, the majority of existing approaches rely on oversimplified assumptions, such as 
exponentially distributed failure times, which neglect the inherently non-Markovian charac-
teristics of certain failure mechanisms–especially propagation failures. Such simplifications 
restrict the accuracy of reliability predictions and may lead to misleading assessments of 
system performance in real-world settings.

Therefore, there is a clear need for a more rigorous modeling framework that captures 
both Markovian and semi-Markovian dynamics, incorporates the probability of failure prop-
agation, and evaluates the impact of redundancy on overall system reliability and through-
put. Addressing this gap would provide a more realistic and holistic reliability analysis of 
HAPs, offering valuable insights for the design of resilient communication networks and 
other mission-critical applications enabled by these platforms.

The following Table 1 provides a comparison of the underlying model with the existing 
literature.

1.2  Contribution

The proposed study investigates a reliability model for HAP. The existing literature pro-
poses an architecture for HAPs in which two HAPs work together in tandem, serving as 
backups for each other [30]. This configuration ensures that if one HAP experiences a fail-
ure, the other HAP can seamlessly take over its functions and continue providing services. 
But, the reliability analysis of the proposed architecture has not been conducted. Moreover, 
the proposed stochastic approach is the kind of first to consider two types of failures: LF 
and PF of the HAP, while also incorporating redundancy. In the event of an LF, a few 
components of the HAP may malfunction, but they are promptly repaired, allowing the ser-
vice to continue without interruption. However, in the case of a PF, the HAP experiences a 
gradual failure of its components, eventually leading to a complete breakdown of the system 
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and the cessation of service provision. Thus, the system will shut down and stop working. 
Therefore, the service will be handed over to a redundant HAP in the region. To address this 
scenario, a redundant HAP is employed, which takes over the service provision in the event 
of a PF. The redundant HAP continues to provide service to the packets, albeit at a degraded 
service rate. Once the repair process of the main HAP is completed, the redundant HAP 
ceases its operation, and the main HAP resumes its normal functioning. The deployment 
of redundant HAPs is technically feasible and has already been envisioned in real-world 
architectures, such as tandem HAP configurations and balloon-based platforms (e.g., Project 
Loon). Advances in solar-powered HAPs and FSO inter-HAP links make seamless service 
migration between primary and backup platforms increasingly practical.

It is important to consider that the transitions between different states within a system can 
be influenced by various network parameters and factors, resulting in random behaviour. To 
capture this randomness, stochastic models such as continuous time Markov chain (CTMC) 
and semi-Markov process (SMP) are assumed, as described in [2]. In one of the models 
discussed, all states in the system have lifetimes that follow exponential distributions. In the 
second model, however, the lifetimes of certain states are modeled using non-exponential 
distributions. To represent these characteristics, the first model is constructed using a CTMC, 
while the second model utilizes an SMP. It is assumed that propagation failures’ lifetimes 

Table 1  Comparison of existing literature with underlying study
Reference Type of system SMP 

analysis
Simula-
tion 
results

Back-
up 
HAP

D’Amico et al. 
[9]

k-out-of-n : F model for reliability analysis of HAP Yes No No

Dong et al. [7] Multiple HAP coverage is analyzed with link 
geometry

No Yes No

Jain et al. [12] Reliability analysis of multiple HAPs system Yes No No
Gautam and Jain 
[10]

Fluid queue model to illustrate HAPs Lithium Ion (Li-
ion) battery reliability

No No No

Vishnevsky et al. 
[31]

k-out-of-n : F model for reliability analysis of HAP No No No

Vishnevsky et al. 
[32]

Heterogeneous k-out-of-n system for reliability analy-
sis of HAP

No No No

Choudhary et 
al. [3]

Dependability analysis of HAP VoIP network using 
semi-Markov process

No Yes No

Dharmaraja et 
al. [5]

Reliability analysis of tether in tethered HAP No No No

Raj [21] Performance analysis of HAP using Markov regenera-
tive process

No Yes No

Raj and Dharma-
raja [22]

Performance analysis of HAP using semi-Markov 
process

Yes Yes No

Raj at el. [24] Dependability analysis of HAP using semi-Markov 
process

Yes Yes No

Dharmaraja et 
al. [6]

Reliability analysis of HAP using phased mission 
systems

No No No

Mittal et al. [19] A k-out-of-n: system is proposed to assess the reli-
ability of a HAPs

Yes No No

Proposed study Reliability analysis of HAP considering different 
failure scenarios

Yes Yes Yes
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will follow gamma-distribution to capture the non-Markovian nature of gradual degrada-
tion and wear-out processes. Unlike the exponential distribution, which assumes a constant 
failure rate, the gamma distribution allows for increasing hazard rates over time, thereby 
offering a more realistic representation of propagation failures in long-duration HAP mis-
sions. It can capture varying failure propagation speeds observed in real HAP systems (e.g., 
cascading software bugs or atmospheric-induced degradations). It is worth noting that each 
state in this model is considered to be regenerative, meaning that once an event occurs, it 
prevents any other event from happening in the same state. As a result, the Markov property 
is satisfied at every transition epoch within the proposed model. Consequently, the underly-
ing stochastic process of the model can be effectively represented as an SMP. For the sake 
of mathematical tractability of the model and to obtain the solution, it has been assumed that 
the sojourn time of rest of the states follow an exponential distribution.

The steady-state probabilities of SMP are computed by using two-stage method. This 
method allows for a comprehensive examination of the system’s behaviour. The Markov 
model has been analysed in the time dependent and time independent scenarios for tran-
sient and steady-state solutions, respectively. By using numerical techniques, the underly-
ing study illustrates the impact of various factors on reliability indicators. Furthermore, 
a comparison is made between the stochastic models using MP and SMP. The compara-
tive analysis provides insights into the performance and effectiveness of the two modeling 
approaches, shedding light on their respective strengths and limitations.

The rest of this article is divided into seven sections. In Sect. 2, we offer an overview of 
the potential queueing system’s specifications. Section 3 presents an analysis of the system, 
covering both transient and steady-state aspects. In Sect. 5, we delve into key performance 
indicators related to the model we propose. Section 6 provides in-depth case studies, explor-
ing specific scenarios. Lastly, Sect. 7 wraps up the article, summarizing the findings and 
providing recommendations for future research.

2  Model Description

The proposed model comprises four states: the working state of the main HAP (M), the local 
failure state of the main HAP (L), the propagation failure state of the main HAP (P), and the 
working state of the backup HAP (B).

2.1  Modeling Assumptions

To make the analysis tractable while still capturing the essential dynamics of HAP failures, 
we adopt the following modeling assumptions:

	● Independence of LF and PF: LF and PF are treated as statistically independent events. 
This reflects the fact that LFs typically arise from component-level malfunctions, while 
PFs correspond to systemic degradation or cascading faults. Independence allows us to 
isolate their effects on reliability. We note that in some real systems, LF and PF may ex-
hibit coupling; extending the model to capture such dependence is a possible extension.

	● Sojourn-time distributions: Except for PF in the SMP, all sojourn times (arrivals, ser-
vice, repair, and LF occurrence) are assumed to be exponentially distributed. This as-
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sumption enables comparison with a CTMC baseline and provides analytical tractabil-
ity. In contrast, PF sojourns are modeled with a gamma distribution, consistent with the 
progressive and non-memoryless nature of degradation observed in aerospace systems. 
This choice allows increasing hazard rates to be represented, unlike the exponential 
distribution.

	● Single redundant HAP: The system consists of one primary and one redundant HAP 
operating in a cold-standby configuration. The redundant HAP is activated only in the 
event of a PF. This reflects a minimal yet practical redundancy strategy: minor local 
failures are repaired on board, whereas redundancy is reserved for severe propagation 
failures that necessitate a full switchover. Although we focus on a single redundant HAP 
for clarity and tractability, the framework can be extended to multiple or hierarchical 
backups.

A description of each state and the possible transitions is provided below.

	● Working state of main HAP (M): At the initial stage, the main HAP is in the working 
state. In this condition, packets reach the system following a Poisson process, each 
with an exponentially distributed arrival rate of λ that is independent and identically 
distributed. The primary HAP handles these incoming packets, and the time it takes to 
serve them is exponentially distributed with a rate of µ1. The proposed model utilizes 
the process sharing discipline (PS) to manage the service of incoming packets. In a PS 
queue, the service rate is evenly distributed among all the packets present in the system. 
Therefore, when there are multiple packets in the system, each packet is served at a rate 
of µ1. In the busy state, the main HAP may experience two types of failures, namely 
local failure (LF) and propagation failure (PF). If the main HAP encounters a LF, it 
transitions to the LF state. Similarly, if the main HAP encounters a PF, it transitions to 
the PF state. These states are considered as the reliable states of the system as the system 
will be in working condition.

	● Local failure state of main HAP (L): Upon encountering a LF event, the main HAP 
transitions to the L state with exponentially distributed rate αL. In this state, the repair 
process for the failed components is initiated, and it is exponentially distributed with 
rate of βL. In the meantime of repair of the main HAP, there may be the arrival of 
packets at the system, which will wait in a buffer of infinite size. Once the main HAP is 
repaired, the system state will move to the working state and the packets. Finally, these 
packets will be served.

	● Propagation failure state of main HAP (P): Upon encountering a PF event, the main 
HAP transitions to the P state. In this model, it is considered that the lifetime of the P 
state can follow either an exponential distribution, resulting in an MP, or a non-expo-
nential distribution, resulting in an SMP. In the MP case, the propagation failure rate 
follows an exponential distribution with a rate of αP . Similar to the LF state, the repair 
process for the failed components in the P state follows an exponential distribution with 
a rate of βP . However, according to [28], the lifetime of the HAP can be modeled using 
a gamma distribution. Therefore, in the SMP case, the propagation failure rate follows 
a gamma distribution with parameters k and αP . In this state, it takes some time for the 
HAP to become fully functional again. Consequently, all arriving packets are transferred 
to the redundant HAP for service at a rate of γ, allowing uninterrupted service provision 
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during the repair process. When the main HAP experiences a propagation failure, arriv-
ing packets are queued in an infinite buffer and then transferred to the redundant HAP, 
which becomes active and serves them to ensure uninterrupted operation.

	● Working state of redundant HAP (B): In this state, packets arrive at the system follow-
ing a Poisson process with an identically independent exponentially distributed rate of 
λ. The redundant HAP serves the arriving packets, and the service time is exponentially 
distributed with parameter µ2 (µ1 > µ2). These states are considered as the reliable 
states of the system, as the system will be in working condition.

In the proposed framework, the redundant HAP is activated only in the event of a PF, 
whereas during a LF the service is temporarily interrupted and resumes once the failed com-
ponents are repaired. This modeling choice reflects the operational distinction between the 
two types of failures. A local failure typically corresponds to a minor malfunction or com-
ponent-level fault in the primary HAP, which can often be repaired within a short duration 
without necessitating a full system switchover. Activating the backup HAP for every minor 
LF would introduce additional overhead in terms of coordination, energy consumption, and 
resource allocation, thereby reducing the efficiency of the redundant system. In contrast, a 
propagation failure represents a more severe and system-wide degradation, leading to an 
eventual shutdown of the primary HAP. In such cases, seamless migration of service to the 
redundant HAP becomes essential to ensure continuity. Thus, the backup HAP’s limited 
role in our model is motivated by practical considerations: it is reserved for handling critical 
failure events (PFs), while less severe local failures are assumed to be addressed through 
on-board repair and maintenance protocols. Future work could extend the framework to 
scenarios where redundancy is triggered for both LF and PF, thereby providing a broader 
comparative analysis of redundancy activation policies and their impact on system reliabil-
ity and throughput.

It is important to acknowledge the limitations of the present study. The model assumes 
fixed failure and repair rates, whereas in practice these may vary over time due to aging, 
environmental conditions, or operational stress. Furthermore, the independence assumed 
between local and propagation failures, as well as between failure and repair mechanisms, 
is an idealization that may not hold in real systems where coupling effects can arise. Finally, 
the analysis focuses on a single redundant HAP in cold standby; while this provides a useful 
baseline, it does not capture the dynamics of larger redundant constellations. Future work 
will address these aspects by incorporating non-stationary rates, statistical dependence, and 
more general redundancy strategies. Figure 2 shows the state transition diagram for the 
proposed model.

3  Markov Model

Let the underlying CTMC is denoted by {(N1(t), N2(t)); t ≥ 0} where {N1(t); t ≥ 0} 
shows the number of packets in the system and {N2(t); t ≥ 0} exhibits the state of the 
system at any given time t. The state space of the underlying stochastic process is provided 
as follows:

	 Ω = {(i, j); i = 0, 1, 2, . . . , j = M, B, P, L}
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Fig. 2  State transition diagram for the proposed model
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where

	

j =




M when the main HAP is in working state,
B when the backup HAP is in working state,
L when the local failures occurs in main HAP,
P when the propagation failures occurs in main HAP.

Let Pi,j(t) = P{N1(t) = i, N2(t) = j}, i = 0, 1, 2, . . . , j = M, L, P, B be the probability 
that the system is in state j with i number of packets in the system at any time t. Then, Pi,j(t) 
satisfies the following forward Kolmogorov equations.

	 P
′

0,M (t) = −(αP + αL + λ)P0,M (t) + βLP0,L(t) + βP P0,P (t) + µ1P1,M (t), � (1)

	

P
′

n,M (t) = −(λ + µ1 + αP + αL)Pn,M (t) + βLPn,L(t) + βP Pn,P (t)
+ λPn−1,M (t) + µ1Pn+1,M (t), n = 1, 2, . . . ,

� (2)

	 P
′

0,B(t) = −λP0,B(t) + γP0,P (t) + µ2P1,B(t), � (3)

	

P
′

n,B(t) = −(λ + µ2)Pn,B(t) + λPn−1,B(t) + µ2Pn+1,B(t) + γPn,P (t),
n = 1, 2, 3, . . . ,

� (4)

	 P
′

0,L(t) = −(λ + βL)P0,L(t) + αLP0,M (t), � (5)

	 P
′

n,L(t) = −(λ + βL)Pn,L(t) + λPn−1,L(t) + αLPn,M (t), n = 1, 2, 3, . . . , � (6)

	 P
′

0,P (t) = −(λ + βP + γ)P0,P (t) + αP P0,M (t), � (7)

	 P
′

n,P (t) = −(λ + βP + γ)Pn,P (t) + λPn−1,P (t) + αP Pn,M (t), n = 1, 2, 3, . . . . � (8)

Let us assume that initially the main HAP is working and there are no packets in the system. 
That is, P0,M (0) = 1.

3.1  Transient Analysis

Theorem 1  The time-dependent probabilities of the HAP encountering a local failure and a 
propagation failure are given by the following equations

	
Pn,L(t) = αLe−(λ+βL)t ∗

n∑
r=0

λn−rtn−r−1

(n − r − 1)!
e−(λ+βL)t ∗ Pr,M (t), n = 1, 2, 3, . . . .� (9)

	
Pn,P (t) = αP e−(λ+γ+βP )t ∗

n∑
r=0

λn−rtn−r−1

(n − r − 1)!
e−(λ+γ+βP )t ∗ Pr,M (t), n = 1, 2, 3, . . . .� (10)
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Proof  Please see Appendix 7 for the proof.

Theorem 2  The time-dependent probabilities of the main HAP being in working state are 
given by for n = 1 , 2 , 3 , . . . ,

	

Pn,M (t) =µ1βn+1
ˆ t

0
P0,M (y)

[
In−1(·) − In+1(·)

]
e−(αP +αL+λ+µ1)(t−y)dy

+ βL

ˆ t

0

[
n∑

r=1

βn−r[In−r(·) − In+r(·)]Pr,L(y)

+
∞∑

r=1

β−r[Ir(·) − I2n+r(·)]Pn+r,L(y)

]
e−(αP +αL+λ+µ1)(t−y)dy

+ βP

ˆ t

0

[
n∑

r=1

βn−r[In−r(·) − In+r(·)]Pr,P (y)

+
∞∑

r=1

β−r[Ir(·) − I2n+r(·)]Pr,P (y)

]
e−(αP +αL+λ+µ1)(t−y)dy

� (11)

where In(·) = In(α(t − y)), α = 2
√

λµ1  and β =
√

λ
µ1

.

Proof  Please see Appendix 7 for the proof.

Theorem 3  The time-dependent probabilities of the backup HAP being in working state are 
given by for n = 1 , 2 , 3 , . . . ,

	

Pn,B(t) =µ2βn+1
1

ˆ t

0
P0,B(y)

[
In−1(.) − In+1(.)

]
e−(λ+µ2)(t−y)dy

+ γ

ˆ t

0

[ n∑
r=1

βn−r
[
In−r(·) − In+r(·)

]
Pr,P (y)

� (12)

	
+

∞∑
r=1

β−r
[
Ir(·) − I2n+r(·)

]
Pn+r,P (y)

]
e−(λ+µ2)(t−y)dy. � (13)

where In(·) = In(α1 (t − y)), α1 = 2
√

λµ2 , and β1 =
√

λ
µ2

.

Proof  Let us define the generating function as follows:

	
GB(z, t) =

∞∑
n=0

znPn,B(t).� (14)

Since P0,B(0) = 0, which implies GB(z, 0) = 0.
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From equations (3) and (4), to prove the result given in equation (13), we establish an 
analogy between the previous theorem,s and we can apply similar techniques, one can 
obtain the probabilities Pn,B(t) by solving the equation

	

∂GB

∂t
= −(λ + µ2)GB +

(
λz + µ2

z

)
GB + µ2

(
1 − 1

z

)
P0,B(t) + γ

∞∑
n=0

znPn,P (t)

and which gives a solution

	

GB = µ2

(
1 − 1

z

)ˆ t

0
P0,B(y)e−(λ+µ2)(t−y)e(λz+ µ2

z )(t−y)dy

+ γ

∞∑
n=0

zn

ˆ t

0
Pn,P (y)e−(λ+µ2)(t−y)e−(λz+ µ2

z )(t−y)dy

From the above equation, we obtain the time-dependent system size probabilities on backup 

HAP Pn,B(t) is given in equation (13) where α1 = 2
√

λµ2, β1 =
√

λ
µ2

.

3.2  Steady-State Analysis

Using the time-dependent probabilities of the system given in Section 3.1, the steady-state 
probabilities can be computed. Since, lim

t→∞
Pi,j(t) = πi,j  and lim

t→∞
P

′

i,j(t) = 0, equations 

(1)-(8) can be written as

	 0 = −(αP + αL + λ)π0,M + βLπ0,L + βP π0,P + µ1π1,M � (15)

	
0 = −(λ + µ1 + αP + αL)πn,M + βLπn,L + βP πn,P + λπn−1,M + µ1πn+1,M ,

n = 1, 2, . . .
� (16)

	 0 = −λπ0,B + γπ0,P + µ2π1,B � (17)

	 0 = −(λ + µ2)πn,B + λπn−1,B + µ2πn+1,B + γπn,P , n = 1, 2, 3, . . . � (18)

	 0 = −(λ + βL)π0,L + αLπ0,M � (19)

	 0 = −(λ + βL)πn,L + λπn−1,L + αLπn,M , n = 1, 2, 3, . . . � (20)

	 0 = −(λ + βP + γ)π0,P + αP π0,M � (21)

	 0 = −(λ + βP + γ)πn,P + λπn−1,P + αP πn,M , n = 1, 2, 3, . . . . � (22)

We will make use of Tauberian theorem on the Laplace transform, from equations (1)-(8), 
we obtain the following results of steady-state probabilities.
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It is known that lim
s→0

sfi,j(s) = lim
t→∞

Pi,j(t) = πij . Then from the Laplace transform of 

certain equation yield

	

∞∑
n=1

πn,L = λ

βL
π0,L + αL

βL

∞∑
n=1

πn,M

∞∑
n=1

πn,P = λ

βP + γ
π0,P + αP

γ + βP

∞∑
n=1

πn,M

π0,L = αL

λ + βL
π0,M

π0,P = αP

λ + βP + γ
π0,M

π0,M = βL

λ + αP + αL
π0,L + βP

λ + αP + αL
π0,P + µ1

λ + αP + αL
π1,M

π0,M = αLβL

(λ + αP + αL)(λ + βL)
π0,M + αP βP

(λ + αP + αL)(λ + βP + γ)
π0,M

+ µ1

λ + αP + αL
π1,M .

Therefore,

	

π0,M =
[
1 − αLβL

(λ + αP + αL)(λ + βL)
− αP βP

(λ + αP + αL)(λ + βP + γ)

]−1

µ1

λ + αP + αL
π1,M .

� (23)

Also,
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∞∑
n=1

πn,M = λ

αP + αL
π0,M + βP

αL + αP

∞∑
n=1

πn,P + βL

αL + αP

∞∑
n=1

πn,L − µ1

αP + αL
π1,M

∞∑
n=1

πn,M = βL

αL + αP

(
λ

βL
π0,L + αL

βL

∞∑
n=1

πn,M

)
+ βP

αL + αP

(
λ

γ + βP
π0,P + αP

γ + βP

∞∑
n=1

πn,M

)
+ λ

αP + αL
π0,M − µ1

αP + αL
π1,M

∞∑
n=1

πn,M

(
1 − αL

αL + αP
− αP βP

(αL + αP )(γ + βP )

)
=

(
λαL

(αL + αP )(λ + βL)

+ λαP βP

(αL + αP )(γ + βP )(λ + βP + γ)
+ λ

αP + αL

)
π0,M − µ1

αP + αL
π1,M

∞∑
n=1

πn,M =
[
1 − αL

αL + αP
− αP βP

(αL + αP )(γ + βP )

]−1

×

[(
λαL

(αL + αP )(λ + βL)

+ λαP βP

(αL + αP )(γ + βP )(λ + βP + γ)
+ λ

(αL + αP )

)
π0,M − µ1

αP + αL
π1,M .

]

From the equations (1) - (4), one can derive the following recurrence relations

	
πn,M = λ

µ1
πn−1,M − αP

µ1
π0,M − βL

µ1

n−1∑
r=0

πr,L − βP

µ1

n−1∑
r=0

πr,P , n = 1, 2, . . . . � (24)

	
πn,B = λ

µ2
πn−1,B − γ

µ2

n−1∑
r=0

πr,P , n = 1, 2, . . . . � (25)

From the above recurrence relations, one can easily find the probabilities πn,M  and πn,B  
in terms of π0,M  and π0,B  respectively. Also, one can reach the stability condition for the 
existence of steady-state probabilities, which are λ

µ1
< 1 and λ

µ2
< 1. Now, we express all 

the steady-state probabilities πn,M  and πn,M  in terms of π0,M  or π1,M . Then, using the 
normalization principle, i.e., 

∑
i,j∈Ω

πi,j = 1, we will obtain all the steady-state probabilities 

in explicit form.

4  Semi-Markov Model

Let {X(t), t ≥ 0} be the stochastic process for the underlying system. In this case, it has 
been considered that the number of packets waiting in the queue has a finite capacity, say 
N. Here, N is a large finite number. Because of the gamma distribution governing the mean 
sojourn time of certain states and the time epochs’ Markov properties, we can appropriately 
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represent the underlying stochastic process as an SMP, as described in [2]. The state space 
for the proposed SMP model is defined as

	 Ω = {Mi, Pi, Bi, Li; i = 0, 1, 2, . . . , N}.

To analyze the underlying SMP model, we utilize a two-stage method. In 
this approach, a kernel matrix K(t) is computed, with its elements denoted as 
Km,n(t) = P{Y1 = n, T1 ≤ t | Y0 = m}, m, n ∈ Ω, where {(Yn, Tn), n ≥ 0} represents 
the underlying Markov renewal sequence of random variables. Table 2 illustrates the mean 
sojourn time distributions of the various transitions of the proposed model.

Let Fm,n denotes the cumulative distribution function (CDF) for transitioning from state 
m to state n. The non-zero values of this function are determined based on the CDF defini-
tions provided in Table 2. The entries of K(t) can be further determined using the CDFs 
provided in Table 2 as follows:

	

KM0,M1 (t) =
ˆ t

0
F M0,P0 (x)F M0,L0 (x)dFM0,M1 (x)

= λ

(k − 1)!
1 − e−(λ+αL)t

λ + αP + αL
−

[1 − e−(λ+αL)t

λ + αL
− 1 − e−(λ+αL+αP )t

λ + αP + αL

]

[λtk−1 − αP λ(tk−1)],

� (26)

	

KMi,Mi+1 (t) =
ˆ t

0
F Mi,Pi

(x)F Mi,Li
(x)F Mi,Mi−1 (x)dFMi,Mi+1 (x)

= λ

(k − 1)!
1 − e−(λ+αL+µ1)t

λ + αP + αL + µ1
−

[1 − e−(λ+αL+µ1)t

λ + αL + µ1

− 1 − e−(λ+αL+αP +µ1)t

λ + αP + αL + µ1

]
[λtk−1 − αP λ(tk−1)], i = 1, 2, . . . , N

� (27)

	

KM0,P0 (t) =
ˆ t

0
F M0,M1 (x)F M0,L0 (x)dFM0,P0 (x)

= (αP )k(1 − e−(λ+αL+αP )t)
(k − 1)!(λ + αP + αL)

(tk−1),
� (28)

Notations Description Distribution
λ Arrival of packets Exponential
αL Local failure rate of main HAP Exponential
βL Repair rate of main HAP Exponential
µ1 Service of packets by main HAP Exponential
k, αP Propagation failure rate Gamma
βP Repair rate of main HAP for propagation 

failure
Exponential

µ2 Service of packets by backup HAP Exponential
γ Replacement rate of failed HAP to 

backup HAP
Exponential

Table 2  Parameters with their 
interpretation
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KMi,Pi
(t) =

ˆ t

0
F Mi−1,Mi

(x)F Mi,Mi+1 (x)F Mi,Li
(x)dFMi,Pi

(x)

= (αP )k(1 − e−(λ+αL+αP +µ1)t)
(k − 1)!(λ + αP + αL + µ1)

(tk−1), i = 1, 2, . . . , N

� (29)

	

KM0,L0 (t) =
ˆ t

0
F M0,M1 (x)F M0,P0 (x)dFM0,L0 (x)

= αL

(k − 1)!
1 − e−(λ+αL+αP )t

λ + αP + αL

−

[
1 − e−(λ+αL)t

λ + αL
− 1 − e−(λ+αL+αP )t

λ + αP + αL

]
[λtk−1 − αP αL(tk−1)],

� (30)

	

KMi,Li
(t) =

ˆ t

0
F Mi,Mi+1 (x)F Mi,Mi−1 (x)F Mi,Pi

(x)dFMi,Li
(x)

= αL

(k − 1)!
1 − e−(λ+αL+αP +µ1)t

λ + αP + αL + µ1
−

[
1 − e−(λ+αL+µ1)t

λ + αL + µ1

− 1 − e−(λ+αL+αP +µ1)t

λ + αP + αL + µ1

]
[λtk−1 − αP αL(tk−1)], i = 1, 2, . . . , N

� (31)

	

KMi,Mi−1 (t) =
ˆ t

0
F Mi,Pi

(x)F Mi,Li
(x)F Mi,Mi+1dFMi,Mi−1 (x)

= µ1

(k − 1)!
1 − e−(λ+αL+αP +µ1)t

λ + αP + αL + µ1
−

[
1 − e−(λ+αL+µ1)t

λ + αL + µ1

− 1 − e−(λ+αL+αP +µ1)t

λ + αP + αL + µ1

]
[λtk−1 − µ1αP (tk−1)], i = 1, 2, . . . , N

� (32)

	

KPi,Pi+1 (t) =
ˆ t

0
F Pi,Bi

(x)F Pi,Mi
(x)dFPi,Pi+1 (x)

= λ

λ + βP + γ
(1 − e−(λ+γ+βP )t),

� (33)

	

KPi,Bi
(t) =

ˆ t

0
F Pi,Pi+1 (x)F Pi,Mi

(x)dFPi,Bi
(x)

= γ

λ + βP + γ
(1 − e−(λ+γ+βP )t),

� (34)

	

KPi,Mi
(t) =

ˆ t

0
F Pi,Pi+1 (x)F Pi,Bi

(x)dFPi,Mi
(x)

= βP

λ + βP + γ
(1 − e−(λ+γ+βP )t),

� (35)
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KB0,B1 (t) =

ˆ t

0
dFB0,B1 (x) = 1, � (36)

	

KBi,Bi+1 (t) =
ˆ t

0
F Bi,Bi+1 (x)dFBi,Bi+1 (x)

= λ

λ + µ2
(1 − e−(λ+µ2)t), i = 1, 2, . . . , N

� (37)

	

KBi,Bi−1 (t) =
ˆ t

0
F Bi,Bi+1 (x)dFBi,Bi−1 (x)

= µ2

λ + µ2
(1 − e−(λ+µ2)t), i = 1, 2, . . . , N

� (38)

	

KLi,Li+1 (t) =
ˆ t

0
F Li,Mi

(x)dFLi,Li+1 (x)

= λ

λ + βL
(1 − e−(λ+βL)t), i = 0, 1, 2, . . . , N

� (39)

	

KLi,Mi
(t) =

ˆ t

0
F Li,Li+1 (x)dFLi,Mi

(x)

= βL

λ + βL
(1 − e−(λ+βL)t), i = 0, 1, 2, . . . , N.

� (40)

Define Km,n(∞) = lim
t→∞

Km,n(t), where m, n ∈ Ω. The matrix K(∞) represents the 

one-step transition probabilities for the underlying model whose row sum is 1. The K(∞) 
matrix is provided as follows:

	

K(∞) =




MM MP ML O
PM PP O PB
O O O BB

LM O O LL




where O is the zero matrix of appropriate order and rest of the entries are defined as follows.
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The above defined block matrices are square matrices of order N + 1. For the embedded 
Markov chain (EMC) of the SMP, the steady-state probabilities (vi) are computed as follows
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v = vK(∞),

∑
i∈Ω

vi = 1.� (41)

v′
is can be computed by solving equations (41). Now, the steady-state probabilities of 

SMP are calculated using the formula

	

πi = vihi∑
i∈Ω

vjhj

, i ∈ Ω
� (42)

where hi denotes the mean sojourn time, spent by the process at each sate i and can be 
computed using the formulas

	
hM0 = 1

(k − 1)!

[
(k − 1)!
λ + αL

−
( 1

λ + αL
− 1

λ + αL + αP

)]
. � (43)

	

hMi = 1
(k − 1)!

[
(k − 1)!

λ + αL + µ1
−

( 1
λ + αL + µ1

− 1
λ + αL + αP + µ1

)]
,

i = 1, 2, 3 . . . , N.

� (44)

	
hPi = 1

λ + γ + βP
, i = 0, 1, 2, . . . , N. � (45)

	
hB0 = 1

λ
. � (46)

	
hBi = 1

λ + µ2
, i = 1, 2, . . . , N. � (47)

	
hLi = 1

λ + βL
, i = 0, 1, 2, . . . , N. � (48)

5  Performance Metrics

This section outlines the measures related to the extended-term probabilities for the underly-
ing model. 

1.	 The reliability of the system at time t is given by from equations (1) and (2), 

	

∞∑
n=0

P
′

n,M (t) = −(αP + αL)
∞∑

n=0

Pn,M (t) + βL

∞∑
n=0

Pn,L(t) + βP

∞∑
n=0

Pn,P (t).

	  The Laplace transform of the above equation yields 
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(s + αP + αL)

∞∑
n=0

fn,M (s) = 1 + βL

∞∑
n=0

fn,L(s) + βP

∞∑
n=0

fn,P (s).

	  From equations (3) and (8), and after taking the Laplace transform, one can reach the 
following expressions: 

	

∞∑
n=0

sfn,B(s) = γ

∞∑
n=0

fn,P (s)

∞∑
n=0

(s + βL)fn,L(s) = αL

∞∑
n=0

fn,M (s)

∞∑
n=0

(s + βP + γ)fn,P (s) = αP

∞∑
n=0

fn,M (s).

	  Therefore, 

	

∞∑
n=0

(s + αP + αL)fn,M (s) = 1 + βLαL

s + βL

∞∑
n=0

fn,M (s) + βP αP

s + βP + γ

∞∑
n=0

fn,M (s)

∞∑
n=0

fn,M (s) = 1
s + αP + αL

+
[

βLαL

(s + βL)(s + αP + αL)

+ βP αP

(s + βP + γ)(s + αP + αL)

∞∑
n=0

fn,M (s)

]

∞∑
n=0

fn,M (s) = 1
s + αP + αL

∞∑
n=0

[F (s)]n.

	

R(s) =
∞∑

n=0

fn,M (s) +
∞∑

n=0

fn,B(s)

=
[
1 + γαP

s(s + γ + βP )

] ∞∑
n=0

fn,M (s)

=
[
1 + γαP

s(s + γ + βP )

] [
1

s + αP + αL

∞∑
n=0

[F (s)]n
]

,

	  where 

	
F (s) =

[
βLαL

(s + βL)(s + αP + αL)
+ βP αP

(s + βP + γ)(s + αP + αL)

]
.

	  By taking the inverse Laplace transform, we can obtain F(t) and R(t) as follows. 
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F (t) =e−(αP +αL)T (βLα2
L + βP α2

P − βLβP αL − βLγαL + βLαLαP + βP αLαP )
(αL − βL + αP )(βP + γ − αL − αP )

+ βLαLe−(βLt)

(αL − βL + αP )
− βP αP e−(βP +γ)t

(βP + γ − αL − αP )

R(t) =

[
γαP

(βP + γ)(αL + αP )
+ γαP e−(βP +γ)t

(βP + γ)(βP + γ − αL − αP )

− e−(αL+αP )t(α2
L + α2

P − βP αL − βP αP − γαL + 2αLαP )
(αL + αP )(βP + γ − αL − αP )

]
∗

∞∑
n=0

[F (t)]∗n.

� (49)

2.	 The mean time between failures is computed by using equation (49) as follows: 

	
MTBF =

ˆ ∞

0
R(t)dt.

3.	 The probability that the main HAP encounters the local failure at time t: 

	
PL =

∞∑
i=0

Pi,L(t) = αL

αP + αL − βL

[
e−βLt − e−(αP +αL))t

]
∗

∞∑
n=0

[F (t)∗n].

4.	 The probability that the main HAP encounters the propagation failure at time t: Since, 

	

∞∑
n=0

fn,P (s) = αP

s + γ + βP

∞∑
n=0

fn,M (s)

∞∑
n=0

fn,P (s) = αP

(s + γ + βP )(s + αP + αL)

∞∑
n=0

[F (s)]n

∞∑
n=0

Pn,P (t) = αP e−(γ+βP )t ∗ e−(αP +αL)t ∗
∞∑

n=0

[F (t)]∗n

	

PP =
∞∑

n=0

Pn,P (t)

= αP e−(γ+βP )t ∗ e−(αP +αL)t ∗
∞∑

n=0

[F (t)]∗n.

5.	 The throughput of the system at time t is given by:
	 From equation (49), 
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Throughput =

(
∞∑

n=0

Pn,M (t) +
∞∑

n=0

Pn,B(t)

)
∗ (µ1 + µ2)

=

[
γαP

(βP + γ)(αL + αP )

− e−(αL+αP )t(α2
L + α2

P − βP αL − βP αP − γαL + 2αLαP )
(αL + αP )(βP + γ − αL − αP )

+ γαP e−(βP +γ)t

(βP + γ)(βP + γ − αL − αP )

]
∗

∞∑
n=0

[F (t)]∗n ∗ (µ1 + µ2).

6  Numerical Illustration

In this section, we conduct numerical analyses to assess the practicality of the suggested 
model for achieving stable results. Table 3 contains the necessary parameter values for 
generating the results. The numerical values used in this section are chosen for sensitivity 
analysis and to illustrate the qualitative impact of model parameters on system reliability 
and throughput. They are not intended to represent any single deployed HAP product or 
operator. The chosen parameter sets span a broad range of failure/repair and arrival/service 
rates so as to demonstrate model behaviour under low, medium, and high stress regimes 
(e.g., slow vs. aggressive failure environments and slow vs. rapid repairs). Specifically, 
Reference [3] provides a realistic and structured methodology for evaluating the reliability 
of HAPs, including representative failure and repair parameters derived from aerospace 
reliability practices. Our study aligns with these ranges to ensure that the selected values are 
representative of modern HAP systems. At the same time, we emphasize that the parameters 
used in our numerical examples are partly hypothetical and intended primarily to illustrate 
the qualitative impact of local and propagation failures on system performance.

6.1  Sensitivity Analysis in Transient State for CTMC

Figures 3-4 exhibit the behaviour of reliability of the system (R(t)) with respect to time for 
varying values of failure and repair rates. Figure 3(a) and (b) illustrate the decreasing trend 
of the reliability R(t) over time. When the system is in the initial state at t = 0, the reliabil-
ity is 100%, denoted by R(t) = 1. However, as the system continues to provide services, 
the reliability gradually diminishes. Notably, after a certain time period, there is a minimal 
change in the values of R(t), indicating that the system is approaching a steady-state. Fig-
ure 3(a) highlights that as the local failure rate (αL) increases, the reliability of the system 

Table 3  Default values of parameters taken from Reference [3]
Parameters λ µ1 µ2 αP

Possible values 0.5 − 2 per unit time 0.5 − 5 per unit time 0.5 − 5 per unit time 0.01 − 0.2 
per unit time

Parameters βP αL βL γ

Possible values 0.01 − 0.2 per unit 
time

0.01 − 0.2 per unit 
time

0.01 − 0.2 per unit 
time

0.01 − 0.2 
per unit time
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decreases. This outcome can be attributed to the higher likelihood of system failures with a 
higher local failure rate. Similarly, Fig. 3(b) demonstrates that R(t) decreases as the propaga-
tion failure rate αP  increases, following the same reasoning. These observations emphasize 
the critical role of failure rates in determining the reliability of the system and provide valu-
able insights into the system’s behaviour over time.

In contrast, Fig. 4(a) and (b) demonstrate that R(t) is an increasing function with respect 
to the repair rates βL and βP , respectively. As the local failure rate βL increases in the sys-
tem, the values of R(t) also increases. When the repair rate increases while keeping the fail-
ure rate fixed, the system becomes more reliable. Consequently, R(t) increases as the values 
of βL increase. A similar explanation can be provided for Fig. 4(b), with respect to the repair 
rate βP . As βP  increases, the reliability of the system improves, leading to an increase in 

Fig. 4  Behaviour of R(t) with respect to time for varying values of βL and βP

 

Fig. 3  Behaviour of R(t) with respect to time for varying values of αL and αP

 

1 3

257



R. Raj et al.

R(t). These findings highlight the positive impact of higher repair rates on the reliability of 
the system, offering insights into strategies for enhancing system performance and stability.

Figure 5(a) and (b) depict the behaviour of the system throughput over time, denoted 
as t. Both graphs illustrate that the throughput decreases as time progresses, primarily due 
to the decreasing reliability of the system. As the reliability declines, there is an increased 
likelihood of the system failing to provide services at any given time, leading to a decrease 
in throughput. From Fig. 5(a), it can be observed that with a fixed service rate, an increase 
in the arrival rate results in a decrease in throughput. This can be explained by the resource 
sharing policy, where all packets are served but with a reduced service rate. Consequently, as 
the arrival rate increases, more packets are present in the system, and each packet receives a 
lower service rate, resulting in a decrease in throughput. Conversely, when the service rate is 
increased in Fig. 5(b), the throughput also increases, which is an expected scenario. With a 
higher service rate, more packets can be served within a given time, leading to an improved 
throughput. These observations emphasize the interplay between arrival rate, service rate, 
and system reliability in determining the system throughput, providing valuable insights 
into the dynamics of the system’s performance over time.

Figures 6 and 7 depict the behaviour of failure probabilities, namely the local failure 
probability (PL) and the propagation failure probability (PP ), with respect to time t and 
varying values of failure and repair rates. In Fig. 6(a) and (b), the behaviour of PL with 
respect to αL and βL is demonstrated. It is observed that PL increases with time t and αL. 
This can be attributed to the decreasing reliability of the system over time, leading to an 
increased probability of failure. Moreover, as the local failure rate αL increases, there is 
a noticeable increment in the value of PL, indicating a higher probability of local failure. 
Conversely, with increasing values of βL, the failure probability PL decreases. This can be 
attributed to the higher repair rate, which reduces the time required to repair failed compo-
nents and thus decreases the probability of failure. Additionally, after a certain time period, 
the probabilities tend to approach a steady-state, indicating a more stable system behaviour. 
Similar observations can be made for Fig. 7(a) and (b), which illustrate the behaviour of PP  
with respect to αP  and βP . The same explanations can be applied to the behaviour of PP  as 
for PL. These findings provide insights into the relationship between failure probabilities, 

Fig. 5  Behaviour of throughput (t) with respect to time for varying values of λ and µ
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time, and the rates of failure and repair. They emphasize the impact of these factors on the 
likelihood of failure, highlighting the importance of effective repair strategies to mitigate 
failures and improve the reliability of the system.

Figure 8(a) and (b) illustrate the behaviour of the mean and variance of the system with 
varying values of αP , representing the failure rate. Both graphs demonstrate that as the 
failure rate increases, the mean system size decreases. This indicates that more packets 
are lost during the HAP’s failure, resulting in a smaller average number of packets in the 
system. Additionally, the values of both the mean and variance increase as the failure rate 
increases and reach a steady-state after a certain time period. This observation is consis-
tent with the notion that higher failure rates lead to more unpredictable fluctuations in the 
system’s behaviour, reflected in the increased variability captured by the variance. These 
findings highlight the impact of the failure rate on the system’s mean size and variability. 

Fig. 7  Behaviour of PP (t) with respect to time for varying values of αP  and βP

 

Fig. 6  Behaviour of PL(t) with respect to time for varying values of αL and βL
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Understanding these dynamics can assist in optimizing system performance and resource 
allocation to minimize packet loss and improve overall system efficiency.

Figure 9 illustrates the behaviour of MTBF with respect to βP  and αP . The MTBF repre-
sents the average time elapsed between consecutive failures of the system. If the reliability 
of the system decreases over time, it indicates that failures occur more frequently, leading to 
a decrease in the MTBF. This suggests a deteriorating system performance. Conversely, if 
the repair rate is increasing, the MTBF curve tends to increase over time. This implies that 
the system is becoming more reliable, with longer average time intervals between failures.

Fig. 9  Behaviour of MTBF 
with respect to time for varying 
values of αP

 

Fig. 8  Behaviour of mean and variance with respect to time for varying values of αP
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6.2  Sensitivity Analysis in Steady-State for SMP

Figure 10(a) and 0(b) present the behaviour of the probability of the system being in the 
busy state, denoted as PB , and the throughput with respect to the arrival rate (λ) and service 
rate (µ). Figure 10(a) illustrates that PB  increases with both λ and µ. This can be attributed 
to the fact that as the arrival rate or service rate increases, there are more packets in the 
system, leading to a higher likelihood of the system being in the busy state. In other words, 
a higher arrival rate means more packets are entering the system, while a higher service rate 
implies that packets are being served at a faster rate, which in turn increases the chances of 
the system being occupied. Similarly, Fig. 10(b) demonstrates that the throughput increases 
with both λ and µ. As the arrival rate or service rate increases, more packets are being 
processed and delivered by the system within a given time period. Therefore, the through-
put, which represents the rate at which packets are successfully transmitted, also increases. 
This behaviour is intuitive, as a higher arrival rate or service rate allows for more effi-
cient packet transmission and a greater overall throughput. Understanding the relationship 
between arrival rate, service rate, system occupancy, and throughput is essential for opti-
mizing system performance and ensuring efficient utilization of resources. These findings 
provide insights into how changes in arrival and service rates impact the system’s behaviour 
and its ability to handle incoming packets effectively.

Figure  11(a) and (b) illustrate the behaviour of the propagation failure probability, 
denoted as PP , and system throughput with respect to αP  and βP . Figure 11(a) shows 
that PP  exhibits a decreasing trend as βP  increases. This can be attributed to the fact that 
a higher repair rate leads to a faster recovery of failed components in the system. Conse-
quently, the probability of the system experiencing propagation failures decreases. On the 
other hand, an increasing trend can be observed for PP  with respect to αP , indicating that 
a higher propagation failure rate results in a greater likelihood of encountering propagation 
failures. In contrast, Fig. 11(b) demonstrates the opposite behaviour in system throughput. 
As βP  increases, the system’s ability to recover from failures improves, resulting in a higher 
throughput. Conversely, an increasing αP  leads to more propagation failures, which nega-
tively impact the system’s performance and decrease the throughput. Similar patterns can be 

Fig. 10  Behaviour of PB  and TP with respect λ in steady-state
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observed in Fig. 12(a) and (b), where the behaviour of the local failure probability PL and 
the system throughput with respect to αL and βL is depicted. Understanding the relationship 
between failure probabilities, repair rates, and system throughput is crucial for optimizing 
system performance and reliability. The results presented in these figures provide valuable 
insights into the impact of different factors on the system’s behaviour, enabling better deci-
sion-making and resource allocation to improve system performance and reliability.

6.3  Comparison of Results for MP and SMP

Figures 13 and 14 present a comparison of performance measures between the CTMC and 
SMP cases. The behaviour of the performance indicators is consistent with the explana-
tions provided earlier. In all four graphs, there is a notable disparity in the values of PB , 

Fig. 12  Behaviour of PL and TP with respect αL in steady-state

 

Fig. 11  Behaviour of PP  and TP with respect βP  in steady-state
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throughput, PP , and PL between the CTMC and SMP models. The inclusion of different 
failure distributions in the model aims to capture the realistic scenario through appropriate 
modeling. The significant differences observed in the values of performance measures can 
be attributed to the variations in the rates of these distributions. Hence, it can be inferred that 
each metric under consideration is greatly influenced by the choice of failure distribution 
employed. This comparison highlights the importance of selecting an appropriate stochas-
tic model to accurately represent the system’s behaviour. The choice between CTMC and 
SMP models should be made based on the specific characteristics and requirements of the 
system under study. By using the most suitable model, researchers and practitioners can 
obtain more precise and reliable insights into the system’s performance, enabling informed 
decision-making and optimization efforts.

Fig. 14  Behaviour of PP  and PL versus βP  and βL for semi-Markov and Markov models

 

Fig. 13  Behaviour of PB  and TP versus λ for semi-Markov and Markov models
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6.4  Validation of Analytical and Simulated Results for SMP

We use a simulation approach to confirm the reliability of the proposed model in terms of its 
accuracy. The parameters used for analytical calculations, as detailed in Table 3, are input 
into a MATLAB program. We run the simulation 1000 times with these parameters to evalu-
ate the precision of the simulation results, employing a t-distribution test for this purpose. 
“The t distribution is used for smaller sample sizes to account for the uncertainty in the 
standard deviation of the sample". Subsequently, the 95% confidence interval is computed 
using the formula:

	
C.I. = X̄ ± s ∗ t0.05,k−1√

k

where s is the standard deviation, X̄  is sample mean, t0.05,k−1 is tabulated value for 95% 
C.I., and k is sample size.

We present a comparison between the theoretical and simulated results for assessing the 
reliability measures of SMP models, as illustrated in Fig. 15. Figure 15(a) exhibits the com-
parison of analytical and simulated results of PP  with respect to βP . Figure 15(b) demon-
strates the behaviour of PL with respect to αL. The graph shows the comparison of obtained 
analytical and simulated results. The graphs display the results of the analysis using solid 
lines and the simulated results using dotted lines. The vertical lines represent the confidence 
interval. The graphs illustrate a close correspondence between the results obtained through 
both methods, confirming the validity of the hypothesized model.

The analytical and simulation results show close agreement overall, with minor devia-
tions arising from the simplifying assumptions in the analytical model (e.g., exponential 
sojourns for LF and repair) and from sampling variability in simulations. The SMP model 
improves accuracy for non-exponential PF lifetimes, while simulations remain more reli-
able in extreme parameter regimes where analytical assumptions may not fully capture sys-
tem dynamics.

Fig. 15  Comparison of analytical and simulated results
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7  Conclusions and Future Direction

The objective of this study is to analyze the reliability of HAPs in the event of failures. To 
capture the realistic functioning of HAPs, the study considers two types of failures that have 
different impacts on the system. LF affects only the affected component, while PF can result 
in widespread damage and a complete system shutdown. In the case of LF, a repair process 
is initiated to quickly restore the affected component. On the other hand, PF is addressed 
by utilizing a redundant HAP to continue packet services. The life time of PF is modeled 
using both exponential and gamma distributions, resulting in two different stochastic mod-
els: MP and SMP. The study provides time-dependent solutions for performance indicators 
in the MP model, along with the derivation of steady-state solutions. Moreover, the study 
conducts a comparative analysis of the results obtained from the MP and SMP models. This 
comparison enables a deeper understanding of the strengths and limitations of each mod-
eling approach, assisting practitioners in making more informed decisions based on their 
specific requirements and scenarios. In a conscientious effort to validate the precision and 
effectiveness of the proposed model, a simulation approach is employed for SMP model. 
The main motivation of the proposed study is to evaluate the reliability of HAP in the pres-
ence of redundant HAP.

Finally, although the present work focuses on a system with a single primary and one 
redundant HAP, scalability to larger constellations remains an open challenge. Extending 
the model to multiple redundant platforms or full-scale HAP networks would significantly 
increase state-space complexity, potentially making exact analytical solutions intractable. 
Approximate methods, such as fluid approximations, mean-field techniques, or simulation-
based approaches, may provide feasible alternatives for analyzing large-scale systems. 
Investigating such extensions forms an important avenue for future research.

The obtained results are benchmark and can be used by the communication network 
designer to implement. The study can be further extended to include relay HAP networks, 
where the occurrence of PF before the relay HAP’s LF can lead to failure propagation, 
affecting other components of the communication network. In contrast, when the relay 
HAP’s LF happens before the source’s PF, it probabilistically severs the communication 
from the source, ensuring that its PF does not impact the rest of the network. To address 
the sequence-dependence and dynamic competing processes in HAP-aided systems and 
networks, new stochastic models and analysis methods will need to be developed. These 
models should consider the unique characteristics and interactions between different com-
ponents, such as the relay HAP, source, and other network elements. By incorporating these 
factors, a more comprehensive understanding of the reliability dynamics in HAP-aided sys-
tems can be obtained, leading to improved design and optimization strategies.

The proposed model offers practical guidance for future HAP system design and plan-
ning. By quantifying the impact of local and propagation failures, it helps to determine 
when redundancy provides meaningful reliability gains and how standby strategies should 
be selected. The SMP model highlights the importance of modeling non-exponential failure 
processes, enabling more realistic fault-tolerance policies and predictive maintenance plan-
ning. Furthermore, the integration of throughput metrics allows network designers to bal-
ance reliability with service quality, making the model a useful tool for redundancy sizing, 
maintenance scheduling, and resilient HAP network planning.
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8  Appendix

8.1  Proof of Theorem 1

Proof  Let us define fn,j(s) =
´∞

0 e−stPn,j(t)dt, j = M, B, L, P. Here, fn,j(s) is the 
Laplace transform of Pn,j(t). The Laplace transform of equations (5) and (6) yield

	 (s + λ + βL)f0,L(s) = αLf0,M (s)

and

	 (s + λ + βL)fn,L(s) = λfn−1,L(s) + αLfn,M (s).

After rewriting the above equations

	
f0,L(s) = αL

s + λ + βL
f0,M (s), � (50)

	
fn,L(s) = λ

s + λ + βL
fn−1,L(s) + αL

s + λ + βL
fn,M (s). � (51)

After some simple algebraic calculation, we obtain

	
fn,L(s) = αL

s + λ + βL

n∑
r=0

(
λ

s + λ + βL

)n−r

fr,M (s), n = 1, 2, 3, . . . .� (52)

Applying the Laplace transform on the equations (7) and (8),

	 (s + λ + βP + γ)f0,P (s) = αP f0,M (s)

and which yields

	
f0,P (s) = αP

s + λ + βP + γ
f0,M (s).

Also,

	 (s + λ + βP + γ)fn,P (s) = αP fn,M (s) + λfn−1,P (s)

and which gives

	
fn,P (s) = λ

s + λ + βP + γ
fn−1,P (s) + αP

s + λ + βP + γ
fn,M (s).

Iterating the above equation, one can obtain
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fn,P (s) = αP

s + λ + γ + βP

n∑
r=0

(
λ

s + λ + γ + βP

)n−r

fr,M , n = 1, 2, 3, . . . . � (53)

On inversion of the equations (52) and (53) yield the required time-dependent system size 
probabilities Pn,L(t) and Pn,P (t), which are given in equation (9) and equation (10).

8.2   Proof of Theorem 2

Proof  Let us define the generating function as follows:

	
GM (z, t) =

∞∑
n=0

znPn,M (t). � (54)

Since P0,M (0) = 1, which implies GM (z, 0) = 1.
From equations (1) and (2), we get

	

∂GM (z, t)
∂t

=
[
−(λ + µ1 + αP + αL) + λz + µ1

z

]
GM (z, t)

+
∞∑

n=0

zn [βLPn,L(t) + βP Pn,P (t)] + µ1

(
1 − 1

z

)
P0,M (t).

Solving the above partial differential equation, we obtain

	

GM (z, t) = µ1

(
1 − 1

z

)ˆ t

0
P0,M (y)e

[
−(λ+µ1+αP +αL)+(λz+ µ1

z )
]

(t−y)dy

+
∞∑

n=0

zn

ˆ t

0
[βLPn,L(y) + βP Pn,P (y)]e

[
−(λ+µ1+αP +αL)+(λ+ µ1

z )
]

(t−y)dy

+ e−(λ+µ1αP +αL)te(λz+ µ1
z )tdy.

We know that

	
e(λz+ µ1

z )t =
∞∑

n=−∞

(βz)nIn(αt), where α = 2
√

λµ1, β =
√

λ

µ1

and In(αt) is modified Bessel function of first kind.
Comparing the coefficient of zn on both sides,
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Pn,M (t) =µ1

ˆ t

0
P0,M (y)[βIn(.) − βn−1In−1(.)]e−(λ+µ1+αP +αL)(t−y)dy

+ βL

ˆ t

0

[
βnIn(.)P0,L(y) + βn−1In−1(.)P1,L(y) + . . . + β0I0(.)Pn,L(y)

+ β−1I−1(.)Pn+1,L(y) + β−2I−2(.)Pn+2,L(y) + . . .
]
e−(λ+µ1+αP +αL)(t−y)dy

+ βP

ˆ t

0

[
βnIn(.)P0,P (y) + βn−1In−1(.)P1,P (y) + . . . + β0I0(.)Pn,P (y)

+ β−1I−1(.)Pn+1,P (y) + β−2I−2(.)Pn+2,P (y) + . . .
]
e−(λ+µ1+αP +αL)(t−y)dy

+ e−(λ+µ1+αP +αL)tIn(αt),

� (55)

where In(.) = In(α(t − y)). The above holds for n = −1, −2, −3, . . . . For 
n = −1, −2, −3, . . ., the coefficient of z−n on both sides yield

	

0 =µ1

ˆ t

0
P0,M (y)[β−nI−n(.) − β−n+1I−n+1(.)]e−(λ+µ1+αP +αL)(t−y)dy

+ βL

ˆ t

0
[β−nI−n(.)P0,L(y) + β−n−1I−n−1(.)P1,L(y) + . . . + β−n−nI−2n(.)PnL(y)

+ β−2n−1I−2n−1(.)Pn+1(y) + β−2n−2I−2n−2(.)Pn+2(y) + . . .]

e−(λ+µ1+αP +αL)(t−y)dy + βP

ˆ t

0

n∑
r=0

β−n−rI−n−r(.)Pr,L(y)e−(λ+µ1+αP +αL)(t−y)dy

+ e−(λ+µ1+αP +αL)tIn(αt).

� (56)

After multiplying β2n with equation (56) and then subtracting from (55), and using 
I−n(.) = In(.), we obtain the time-dependent system size probabilities on main HAP 
Pn,M (t) is given in equation (11).

8.3  Evaluation of Pn,M (t) in terms of P1,M (t)

From equation (1), we obtain

	

f0,M (s) = 1
s + λ + αP + αL

+
βLf0,L(s)

s + λ + αP + αL
+

βP f0,P (s)
s + λ + αP + αL

+ µ1f1,M (s)
s + λ + αP + αL

.

� (57)

Using equations (5) and (7) along with equation (57) and after some simple algebra, one can 
obtain the following expression

	
f0,M (s) = µ1f1,M (s)

s + λ + αP + αL

∞∑
n=0

[A(s)]n, � (58)

where
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A(s) = 1
s + λ + αP + αL

+ βLαL

(s + λ + αP + αL)(s + λ + βL)

+ βP αP

(s + λ + αP + αL)(s + λ + βP + γ)
.

� (59)

Using equation (7), we get

	

∞∑
n=1

fn,L(s) =
λαLf0,M (s)

(s + λ + βL)(s + βL)
+ αL

s + βL

∞∑
n=1

fn,M (s).� (60)

From equation (8), we obtain

	

∞∑
n=1

fn,P (s) = λαP

(s + βP + γ)(s + λ + γ + βP )
f0,M (s) + αP

s + βP + γ

∞∑
n=1

fn,M (s). � (61)

From equation (2), we obtain

	

∞∑
n=1

fn,M (s) = βL

s + αP + αL

∞∑
n=1

fn,L(s) + βP

s + αP + αL

∞∑
n=1

fn,P (s)

+ λ

s + αP + αL
f0,M (s) − µ1

s + αP + αL
f1,M (s).

� (62)

Then

	

∞∑
n=1

fn,M (s) = βL

s + αP + αL

[
λαL

(s + βL)(s + λ + βL)
f0,M (s) + αL

s + βL

∞∑
n=1

fn,M (s)

]

+ βP

s + αP + αL

[
λαP

(s + γ + βP )(s + λ + γ + βP )
f0,M (s)

+ αP

s + γ + βP

∞∑
n=1

fn,M (s)

]
+ λ

s + αP + αL
f0,M (s)

= µ1

s + αP + αL
f1,M (s)

	

[
1 − αLβL

(s + αP + αL)(s + βL)
− αP βP

(s + αP + αL)(s + γ + βP )

]
∞∑

n=1

fn,M (s) =

[
λαLβL

(s + αP + αL)(s + λ + βL)(s + βL)
+ λαP βP

(s + αP + αL)(s + γ + βP )(s + λ + γ + βP )

+ λ

s + αP + αL

]
f0,M (s) − µ1

s + αP + αL
f1,M (s)
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[1 − B(s)]f1,M (s) + [1 − B(s)]
∞∑

n=2

fn,M (s) = C(s) µ1

s + λ + αP + αL
f1,M (s)

∞∑
n=1

[A(s)]n − µ1

s + αP + αL
f1,M (s),

where

	

B(s) = αLβL

(s + αP + αL)(s + βL)
+ αP βP

(s + αP + αL)(s + βP + γ)

C(s) = λαLβL

(s + αP + αL)(s + λ + βL)(s + βL)

+ λαP βP

(s + αP + αL)(s + γ + βP )(s + λ + γ + βP )
+ λ

s + αP + αL
.

Therefore,

	

∞∑
n=2

fn,M (s) =
∞∑

n=0

[B(s)]n
[

µ1

s + λ + αP + αL
C(s)

∞∑
n=1

[A(s)]n

− µ1

s + αP + αL

]
f1,M (s) − f1,M (s).

On inversion, we obtain

	

∞∑
n=2

Pn,M (t) =
∞∑

n=0

[B(t)]∗(n)[µ1e−(λ+αP +αL)t ∗ C(t)

∗
∞∑

n=1

[A(t)]∗(n) − µ1e−(αP +αL)t] ∗ P1,M (t) − P1,M (t),

where A(t), B(t), C(t) can be obtained by taking inverse Laplace transform of A(s), B(s), C(s).
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A(t) =
[
1 + αLβL

βL − αL − αP
+ αP βP

γ + βP − αL − αP

]
e−(λ+αL+αP )t

+ αLβL

αL + αP − βL
e−(λ+βL)t + αP βP

αL + αP − γ − βP
e−(λ+γ+βP )t

B(t) =
[

αLβL

βL − αL − αP
+ αP βP

γ + βP − αL − αP

]
e−(αL+αP )t + αLβL

αL + αP − βL
e−βLt

+ αP βP

αL + αP − γ − βP
e−(γ+βP )t

C(t) =

[
λ + λαLβL

(λ + βL − αp − αL)(βL − αp − αL)

+ λαP βP

(γ + βP − αp − αL)(λ + γ + βP − αp − αL)

]
e−(αP +αL)t

− αLβL

αp + αL − λ − βL
e−(λ+βL)t + αLβL

αp + αL − βL
e−βLt

+ αP βP

αp + αL − γ − βP
e−(γ+βP )t − αP βP

αp + αL − λ − γ − βP
e−(λ+γ+βP )t

and ∗ denotes convolution, and [a(t)]∗(n) denotes n-fold convolution of a(t).
The probabilities Pn,L(t), Pn,P (t), and Pn,B(t) are expressed in terms of Pn,M (t). Also, 

Pn,M (t) is expressed in terms of P1,M (t). Using normalization principle, one can obtain the 
probability P1,M (t) in explicit form. In principle, we obtain all the time-dependent system 
probabilities in explicit form.

8.4  Derivation of Equation (26):

We are interested in evaluating the integral

	

ˆ t

0
(1 − F02(x)) dF01(x)

where,

	● F01(x) is the CDF of a Gamma distribution with shape β and rate λ01
	● F02(x) is the CDF of an exponential distribution with rate λ02.

We know

	
1 − F02(x) = e−λ02x, dF01(x) = f01(x)dx = λβ

01xβ−1e−λ01x

(β − 1)!
dx.

Thus, the integral becomes
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ˆ t

0
(1 − F02(x)) dF01(x) =

ˆ t

0
e−λ02x · λβ

01xβ−1e−λ01x

(β − 1)!
dx

	
= λβ

01
(β − 1)!

ˆ t

0
xβ−1e−(λ01+λ02)xdx.

This integral does not have a closed-form in elementary functions, and is usually expressed 
using the lower incomplete gamma function.

We approximate the given expression

	 xβ−1e−ax ≈ tβ−1e−ax, (holding xβ−1 constant at x = t).

Then,

	

ˆ t

0
xβ−1e−axdx ≈ tβ−1

ˆ t

0
e−axdx = tβ−1 · 1 − e−at

a
.

Hence,

	

ˆ t

0
e−λ02x dF01(x) ≈ λβ

01
(β − 1)!

· tβ−1 · 1 − e−(λ01+λ02)t

λ01 + λ02
.

The above approximation can be improved using moment matching. We consider the integral

	
I(t) =

ˆ t

0
xβ−1e−ax dx, where a = λ01 + λ02.

We have,

	
1 − F02(x) = e−λ02x, dF01(x) = f01(x)dx = λβ

01xβ−1e−λ01x

(β − 1)!
dx.

Thus, the integral simplifies to

	

ˆ t

0
e−λ02xf01(x)dx = λβ

01
(β − 1)!

ˆ t

0
xβ−1e−(λ01+λ02)xdx = λβ

01
(β − 1)!

· I(t).

A basic approximation is obtained by replacing the slowly-varying function xβ−1 with its 
value at the upper limit x = t

	
I(t) ≈ tβ−1

ˆ t

0
e−axdx = tβ−1 · 1 − e−at

a
.

While this approximation is simple, it does not accurately capture the behavior of the inte-
grand over the full interval [0, t], especially when xβ−1 changes significantly. To improve 
accuracy, we apply moment matching.
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We define

	
A(t) = 1 − e−at

a
, B(t) = 1 − e−λ01t

λ01
.

These are the integrals of e−ax and e−λ01x over [0, t], respectively. The idea is to approxi-
mate I(t) as

	 I(t) ≈ tβ−1 · A(t) + correction term.

We observe that

	● A(t) approximates the exponential decay with total rate a = λ01 + λ02.
	● B(t) approximates the decay using only the gamma rate λ01.

The difference B(t) − A(t) reflects the discrepancy in decay rates between the Gamma and 
exponential assumptions.

To capture the effect of the changing polynomial term aβ−1, we introduce a correction 
function

	 R(t) = λ01tβ−1 − λ02λ01(aβ−1 − tβ−1).

The corrected approximation is given by

	
I(t) ≈ tβ−1 · 1 − e−at

a
− (B(t) − A(t)) · R(t).

Substituting explicitly

	
I(t) ≈ tβ−1 · 1 − e−at

a
−

(
1 − e−λ01t

λ01
− 1 − e−at

a

)
·
[
λ01tβ−1 − λ02λ01(aβ−1 − tβ−1)

]
.

Let,

	

ˆ t

0
aβ−1e−axdx ≈

[
1 − e−at

a

]
· tβ−1 −

[
1 − e−λ01t

λ01
− 1 − e−at

a

]
· R(t),

where R(t) is a correction function chosen to capture the difference between gamma and 
exponential behavior. Let,

	 R(t) = λ01tβ−1 − λ02λ01(aβ−1 − tβ−1).

Combining all terms, the approximation becomes
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ˆ t

0
(1 − F02(x)) dF01(x) ≈ λ01

(β − 1)!
· 1 − e−λ01t

λ01 + λ02
−

(
1 − e−λ01t

λ01
− 1 − e−(λ01+λ02)t

λ01 + λ02

)
·

[
λ01tβ−1 − λ02λ01(aβ−1 − tβ−1)

]
.

Derivation of mean sojourn time hi values:
We want to evaluate the integral

	
I(t) =

ˆ t

0
(1 − F01(x))(1 − F02(x)) dx,

where

	● F01(x) = 1 − e−λ01x is the CDF of an exponential distribution with rate λ01.
	● F02(x) is the CDF of a gamma distribution with shape parameter β ∈ N and rate λ02.

Then,

	
1 − F01(x) = e−λ01x, 1 − F02(x) =

β−1∑
k=0

(λ02t)k

k!
e−λ02x.

Thus, the integral becomes

	
I(t) =

ˆ t

0
e−λ01x

(
β−1∑
k=0

(λ02x)k

k!
e−λ02x

)
dx =

β−1∑
k=0

λk
02

k!

ˆ t

0
xke−(λ01+λ02)xdx.

Now, for the last term in the sum (i.e., k = β − 1), we use the identity

	

ˆ t

0
xne−αxdx = n!

αn+1 − tn

α
e−αt + (higher order terms),

for a compact closed-for, define

	
I1(t) =

ˆ t

0
(1 − F01(x))dx =

ˆ t

0
e−λ01xdx = 1 − e−λ01t

λ01
.

Next, we note that

	
F02(t) = γ(β, λ02t)

(β − 1)!
, (1 − F02(t)) = 1

(β − 1)!

ˆ ∞

λ02t

uβ−1e−udu.

Now substitute back into the integral

	
I(t) =

ˆ t

0
e−λ01x · 1

(β − 1)!

ˆ ∞

λ02x

uβ−1e−udu dx.
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Switch the order of integration

	
I(t) = 1

(β − 1)!

ˆ ∞

0
uβ−1e−u

(ˆ min(x,u/λ02)

0
e−λ01xdx

)
du.

Now evaluate the inner integral

	

ˆ min(x,u/λ02)

0
e−λ01tdt =

{
1−e−λ01·(u/λ02)

λ01
, if u ≤ λ02x,

1−e−λ01x

λ01
, if u > λ02x.

Now split the integral at u = λ02x, and combine the two parts

	
I(t) = 1

(β − 1)!

[
1

λ01

ˆ ∞

0
uβ−1e−udu −

(
1

λ01
− 1

λ01 + λ02

)
aβ−1

]
.

Using 
´∞

0 uβ−1e−udu = (β − 1)!, the expression simplifies to

	
I(t) = 1

(β − 1)!

[
(β − 1)!

λ01
− aβ−1

(
1

λ01
− 1

λ01 + λ02

)]
.

Final result,

	

ˆ t

0
(1 − F01(x))(1 − F02(x)) dx = 1

(β − 1)!

[
(β − 1)!

λ01
− aβ−1

(
1

λ01
− 1

λ01 + λ02

)]
.
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