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a b s t r a c t

Spontaneous imbibition in a porous medium is known to have two macroscopic fronts, the leading one in
narrow pores and the lagging front in the wider pores. This behavior contradicts the behavior predicted
by Washburn law due to interaction of the pores in the porous medium. In this work, we investigate the
spontaneous imbibition behavior in a randomly arranged interacting capillaries system and propose a
one dimensional Washburn like model which can be used to upscale the porous medium properties.
We first use Volume of Fluid (VOF) simulations, which tracks the fluid-fluid interface in the multiphase
flow, and show several approximations that can be used to develop a quasi one-dimensional Washburn
like model for interacting capillaries. Using these approximations, we build a model for two and three
capillary systems, which is able to mimic the spontaneous imbibition in a three-dimensional interacting
capillary system simulated using VOF. The one-dimensional model for three capillaries shows a strong
dependence of the spontaneous imbibition behavior on the arrangement of the interacting capillaries
and their relative radii. We show using the one-dimensional model, that the meniscus does not always
lead in the smallest radius capillary in the interacting system. We also show that the spontaneous imbi-
bition in the whole system also deviates from the Washburn like diffusive behavior.

� 2018 Elsevier Ltd. All rights reserved.
1. Introduction

Capillary driven flow is important for many scientific and engi-
neering applications, for example recovery of oil from the porous
matrix of a fractured reservoir (Tanino and Blunt, 2012; Zhang
et al., 2014), geological CO2 sequestration (Elenius and Gasda,
2013; Celia et al., 2015), contaminant transport in aquifers
(Birdsell et al., 2015; Xiao et al., 2012; Shou et al., 2010), design
of textile fabrics (Sarkar et al., 2009; Du et al., 2008) and microflu-
idic devices (Cate et al., 2014; Gunda et al., 2011). The foundation
of the capillary driven flowwas laid by Lucas (1918) andWashburn
(1921), who described that the fluid imbibition in an empty capil-

lary follows diffusion like behavior, i.e., l2 ¼ Dt. Here, l is the length
imbibed by the fluid in time t and D is the effective diffusivity coef-
ficient dependent on the capillary and the fluid properties. More
precisely, D ¼ cr

2l for a capillary of radius r, being imbibed by a com-

pletely wetting fluid of viscosity l and surface tension c. Several
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modifications of the Lucas-Washburn law have been proposed.
Hultmark et al. (2011) suggested that the length traveled by the
wetting fluid deviates from the diffusive dynamics, if the capillary
is initially filled with a viscous fluid. Budaraju et al. (2016), Gorce
et al. (2016) and Reyssat et al. (2008) modified the Washburn’s
law for axially varying capillaries. Waghmare and Mitra (2012)
studied the imbibition in closed rectangular micro-channels, and
Ouali et al. (2013) described the imbibition in non-circular open
channels.

A porous medium is made up of several pores, which are non-
uniform in size and shape. Therefore, imbibition dynamics in a
bundle of independent capillaries of varying shapes and sizes have
been used to describe the flow in porous media. Purcell (1949)
used the capillary bundle model to study the capillary pressure
curves in a porous medium, which were later used by Brooks and
Corey to find the relative permeability for oil and gas reservoirs
(Corey, 1954; Brooks and Corey, 1964). Using bundle of tubes
model, Dahle et al. (2005) described the dynamic effects on capil-
lary pressure-saturation relationship and Bartley and Ruth (1999,
2001) explained relative permeability of a porous medium. The
capillaries collectively represent an ideal porous medium, which
can explain the underlying dynamics of imbibition in detail. In
bundle of capillaries, the meniscus in the largest radius capillary
leads according to the Washburn’s diffusive law. This is because,
the driving force of the capillary pressure scales as 1

r and viscous
resistance scales as 1

r2 for a capillary of radius r.
In the above studies, the representation of a porous medium by

a bundle of capillaries ignores the hydrodynamic interaction of the
pores found in naturally occurring porous media. Bico and Quéré
(2003) and Dong et al. (1998) explained that the hydrodynamic
interaction between the capillaries alters the imbibition dynamics
significantly. In hydrodynamically interacting capillaries, the
meniscus in the small radius capillary leads, contrary to the Wash-
burn’s law (Dong et al., 2005, 2006; Ashraf et al., 2017; Li et al.,
2017). This behavior was seen experimentally in non-circular cap-
illaries by Unsal et al. (2009). To develop a Washburn like one
dimensional model for interacting capillaries, Dong et al. (1998)
assumed that the cross-flow between the capillaries is negligible.
They also assumed that in the section where capillaries are filled
with the same phase, the pressure gradient in both the capillaries
is same. However, their model is valid for capillaries which are
arranged in the order of their radii. Ashraf et al. (2017), by analogy
developed a flow model for parallel layers of packed beads assum-
ing that pressure in the two layers is same whenever same fluid is
present in both the layers, while the fluid transfer between the lay-
ers is assumed to be significant which occurs at the imbibing fluid
front. However, their model neglects the viscosity of the resident
fluid. In the above models, the validity of the assumptions made
is still not known.

In the present work, we use Computational Fluid Dynamics
(CFD) to investigate capillary driven flow in interacting capillaries.
We use Volume of Fluid (VOF) method, which tracks the fluid-fluid
interface, to describe the dynamics of imbibition in a hydrodynam-
ically interacting two capillary system. Using the high fidelity sim-
ulations, we present the inferences that can be used to build a
quasi one-dimensional lubrication approximation model for inter-
acting capillaries. We develop the quasi one-dimensional model
based on the inferences and then compare with the VOF simula-
tions. The one-dimensional model sufficiently explains the inva-
sion dynamics in a two capillary system. We further use the
inferences from the VOF simulations to develop spontaneous imbi-
bition model in an interacting three capillary system for any ran-
dom arrangement of capillaries. Using the three capillary system,
we show that the flow behavior is strongly dependent on the radii
and the relative arrangement of the capillaries. The new model can
be used to study the imbibition in porous media (Sun et al., 2016;
Mullins et al., 2007).

2. VOF model for capillary driven flow

Volume of Fluid (VOF) method was introduced by Hirt and
Nichols (1981) for multiphase flow. The method solves volume-
averaged Navier-Stokes equation for two fluid phases and captures
the fluid-fluid interface by tracking the volume fraction of a phase
in a grid block. For the capillary driven flow, a capillary initially
filled with a non-wetting fluid of viscosity lnw and density qnw is
considered. Then, one end of the capillary is brought in contact
with a completely wetting fluid of viscosity lw and density qw.
The contact angle of the wetting phase with the capillary surface
is h in presence of the non-wetting phase. The opposite end of
the capillary is assumed to be in contact with the non-wetting
phase at all times, so that no capillary end effects are present at
the outlet boundary. To model this phenomenon using VOF, the
Navier-Stokes equation and the equation of continuity as shown
in Eqs. (1) and (2) are solved for velocity and pressure of the
volume averaged mixture of fluids.

@

@t
ðqvÞ þ $ � ðqvvÞ ¼ �$P þ $ � ½lð$v þ ð$vÞTÞ� þ F; ð1Þ

@q
@t

þ $ � v ¼ 0: ð2Þ

Here, v is the velocity vector, q is the density, l is the viscosity of
the mixture and P is the pressure. The term F in Eq. (1) is the volu-
metric force due to capillary pressure, which is a result of the sur-
face adhesion forces. In this study, we have considered horizontal
capillaries where the effect of gravity will be negligible (Das and
Mitra, 2013). All the grid-cells are occupied by either the wetting
phase or the non-wetting phase except for the interface cells. The
density and the viscosity for the interface cells are defined by,

q ¼ ð1� aÞqnw þ aqw; ð3Þ

l ¼ ð1� aÞlnw þ alw; ð4Þ
where a is the volume fraction of the wetting phase. The unknown a
can be solved by phase continuity equation,

@

@t
ðaqwÞ þ $ � ðaqwvÞ ¼ 0; ð5Þ

The volumetric capillary force F in Eq. (1) is a function of the curva-
ture of the fluid-fluid interface in the capillary. Continuum Surface
Force (CSF) method by Brackbill et al. (1992) is used which defines
volumetric force F as

F ¼ �cjn; ð6Þ
where c is the interfacial tension between the wetting and the non-
wetting phases, n ¼ $a is the vector normal to the interface and j is
the curvature of the interface which is defined as,

j ¼ 1
jnj

n
jnj � $

� �
jnj � $ � n

� �
: ð7Þ

At the wall boundary, the CSF method calculates the unit normal
vector bn by,

bn ¼ cn1 cos hþ cn2 sin h; ð8Þ
where h is the contact angle, cn1 and cn2 are unit vectors normal and
tangential to the wall, respectively.

VOF method is known to induce spurious currents in surface
tension driven flows because the force due to surface tension as
mentioned in Eq. (6) is obtained by calculating the curvature and



Fig. 1. Spontaneous imbibition in independent capillaries of radii rl ¼ 1 mm and
rs ¼ 0:5 mm. Imbibed length vs time for fine grid of 225� 531 cells and coarse grid
of 155� 388 cells in capillary of radius rl; the capillary of radius rs is meshed with
fine grid of 121� 739 cells and coarse grid of 66� 690 cells.

220 S. Ashraf et al. / Chemical Engineering Science 192 (2018) 218–234
the vector normal to the interface (Pan et al., 2015; Nekouei and
Vanapalli, 2017; Harvie et al., 2006). The curvature and the vector
normal are defined as a function of the fluid volume fraction while
they are properties of the interface. This sometimes results in an
erroneous direction of the surface tension force causing spurious
currents. Spurious currents disrupt the interface when the differ-
ence between the density and viscosity of the two fluids is high.
However, spurious currents can be eliminated by choosing suitable
viscosity, density and courant number (Pan et al., 2015). In our
simulations, we consider equal viscosity and density of the imbib-
ing and residing phases and by using a suitable courant number,
the spurious currents are eliminated.

For the geometry used in this study, to initiate the imbibition
and to keep the inlet boundary in contact with the wetting fluid,
the volume fraction of the wetting fluid at the boundary cells is
defined unity. We have used ANSYS Fluent�, 15:0 to solve Eqs.
(1), (2) and (5). These equations can be solved simultaneously for
a, P, v; however, the procedure becomes computationally expen-
sive. Therefore, we have solved Eq. (5) first explicitly and the value
of a at the new time step is then used in Eqs. (1) and (2) to solve for
P and v. The coupling of P and v is carried out using PISO (Pressure
Implicit with Splitting Operators) algorithm by Ubbink and Issa
(1999). A first order upwind scheme and Non-Iterative Time
Advancement Scheme (NITA) available in Fluent are used to
implicitly solve the unsteady state equations. To reconstruct the
fluid-fluid interface, a piecewise linear approach is used, called as
the Geo-reconstruct. The geometric construction and meshing of
capillaries is done in ANSYS ICEM CFD.
3. Validation of the VOF model

To validate the numerical model of the capillary driven flow, we
consider two capillaries of radii rl ¼ 1 mm and rs ¼ 0:5 mm, and
length 100 mm. We carry out simulations in coarse and fine grids
for the two capillaries to check for grid independence and then
compare with the one-dimensional model given by Budaraju
et al. (2016). We discretize the 1 mm radius capillary in
155� 388 grids in cross sectional � axial directions for coarse
meshing and 225� 531 grids for fine meshing. Similarly, we dis-
cretize 0:5 mm radius capillary in 66� 690 and 121� 739 grid
cells. The capillaries are initially filled with a fluid of viscosity
lnw ¼ 0:01 Pa�s and density qnw ¼ 998 kg�m�3. One end of the cap-
illaries is brought in contact with a wetting fluid of viscosity
lw ¼ 0:01 Pa�s and density qw ¼ 998 kg�m�3 at time t ¼ 0. The
interfacial tension between the two fluids is c ¼ 0:0206 N�m�1.
The imbibing fluid completely wets the surface of the capillary in
presence of the resident fluid, i.e., the contact angle of the imbibing
fluid h ¼ 0�. Fig. 1 shows the interface position with time for the
two capillaries, for the two discretizations considered. We see in
Fig. 1 that, the meniscus in the 1 mm radius capillary travels faster
as mentioned earlier. Refining the grid size does not change the
solution, therefore, coarse grid is sufficient to solve the capillary
driven flow.

In Fig. 2, we compare the meniscus displacement in the capillar-
ies using VOF simulations and the lubrication approximation
model given by Hultmark et al. (2011) for a capillary driven flow
of a viscous fluid displacing another viscous fluid. The length trav-
eled by the meniscus, l, in time t using Hultmark et al. (2011) is
given by,

ðlw � lnwÞl2 þ 2lnwLl ¼
ccr
4

t; ð9Þ

where L is the total length of the capillary, r is the radius and
c ¼ 2 cos h. In the simulations, we have considered lnw ¼ lw ¼ l,
which reduces Eq. (9) to, l ¼ cos hc

4lL rt. We see that the simulation
results have an excellent agreement with the model and hence
we call them high fidelity simulation. The meniscus formation time

recorded from the simulations and the inertial regime time qr2
4l

(Quéré, 1997; Das et al., 2012), together are of the order 0:1 s and
0:5 s for capillaries of radii 0:5 mm and 1 mm, respectively. These
times are considered negligible as the total imbibition time is
19:5 s and 39:5 s for the 1 mm and the 0:5 mm radii capillaries,
respectively.

Another validation criterion that we have used is the pressure
jump at the meniscus. In Fig. 2(b), we show the pressure along
the length of the capillaries at 10s. The 0:5 mm capillary shows a
capillary pressure jump of 78:1 Pa and the 1 mm capillary shows
a capillary pressure jump of 37:8 Pa at their respective menisci at
10 s. The theoretical capillary pressure using the Young-Laplace
equation for the 0:5 mm capillary is 82:4 Pa and for the 1 mm cap-
illary is 41:2 Pa (Gauss, 1877). This shows a good agreement
between the theoretical and simulation pressures.
4. VOF simulation of spontaneous imbibition in interacting
capillaries

In this section, we investigate the spontaneous imbibition in
hydrodynamically interacting capillaries. The radii of the capillar-
ies are 1 mm, referred as the large capillary and 0:5 mm, referred
as the small capillary. The capillaries interact along the length
and the interaction depends on the distance between their centers
as shown in the insets of Fig. 3. Four values of center-to-center
distance are considered in this study, i.e., 1:495 mm, 1:44 mm,
1:35 mm and 1:25 mm as shown in Fig. 3. Each of the capillary sys-
tems are discretized in about 300,000–400,000 cells depending on
the geometry. The average volume of the discretized cell is
1:21� 10�3 mm3, which is finer than the average size of the coarse
grid considered in Section 3. The VOF simulation of a wetting fluid
displacing a resident non-wetting fluid in the capillary system pro-
ceeds as before.

Fig. 3 shows the axial pressure vs. distance graph at 10 s in all
the four interactions considered in the respective inset figures. It
can be observed that the meniscus in the small radius capillary is
leading contrary to the observations in the non-interacting capil-
laries in Section 3. It should be noted from Fig. 3 that the pressure
in both the capillaries is same before the ‘first meniscus’ in the



Fig. 2. Spontaneous imbibition in independent capillaries of radii rl ¼ 1 mm and rs ¼ 0:5 mm. (a) Comparison of VOF simulations and theoretical results from modified
Washburn’s law for distance vs time. (b) Pressure vs distance plot at 10 s.

Fig. 3. Axial pressure vs imbibition length plot at 10 s for spontaneous imbibition in interacting capillaries of radii rl ¼ 1 mm, rs ¼ 0:5 mmwith a center-to-center distance of
(a) 1:495 mm, (b) 1:44 mm, (c) 1:35 mm and (d) 1:25 mm. The visuals from VOF simulations at 10 s can be observed above each of the pressure gradient graphs for respective
center-to-center distances. The insets shown in the pressure gradient graphs are the cross sections of the respective interacting capillary systems.
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large capillary and after the ‘second meniscus’ in the small capil-
lary. This concurs with the assumption made in studies by Dong
et al. (1998) and Ashraf et al. (2017) that, the pressure and pressure
gradient in both the capillaries will be same if the same fluid is pre-
sent. Moreover, as both the wetting and the non-wetting fluids
have the same viscosity, the pressure gradient before the first
meniscus is same as the pressure gradient after the second
meniscus.

The change in the capillary cross-section from a circle to a seg-
ment changes the curvature of the menisci in both the capillaries
as shown in Fig. 4 by iso-surfaces of a ¼ 0:5. The curvature is less
for more interaction leading to a lower capillary pressure. The cur-
vature of the larger of the two interacting capillaries does not
change significantly as shown by the menisci in Fig. 4 and the cap-
illary pressure in Fig. 3. Closer the capillary pressure in the two
capillaries, the closer are the two menisci as shown in Fig. 3.

Fig. 5 shows the streamlines in the interacting capillary system,
where the red color shows the wetting fluid and the blue color
shows the non-wetting fluid. A close observation of the streamlines
near the menisci shows that the wetting fluid transfers from the
large capillary to the small capillary just before the first meniscus
as shown in Fig. 5(b). Similarly, the non-wetting fluid transfers



Fig. 4. Menisci shape at 10 s for spontaneous imbibition in interacting capillary systems having radii rl ¼ 1 mm, rs ¼ 0:5 mm and a center-to-center distance of (a) 1:495 mm,
(b) 1:44 mm, (c) 1:35 mm and (d) 1:25 mm, for volume fraction, a ¼ 0:5.

Fig. 5. Streamlines indicating the fluid transfer between the tubes at 10 s. (a) Shows that before the first meniscus there is no fluid transfer, (b) shows that the wetting fluid
transfers from the large capillary to the small capillary before the first meniscus, (c) shows that the non-wetting fluid transfers from the small capillary to the large capillary
after the second meniscus and (d) shows that after the second meniscus there is no fluid transfer between the tubes. Each of the sections shown in (a), (b), (c), (d) are 10 mm
in length, while the total length of the interacting capillary system is 100 mm.
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from the small capillary to the large capillary just after the menis-
cus in the small capillary as shown in Fig. 5(c). Fig. 5(a) and (d)
shows streamlines away from the menisci, showing no fluid trans-
fer. If we closely observe the axial pressure near the menisci from
Fig. 3, the pressure in the capillaries just before the meniscus in the
large capillary and just after the meniscus in the small capillary are
slightly different. Due to this pressure deviation in the wetting
fluid just before the first meniscus, the wetting fluid flows from
the large capillary to the small capillary. The fluid transfer occurs
because, the fluid prefers to travel the path of least resistance.
The resistance X offered by a capillary of radius r to a fluid of vis-
cosity l flowing through a distance l, with a flow rate of Q and a
pressure drop of DP is given by Westerhof et al., as (Westerhof
et al., 2010),

X ¼ DP
Q

¼ 8ll
pr4

: ð10Þ

The resistance encountered in the small capillary is more than that
in the large capillary for the same length of fluid flow. It is evident
from Eq. (10) that, for a pressure drop equivalent to the capillary
pressure of the large capillary experienced by the fluid till the first
meniscus, the resistance in the large capillary is less than that in the
small capillary.

We see from Fig. 3(a) that for a center-to-center distance of
1:495 mm, due to this fluid transfer, the pressure gradient in the
small capillary increases from 0:4 Pa�mm�1 to 1:45 Pa�mm�1, i.e.,
the velocity of the wetting fluid in the small capillary increases
to 3:62 times due to the wetting fluid transfer. However, the
change in the fluid velocity in the large capillary due to the fluid
transfer is not significant as seen in Fig. 3(a). This is because of
the large cross-section area of the large capillary, that a small
decrease in the flow rate translates to a very small decrease in
the velocity and pressure gradient. Similar increase in the pressure
gradients can be observed for the cases shown in Fig. 3(b), (c) and
(d).

We infer from the above discussion that (a) pressure equili-
brates between the two capillaries away from the menisci, if the
same fluid is present in both the capillaries. (b) With increase in
interaction, the capillary pressure in the small capillary decreases,
which is due to the change in curvature. (c) Fluid transfer is signif-
icant which occurs only near the menisci locations, and therefore,
lubrication approximation can be used assuming fluid transfer only
at the menisci location.
5. One-dimensional model for imbibition in interacting
capillaries

We now develop a quasi one-dimensional model, using lubrica-
tion approximation, for spontaneous imbibition in interacting cap-
illaries based on the observations from VOF simulations. We
consider that two capillaries of radii rl (large capillary) and rs
(small capillary) of length L are connected along the axes as shown
in Fig. 6. The capillaries are initially filled with a non-wetting vis-
cous fluid of density qnw and viscosity lnw. At t ¼ 0, the left end of
the interacting capillary system is brought in contact with a wet-
ting fluid of viscosity lw and density qw. We consider pressure
equilibration in the sections of the capillaries where the same fluid
is present in both the capillaries and the fluid transfer occurs at the
menisci locations only, as shown in Fig. 6(a) and (b). After time t
from the start of imbibition, we assume that the meniscus in the
large capillary is at a distance ll from the inlet and the meniscus
in the small capillary leads at a distance ls from the inlet. The vis-
cous pressure loss in the large capillary till ll is given by Hagen-
Poiseuille law as,

Pwðll; tÞ � Po ¼ �8lwll
r2l

UlðtÞ; ð11Þ

where Po is the atmospheric pressure at the inlet, UlðtÞ is the aver-
age wetting phase velocity in the large capillary, and Pwðll; tÞ is the
pressure in the wetting phase at ll in the large capillary, i.e., point A
in Fig. 6(b). The pressure gradient till ll is same in both the capillar-
ies, which implies that UlðtÞ

r2
l

¼ UsðtÞ
r2s

, where UsðtÞ is the average velocity



Fig. 6. An interacting two capillary system. (a) Schematic of fluid transfer at menisci locations, (b) schematic of pressure vs distance graph during imbibition, (c) the cross
section of the capillaries used to calculate the capillary pressure in each of the capillaries.
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of the wetting phase in the small capillary from inlet to the menis-
cus at ll. We assume that the wetting fluid transfers from the large
capillary to the small capillary, at the first meniscus with a flow rate
of dq. The fluid transfers before the meniscus at ll, therefore, the
meniscus velocity in the large capillary is given by,

dll
dt

¼ UlðtÞ � dq
pr2l

: ð12Þ

The velocity of the wetting phase in the small capillary after the

fluid transfer becomes UsðtÞ þ dq
pr2s

¼ UlðtÞ r2s
r2
l
þ dq

pr2s
. The viscous loss in

the large capillary due to non-wetting phase flowing from ll to ls is,

Pnwðls; tÞ � Pnwðll; tÞ ¼ �8lnwðls � llÞ
r2l

UlðtÞ � dq
pr2l

� �
; ð13Þ

where Pnwðli; tÞ is the non-wetting phase pressure at position
liði ¼ l; sÞ. The viscous loss in the small capillary due to wetting
phase flowing from ll to ls is,

Pwðls; tÞ � Pwðll; tÞ ¼ �8lwðls � llÞ
r2s

UlðtÞ r
2
s

r2l
þ dq
pr2s

� �
; ð14Þ

where Pwðli; tÞ is the wetting phase pressure at position liði ¼ l; sÞ.
Before ls there is no fluid transfer, therefore we write the meniscus
velocity in the small capillary as,

dls
dt

¼ UlðtÞ r
2
s

r2l
þ dq
pr2s

: ð15Þ

After the meniscus in the small capillary we have non-wetting fluid
in both the capillaries and the non-wetting fluid transfers from the
small capillary to large capillary. The pressure gradient from ls to L
is same in both the capillaries. This is possible when average veloc-
ity in the small and the large capillaries are UsðtÞ and UlðtÞ. The vis-
cous pressure loss from ls to L in the capillaries can be written as

Po � Pnwðls; tÞ ¼ �8lnwðL� lsÞ
r2l

UlðtÞ: ð16Þ

The Young-Laplace pressure jumps at ll and ls are given by Eqs. (17)
and (18), respectively as,

Pnwðll; tÞ � Pwðll; tÞ ¼ Pcl; ð17Þ

Pnwðls; tÞ � Pwðls; tÞ ¼ Pcs: ð18Þ
Eliminating Pnwðli; tÞ; Pwðli; tÞ and by replacing UlðtÞ;UsðtÞ; dq from
Eqs. (11)–(18), we get governing equation for menisci position as,
Pcl ¼ 8½lwll þ lnwðL� lsÞ�
r4l þ r4s

r2l
dll
dt

þ r2s
dls
dt

� �
þ 8lnwðls � llÞ

r2l

dll
dt

� �
;

ð19Þ

Pcs � Pcl ¼ ðls � llÞ 8lw

r2s

dls
dt

� 8lnw

r2l

dll
dt

� �
: ð20Þ

The Eqs. (19) and (20) can be written in dimensionless forms as,

1 ¼ ½xl þMð1� xsÞ�
1þ g4

dxl
dT

þ g2 dxs
dT

� �
þMðxs � xlÞ dxl

dT

� �
; ð21Þ

b� 1 ¼ ðxs � xlÞ 1
g2

dxs
dT

�M
dxl
dT

� �
; ð22Þ

where xi ¼ li
L ði ¼ l; sÞ, M ¼ lnw

lw
, g ¼ rs

rl
; b ¼ Pcs

Pcl
and T ¼ Pclr

2
l

8lwL
2 t. By solv-

ing Eqs. (21) and (22), we obtain the distance traveled by the menis-
cus at different times during the imbibition process.

In Eq. (22), b� 1 is always positive as b > 1. Now,
1
g2

dxs
dT

� ��M dxl
dT

� 	
is the difference between the pressure gradients

in the small and the large capillaries represented by lines AB and
CD in Fig. 6(b). Till ll the pressure in both capillaries is same. At
ll, the fluid transfers from the large capillary to the small capillary
which should decrease the pressure gradient in the large capillary
shown by CD in Fig. 6(b) and increases pressure gradient in the
small capillary shown by the line AB in Fig. 6(b). Therefore, if
1
g2

dxs
dT

� ��M dxl
dT

� 	
is positive, then xs � xl will always be positive.

Thus, the one-dimensional model also predicts that xs will be
greater than xl at all times. Further, we observe that by rearranging
the equations in the one-dimensional model and adding Eqs. (21)
and (22), we obtain,

2ð1þ bg4ÞT ¼ ð1�MÞðx2l þ g2x2s Þ þ 2Mðxl þ g2xsÞ: ð23Þ
We observe that Eq. (23) is analogous to Eq. (9), which describes the
spontaneous imbibition of the interacting capillary system as a
whole. We see that when the interacting capillary system is initially
filled with a zero viscosity liquid for which the viscosity ratioM ¼ 0,
the sum of area of the capillary times the square of imbibition
length in each of the capillaries is proportional to the time of imbi-
bition, i.e., ðx2l þ g2x2s Þ / T which is different from the Washburn’s
law for a single capillary. For M ¼ 1, we see that ðxl þ g2xsÞ / T
and for M � 1, the interacting capillary system takes infinite
amount of time for the imbibition to start.
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6. Comparison of VOF and one-dimensional model

Eqs. (21) and (22) are valid for a given viscous resistance and
capillary pressure of the two interacting capillaries. For the VOF
simulations in Section 4, the viscous resistance can be accurately
calculated using the hydraulic radius. For accurate capillary pres-
sure calculations for the interacting capillaries, we have used argu-
ment by Ouali et al. (2013). We consider the capillaries as open
channels with the interaction AA0 shown in Fig. 6(c) as open area
for both the capillaries. At the meniscus, Ouali et al. (2013)
relates the surface force F with the interfaces present in an open
channel as,

DF ¼ c Yw;solid cos dw;solid þ Yw;nw cos dw;nw
� �

; ð24Þ

where Yw;solid is the perimeter of the interface in contact with the
solid wall, Yw;nw is the perimeter of the interface in contact with
the non-wetting fluid, dw;solid is the contact angle made by the wet-
ting fluid with the solid surface and dw;nw is the contact angle
between the wetting and the non-wetting phases. For the small
capillary, the contact angle between the wetting and the non-
wetting phases at the second meniscus, dw;nw, is considered p and
dw;solid is 0. From the geometry of an interacting capillary system,

we have Yw;solid ¼ 2pri 1� hri
p

� 	
, where i ¼ l; s and 2hri is the arc angle

as shown in Fig. 6(c). For the small capillary,
Yw;nw cos dw;nw ¼ �2rs sin hrs and Eq. (24) can be written as,

DFs ¼ 2rsc p 1� hrs
p

� �
� sin hrs

� �
; ð25Þ

where Fs is the surface force in capillary of radius rs. We know that
for spontaneous imbibition, the force responsible for change in free
energy is solely due to capillary pressure. Therefore, the capillary
pressure for the small capillary, which is the ratio of the surface
force to the cross section area, is given by,

Pcrs ¼
2c
rs

� � p 1� hrs
p

� 	
� sin hrs

p 1� hrs
p

� 	
þ 1

2 sin 2hrs
: ð26Þ

For the large capillary, the perimeter in contact with the non-
wetting fluid Yw;nw ¼ 0 and with capillary surface

Yw;s ¼ 2prl 1� hrl
p

� 	
for Eq. (24). The capillary force in the large cap-

illary Fl is given by,

DFl ¼ 2rlc p 1� hrl
p

� �� �
; ð27Þ

The capillary pressure in the large capillary, Pcrl is given by,

Pcrl ¼
2c
rl

� � p 1� hrl
p

� 	
p 1� hrl

p

� 	
þ 1

2 sin 2hrl
: ð28Þ

In Table 1, we report the capillary pressure of the two capillaries
given by VOF simulations and by using Eqs. (26) and (28) for the
small and the large capillaries, respectively. Eqs. (26) and (28)
Table 1
The capillary pressures in the small and the large capillaries as obtained from VOF simu
between the capillaries.

Center-to-center distance (mm) Pcrl (VOF) Pcrs

1.495 39.59 66.4
1.44 39.53 53.5
1.35 38.20 41.3
1.25 37.64 38.0
bring the capillary pressures closer to the observed capillary pres-
sures from the VOF simulations in comparison to the ideal case
capillary pressure calculated by the Young-Laplace equation.

In Fig. 7, we compare the imbibition lengths vs. time curve from
the VOF simulations and one dimensional model using hydraulic
radii and capillary pressures from Eqs. (26) and (28). The hydraulic
radius for a capillary of radius ri is calculated as the ratio of the
cross-section area of the capillary to the perimeter of the capillary,

which is ri
2 1þ sin 2hri

2p 1�hri
p

� �� �
. In addition to the case of equal viscosity

ratio of the resident to the imbibing fluid (M ¼ 1), we have also run
VOF simulations for M ¼ 0:67 and 2, the comparison with one-
dimensional model is shown in Appendix A. The comparison in
Fig. 7 and Appendix A shows that our reduced order model is able
to capture the imbibition phenomenon in interacting capillaries
sufficiently well, especially for the cases when center-to-center
distance between the capillaries is 1:495 mm and 1:44 mm. If, in
our model, we use the capillary pressure from the VOF simulations,
as shown in Fig. 3, then our model shows an excellent agreement
with the simulations for the cases when center-to-center distance
is 1:495 mm and 1:44 mm, as shown in Appendix B. However,
when the interaction between the capillaries is more i.e., center-
to-center distance is 1:25 mm, the capillaries behave close to a
single capillary as can be seen from the insignificant menisci sep-
aration in the two capillaries in Figs. 3(d) and 7(d). When the
center-to-center distance is 1:35 mm, the imbibition behaviour in
the capillary system is between a single capillary and two interact-
ing capillary system. An additional interaction parameter is
required to exactly capture the imbibition behaviour using a
reduced order model when the center-to-center distance is small,
which requires further investigation. However, the present model
is able to capture the trends well when the distinction between
the two capillaries can still be made as shown by Fig. 7(c). In this
work we focus on finding a model for an interacting capillary sys-
tem when all the capillaries can be treated as separate capillaries
that interact with each other.

To use the one-dimensional model in determining the proper-
ties of the porous medium, as earlier done by Purcell (1949),
Dahle et al. (2005), Bartley and Ruth (1999, 2001) for bundle of
capillaries, a model for multiple interacting capillaries is needed.
Many arrangements of capillaries are possible, which may effect
the imbibition dynamics unlike the models proposed by Dong
et al. (2005, 2006) in which the capillaries are placed in the order
of the radii. To this end, we now develop a one-dimensional model
for three capillaries, which can be arranged in three ways to inves-
tigate the changes in flow behavior due to arrangement and the
contrast in radii of the interacting capillaries.

7. Three interacting capillary system

Using the assumptions from the one-dimensional model for two
capillaries and VOF simulations, we develop a lubrication approx-
imation model for spontaneous imbibition in three interacting
capillary system, for the three arrangements as shown in
Figs. 8(a), 9(a) and 10(a). The following assumptions are used. (i)
The pressure and pressure gradient is same in the capillaries where
lations and the Eqs. (26) and (28) for the corresponding center-to-center distances

(VOF) Pcrl from Eq. (28) Pcrs from Eq. (26)

9 40.35 76.22
8 38.41 62.28
7 36.74 52.15
5 35.51 45.12



Fig. 7. Dimensionless distance vs dimensionless time comparison between the quasi one-dimensional model and VOF simulation for an interacting capillary system having
capillaries of radii rl ¼ 1 mm, rs ¼ 0:5 mm and the center-to-center distance of (a) 1:495 mm, (b) 1:44 mm, (c) 1:35 mm and (d) 1:25 mm.

Fig. 8. An interacting three capillary system having the medium radius capillary (rm) placed between capillaries of radii rl and rs , such that rs < rm < rl . (a) Schematic of fluid
transfer at menisci locations, (b) schematic of pressure vs. distance graph during imbibition, (c) dimensionless distance traveled by the meniscus vs. dimensionless time graph
from the one-dimensional lubrication approximation model for rl ¼ 1 mm, M ¼ 1, gm ¼ 0:9, gs ¼ 0:7, bm ¼ 1:11, bs ¼ 1:42 and (d) dimensionless distance traveled by the
meniscus vs. dimensionless time graph for rl ¼ 1 mm, M ¼ 1, gm ¼ 0:5, gs ¼ 0:25, bm ¼ 2, bs ¼ 4 from the one-dimensional lubrication approximation model. The meniscus
position in the small radius capillary is always ahead of the medium radius capillary, which is ahead of the large radius capillary.
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two or more capillaries have the same fluid which is continuous. In
Figs. 8(b), 9(b) and 10(b), we show the anticipated pressures pro-
files during imbibition for each of the arrangements shown in
Figs. 8(a), 9(a) and 10(a), respectively. (ii) The fluid cross-flow
between the capillaries occurs only at the menisci. (iii) The fluid
cross-flow of wetting fluid occurs from a larger to a smaller capil-
lary and cross flow of the non-wetting fluid occurs from a smaller
to a larger capillary. The schematics in Figs. 8(a), 9(a), 10(a) shows
the fluid cross-flow directions near the menisci. In developing the
one-dimensional model, we consider capillaries of length L and
hydraulic radii rs; rm and rl, such that rs < rm < rl referred to as
small, medium and large capillaries, respectively. In the arrange-
ment shown in Fig. 8(a), case I, capillary of radius rm is in the mid-
dle. In the arrangement shown in Fig. 9(a), case II, capillary of
radius rs is in the middle. In the arrangement shown in Fig. 10
(a), case III, capillary of radius rl is in the middle. The capillary sys-
tem is initially filled with a non-wetting fluid of viscosity lnw at
time t ¼ 0. One end of the capillary system is brought in contact
with a wetting fluid of viscosity lw. After time t, we assume that
the wetting fluid has imbibed till a length ll in the large capillary,
lm in the medium capillary and ls in the small capillary.

To develop a one-dimensional lubrication approximation
model, we use Hagen-Poiseuille’s law for pressure loss as used in
Section 5.
7.1. Case I

In the case shown in Fig. 8(a), we see that ls is greater than lm,
and lm is greater than ll. This is because, the pressure should be



Fig. 10. An interacting three capillary system having the large radius capillary (rl) placed between capillaries of radii rm and rs , such that rs < rm < rl . (a) Schematic of fluid
transfer at menisci locations for ls > lm > ll , (b) schematic of pressure vs distance graph during imbibition for ls > lm > ll where, the pressure gradient in the medium capillary
is greater than the pressure gradient in the small capillary after xl , (c) schematic of pressure vs distance graph during imbibition for ls > lm > ll where, the pressure gradient in
the small capillary is greater than the pressure gradient in the medium capillary after xl , (d) schematic of fluid transfer at menisci locations for lm > ls > ll and (e) schematic of
pressure vs distance graph during imbibition for lm > ls > ll where, the pressure gradient in the small capillary is greater than the pressure gradient in the medium capillary
after xl .

Fig. 9. An interacting three capillary system having the small radius capillary (rs) placed between capillaries of radii rl and rm , such that rs < rm < rl . (a) Schematic of fluid
transfer at menisci locations, (b) schematic of pressure vs distance graph during imbibition, (c) dimensionless distance traveled by the meniscus vs. dimensionless time graph
from the one-dimensional lubrication approximation model for rl ¼ 1 mm, M ¼ 1, gm ¼ 0:9, gs ¼ 0:7, bm ¼ 1:11, bs ¼ 1:42 and (d) dimensionless distance traveled by the
meniscus vs. dimensionless time graph for rl ¼ 1 mm, M ¼ 1, gm ¼ 0:5, gs ¼ 0:25, bm ¼ 2, bs ¼ 4 from the one-dimensional lubrication approximation model. The meniscus
position in the small radius capillary is always ahead of the medium radius capillary, which is ahead of the large radius capillary.
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same in all the capillaries till the first meniscus. At the first menis-
cus, the wetting fluid should transfer from large capillary to the
smaller capillaries due to capillary suction. This increases the pres-
sure gradient in the two smaller capillaries and decreases the pres-
sure gradient in the largest capillary. If the viscosity ratio is
favorable, then the slope of line AB should be greater than slope
of line DE, as shown in Fig. 8(b). If so, the wetting fluid should tra-
vel more in the two smaller capillaries in comparison to the largest
capillary. This would make capillary pressure jump BE more than
the capillary pressure jump AD, i.e., Pcm > Pcl, which is true for
the capillary radii assumed. By the same principle, the wetting
fluid should travel fastest in the smallest capillary.

Using the above argument and Hagen-Poiseuille’s law, the one-
dimensional model for the menisci lengths is given by,

Pcl ¼ 8½lwll þ lnwðL� lsÞ�
r4l þ r4m þ r4s

r2l
dll
dt

þ r2m
dlm
dt

þ r2s
dls
dt

� �

þ 8lnwðlm � llÞ
r2l

dll
dt

� �
þ 8lnwðls � lmÞ

r4l þ r4m
r2l

dll
dt

þ r2m
dlm
dt

� �
; ð29Þ

Pcm � Pcl ¼ ðlm � llÞ 8lw

r4s þ r4m
r2m

dlm
dt

þ r2s
dls
dt

� �
� 8lnw

r2l

dll
dt

� �� �
;

ð30Þ
Pcs � Pcm ¼ ðls � lmÞ 8lw

r2s

dls
dt

� �
� 8lnw

r4l þ r4m
r2l

dll
dt

þ r2m
dlm
dt

� �� �
;

ð31Þ
where Pci for i ¼ l;m; s are the true capillary pressures experienced
by the wetting fluid in the capillaries and rl; rm; rs are the hydraulic

radii of the capillaries. The terms dli
dt is the meniscus velocity in a

capillary of hydraulic radius ri. The details of the derivation are
given in Appendix C. In dimensionless form these equations are,

1 ¼ xl þMð1� xsÞ
1þ g4

m þ g4
s

dxl
dT

þ g2
m
dxm
dT

þ g2
s
dxs
dT

� �

þMðxm � xlÞ dxl
dT

� �
þMðxs � xmÞ

1þ g4
m

dxl
dT

þ g2
m
dxm
dT

� �
; ð32Þ

bm � 1 ¼ ðxm � xlÞ 1
g4
m þ g4

s
g2
m
dxm
dT

þ g2
s
dxs
dT

� �
�M

dxl
dT

� �� �
; ð33Þ

bs � bm ¼ ðxs � xmÞ 1
g2
s

dxs
dT

� �
� M
1þ g4

m

dxl
dT

þ g2
m
dxm
dT

� �� �
; ð34Þ

where the dimensionless lengths are xi ¼ li
L for i ¼ l;m; s; the viscos-

ity ratio is M ¼ lnw
lw

;bi ¼ Pci
Pcl

;gi ¼ ri
rl
and T ¼ t

Pclr
2
l

8lwL
2.
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We observe from Eq. (33) that the left hand side ðbm � 1Þ > 0.

On the right hand side, 1
g4mþg4s

g2
m

dxm
dT þ g2

s
dxs
dT

� ��M dxl
dT

� 	
> 0, which

is the difference between the slopes AB and DE of Fig. 8(b). This
implies that xm will always be greater than xl. Similarly, in Eq.
(34), we see that ðbs � bmÞ is positive and

1
g2s

dxs
dT

� �� M
1þg4m

dxl
dT þ g2

m
dxm
dT

� 	� 	
is the difference between the slopes

of lines BC and EF, which should be positive as shown in Fig. 8
(b). Therefore, xs is always greater than xm.

In Fig. 8(c), we show the menisci lengths with time for a capil-
lary system, where rl ¼ 1 mm,M ¼ 1, gm ¼ 0:9, gs ¼ 0:7, bm ¼ 1:11,
bs ¼ 1:42 considering Young-Laplace equation for capillary pres-
sures. Here, ðgm þ gsÞ is greater than unity. In Fig. 8(d), we show
the menisci lengths with time for a capillary system, where
rl ¼ 1 mm, M ¼ 1, gm ¼ 0:5, gs ¼ 0:25, bm ¼ 2, bs ¼ 4 considering
Young-Laplace equation for capillary pressures. Here, ðgm þ gsÞ is
less than unity. In both the cases, we see that xs > xm > xl.

7.2. Case II

In the case shown in Fig. 9(a), we show that the meniscus in the
smallest capillary leads, followed by the meniscus in the medium
capillary, followed by the meniscus in the largest capillary. As we
have established, the pressure gradient till the first meniscus
should be same in all the capillaries, after which the fluid transfers
from the largest capillary to the small and the medium capillaries
due to capillary suction. As explained for case I, the slope of AB
should be greater than the slope of DE and thus Pcm > Pcl is also
satisfied, shown in Fig. 9(b). This implies that ll is less than lm
and ls, if the viscosity ratio is favorable. Now, till the second menis-
cus, the pressure is same in the medium and the small capillaries.
The fluid transfer occurs at the second meniscus from the medium
to small capillary due to capillary suction. This implies, slope of BC
is more than the slope in the medium and the large capillaries, i.e.,
EF and E0F and thus Pcs > Pcm is also satisfied as shown in Fig. 9(b).
Therefore, the second meniscus should be in the medium capillary
only. However, EF and E0F may not be equal. Using this, the one-
dimensional model for case II is (details in Appendix C),

Pcl ¼ 8½lwll þ lnwðL� lsÞ�
r4l þ r4m þ r4s

r2l
dll
dt

þ r2m
dlm
dt

þ r2s
dls
dt

� �

þ 8lnwðls � llÞ
r2l

dll
dt

� �
; ð35Þ

Pcs � Pcl ¼ 8lwðlm � llÞ
r4s þ r4m

r2m
dlm
dt

þ r2s
dls
dt

� �

þ 8lwðls � lmÞ
r2s

dls
dt

� �
� 8lnwðls � llÞ

r2l

dll
dt

� �
ð36Þ

Pcs � Pcm ¼ ðls � lmÞ 8lw

r2s

dls
dt

� �
� 8lnw

r2m

dlm
dt

� �� �
; ð37Þ

where Pci and
dli
dt are the effective capillary pressure and the menis-

cus velocity respectively in a capillary of hydraulic radius ri. In
dimensionless form the Eqs. (35)–(37) are,

1 ¼ xl þMð1� xsÞ
1þ g4

m þ g4
s

dxl
dT

þ g2
m
dxm
dT

þ g2
s
dxs
dT

� �
þMðxs � xlÞ dxl

dT

� �
;

ð38Þ

bs � 1 ¼ ðxm � xlÞ
g4
m þ g4

s
g2
m
dxm
dT

þ g2
s
dxs
dT

� �
þ ðxs � xmÞ

g2
s

dxs
dT

� �

�Mðxs � xlÞ dxl
dT

� �
; ð39Þ
bs � bm ¼ ðxs � xmÞ 1
g2
s

dxs
dT

� �
� M
g2
m

dxm
dT

� �� �
; ð40Þ

where the dimensionless parameters are xi ¼ li
L for i ¼ l;m; s,

M ¼ lnw
lw

, bi ¼ Pci
Pcl
, gi ¼ ri

rl
and T ¼ t

Pclr
2
l

8lwL
2.

We see from, Eq. (40), that the left hand side is positive. On the

right hand side, 1
g2s

dxs
dT

� �� M
g2m

dxm
dT

� �� 	
is the difference between the

slopes of lines BC and E0F, which is positive as observed from
Fig. 9(b). Therefore, xs is always greater than xm. We see that xl is
always the least as observed by the pressure graph in Fig. 8(b).
Therefore, in this case also xs > xm > xl at all times. We use the
same parameters of the capillaries as in Section 7.1 and show the
menisci positions of the capillaries. In Figs. 9(c), we show the
menisci lengths with time for a capillary system, where rl ¼ 1
mm, M ¼ 1, gm ¼ 0:9, gs ¼ 0:7, bm ¼ 1:11, bs ¼ 1:42 considering
Young-Laplace equation for capillary pressures. In Fig. 8(d), we
show the menisci lengths with time for a capillary system, where
rl ¼ 1 mm, M ¼ 1, gm ¼ 0:5, gs ¼ 0:25, bm ¼ 2, bs ¼ 4 considering
Young-Laplace equation for capillary pressures. In both cases, we
see that xs > xm > xl.

7.3. Case III

In Fig. 10(a), we show the anticipated menisci lengths for the
case where the largest capillary is in between the small and med-
ium capillaries. Till the first meniscus, the pressure in the capillar-
ies is same as shown in Fig. 10(b, c, e). At the first meniscus, the
wetting fluid transfers from the large capillary to the medium
and the small capillaries, implying that the meniscus in the large
capillary will lag behind the other two menisci. The pressure gra-
dient DE will now be less than the pressure gradient AB and AC,
and thus Pcm > Pcl and Pcs > Pcl are also satisfied as shown in
Figs. 10(b, c, e). However, if the slope of AB is more or less than
AC, is not known, as the wetting fluid in the medium and the small
capillaries do not interact after ll. The capillary suction in the small
capillary is more, which will increase the velocity and the pressure
gradient in the small capillary after ll as shown in Fig. 10(c). There-
fore, slope of AB should be less than AC as shown in Fig. 10(c). How-
ever, this does not affect the governing equations and the menisci
lengths are given by,

Pcl ¼ 8½lwll þ lnwðL� lsÞ�
r4l þ r4m þ r4s

r2l
dll
dt

þ r2m
dlm
dt

þ r2s
dls
dt

� �

þ 8lnwðlm � llÞ
r2l

dll
dt

� �
þ 8lnwðls � lmÞ

r4l þ r4m
r2l

dll
dt

þ r2m
dlm
dt

� �
; ð41Þ

Pcm � Pcl ¼ ðlm � llÞ 8lw

r2m

dlm
dt

� �
� 8lnw

r2l

dll
dt

� �� �
; ð42Þ

Pcs � Pcl ¼ 8lwðls � llÞ
r2s

dls
dt

� �
� 8lnwðlm � llÞ

r2l

dll
dt

� �

� 8lnwðls � lmÞ
r4l þ r4m

r2l
dll
dt

þ r2m
dlm
dt

� �
; ð43Þ

where Pci and
dli
dt are the effective capillary pressure and the menisci

velocity respectively in a capillary of hydraulic radius ri. The details
of the derivation are given in Appendix C. The Eqs. (41)–(43) are
written in dimensionless forms as,

1 ¼ xl þMð1� xsÞ
1þ g4

m þ g4
s

dxl
dT

þ g2
m
dxm
dT

þ g2
s
dxs
dT

� �
þMðxm � xlÞ dxl

dT

� �

þMðxs � xmÞ
1þ g4

m

dxl
dT

þ g2
m
dxm
dT

� �
; ð44Þ
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bm � 1 ¼ ðxm � xlÞ 1
g2
m

dxm
dT

� �
�M

dxl
dT

� �� �
: ð45Þ

bs � 1 ¼ ðxs � xlÞ
g2
s

dxs
dT

� �
�Mðxm � xlÞ dxl

dT

� �

�Mðxs � xmÞ
1þ g4

m

dxl
dT

þ g2
m
dxm
dT

� �
; ð46Þ

where xi ¼ li
L for i ¼ l;m; s, M ¼ lnw

lw
, bi ¼ Pci

Pcl
, gi ¼ ri

rl
and T ¼ t

Pclr
2
l

8lwL
2.

From Eq. (45), we see that the left hand side of the equation is

positive and on the right hand side, 1
g2m

dxm
dT

� ��M dxl
dT

� 	
> 0 as the

slope of the line AB is greater than the slope of the line DE in
Fig. 10(c). This tells us that xm will always be greater than xl. How-
ever, Eq. (46) does not preclude the case where xs is less than xl.
Fig. 10(d) and (e) describe a situation where xm is greater than xs
and the condition of pressure gradient used above are all satisfied.
Using this condition, the governing equations of the menisci are,

Pcl ¼ 8½lwll þ lnwðL� lmÞ�
r4l þ r4m þ r4s

r2l
dll
dt

þ r2m
dlm
dt

þ r2s
dls
dt

� �

þ 8lnwðls � llÞ
r2l

dll
dt

� �
þ 8lnwðlm � lsÞ

r4l þ r4s
r2l

dll
dt

þ r2s
dls
dt

� �
; ð47Þ

Pcm � Pcl ¼ 8lwðlm � llÞ
r2m

dlm
dt

� �
� 8lnwðls � llÞ

r2l

dll
dt

� �

� 8lnwðlm � lsÞ
r4l þ r4s

r2l
dll
dt

þ r2s
dls
dt

� �
: ð48Þ

Pcs � Pcl ¼ ðls � llÞ 8lw

r2s

dls
dt

� �
� 8lnw

r2l

dll
dt

� �� �
; ð49Þ

where Pci and
dli
dt are the effective capillary pressure and the menis-

cus velocity respectively in a capillary of hydraulic radius ri. A
detailed derivation is given in Appendix C. The Eqs. (47)–(49) are
written in dimensionless forms as,

1 ¼ xl þMð1� xmÞ
1þ g4

m þ g4
s

dxl
dT

þ g2
m
dxm
dT

þ g2
s
dxs
dT

� �
þMðxs � xlÞ dxl

dT

� �

þMðxm � xsÞ
1þ g4

s

dxl
dT

þ g2
s
dxs
dT

� �
; ð50Þ

bm � 1 ¼ ðxm � xlÞ
g2
m

dxm
dT

� �
�Mðxs � xlÞ dxl

dT

� �

�Mðxm � xsÞ
1þ g4

s

dxl
dT

þ g2
s
dxs
dT

� �
; ð51Þ
Fig. 11. An interacting three capillary system having the large radius capillary (rl) placed
vs. dimensionless time graph determined from the one-dimensional lubrication approxim
(b) xm > xs > xl for M ¼ 1, gm ¼ 0:5, gs ¼ 0:25, bm ¼ 2, bs ¼ 4.
bs � 1 ¼ ðxs � xlÞ 1
g2
s

dxs
dT

� �
�M

dxl
dT

� �� �
; ð52Þ

where xi ¼ li
L for i ¼ l;m; s;M ¼ lnw

lw
;bi ¼ Pci

Pcl
;gi ¼ ri

rl
and T ¼ t

Pclr
2
l

8lwL
2.

We use two radii systems to show the capillary imbibition. In
Fig. 11(a), we show a system with rl ¼ 1 mm, M ¼ 1, gm ¼ 0:9,
gs ¼ 0:7, bm ¼ 1:11, bs ¼ 1:42 considering Young-Laplace equation
for capillary pressures. For this case, the meniscus in the small cap-
illary leads and we use Eqs. (44)–(46) to find the menisci lengths. If
we had used Eqs. (50)–(52), we still get the meniscus in the small
capillary leading. However, the quantitative results will not be
accurate due to the pressure gradients used to derive the Eqs.
(50)–(52) are for xm > xs > xl. For a system with rl ¼ 1 mm,
M ¼ 1, gm ¼ 0:5, gs ¼ 0:25, bm ¼ 2, bs ¼ 4 considering Young-
Laplace equation for capillary pressures, the meniscus in the med-
ium capillary leads and we use Eqs. (50)–(52) to determine the
menisci lengths. If the Eqs. (44)–(46) had been used, we get a sim-
ilar qualitative prediction. However, the quantitatively, the results
are inaccurate due to the pressure gradients used in developing
Eqs. (44)–(46). Therefore, we see that when the largest capillary
is placed between the small and the medium capillaries, and if
ðgm þ gsÞ > 1, then xs > xm > xl. However, if ðgm þ gsÞ < 1, then
xm > xs > xl. The case ðgm þ gsÞ < 1 represents a more heteroge-
neous system where we see anomalous result that the meniscus
in the medium capillary leads.

This explains that in an interacting capillary system consisting
of multiple capillaries placed in random order, it is possible that
the meniscus in the smallest radius capillary may lag behind the
menisci of capillaries with larger radii.

We observe that by suitable rearrangement of the one-
dimensional model equations for each of the cases I, II, III and add-
ing them, we obtain,
2ð1þ bmg4
m þ bsg4

s ÞT ¼ ð1�MÞðx2l þ g2
mx

2
m þ g2

s x
2
s Þ

þ 2Mðxl þ g2
mxm þ g2

s xsÞ: ð53Þ
Eq. (53) is analogous to Eq. (9). Eq. (53) explains that irrespective of
the arrangement of capillaries and the menisci locations, the spon-
taneous imbibition of the interacting capillary system as a whole
follows same behavior and varies from Washburn like diffusive
behavior. However, this describes that sum of volume imbibed in
individual capillary times the length is proportional to the time, if
M ¼ 0. Eq. (53) also explains that for M � 1, the time needed for
imbibition to start is very long, which explains that the model is
applicable for favorable viscosity ratio.
between capillaries of radii rm and rs , such that rs < rm < rl . Dimensionless distance
ation model for (a) xs > xm > xl for M ¼ 1, gm ¼ 0:9, gs ¼ 0:7, bm ¼ 1:11, bs ¼ 1:42,
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8. Conclusions

In conclusion, we have used VOF simulations to find the approx-
imations for a quasi one-dimensional model for interacting capil-
laries. We can use pressure equilibration in the capillaries in the
direction perpendicular to the axial interaction where same fluid
is present and is continuous. Using the streamlines from VOF sim-
ulation, we described that the wetting fluid transfers from the
large capillary to the small capillary and the non-wetting fluid
transfers from the small capillary to the large capillary near the
menisci, which can be considered at the menisci locations for
one-dimensional model. Using these observations, we developed
a quasi one-dimensional lubrication approximation model for
two interacting capillaries which is an excellent approximation of
the spontaneous imbibition in two interacting capillaries shown
by VOF simulations. For the interacting three capillary system,
three arrangements are possible. We developed a lubrication
approximation model for all the three arrangements and show that
the spontaneous imbibition is dependent on the arrangement as
well as the contrast in the radii of the three capillaries. More pre-
cisely, when the large capillary is in between the small and the
medium capillaries, the pressure in the wetting phase does not
equilibrate. This leads to a variation in the menisci positions, which
is dependent on the radii of capillaries.

The one-dimensional model can be generalized for a multiple
interacting capillary system and can be used to determine the
properties of an ideal porous medium to understand the dynamics
of spontaneous imbibition in interacting pores of a porous matrix.
The results from this study can be used in micro reactors, microflu-
idic devices and in lab-on-chip devices where the effect of interac-
tion between various capillaries can be included for better designs.
The imbibition dynamics in interacting pores will also help in
understanding the spontaneous imbibition at pore scale in frac-
tured oil reservoirs.
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Appendix A. Comparison of VOF simulations with the numerical
solution of the two interacting capillary system for unequal
viscosity of resident and imbibing fluid

Fig. A.12 compares the imbibed dimensionless length vs dimen-
sionless time using VOF simulations of two interacting capillaries
with center-to-center distance of 1.495 mm and our one-
dimensional model for viscosity ratio M = 0.67 and 2.
Fig. A.12. Dimensionless length vs time comparison of the VOF simulations and one-d
center-to-center distance of 1.495 mm and viscosity ratio (a) M = 0.667, (b) M = 2.
Appendix B. Numerical solution to the two interacting capillary
system using the capillary pressures from VOF simulations

Fig. B.13 shows the comparison of the dimensionless meniscus
displacement in the two interacting capillaries with capillary pres-
sures obtained using VOF simulations used in our one-dimensional
model. For the one-dimensional model, we have used capillary
pressures from Fig. 3. The one dimensional model shows an excel-
lent agreement for the cases when the center-to-center distance
between the two capillaries is 1:495 mm and 1:44 mm. When the
center to center distance is 1:35 mm, our model is able to predict
the trend sufficiently well, however, the capillaries now do not
behave entirely separately. Therefore, an interaction parameter is
needed in the one-dimensional model for this case, which requires
further investigation. For the case when center to center distance is
1:25 mm, the interacting capillary system behaves close to a single
capillary. In this case also, our one-dimensional model is able to
infer the closeness of the menisci, however, deviates from the exact
match due to the change is shape of the menisci in both the capil-
laries as shown in Fig. 4(d).
Appendix C. Equation development for three interacting
capillary system

C.1. Case I

We show in the schematic of Fig. 8(a) that for this arrangement,
the medium capillary is placed in between the small and the large
capillaries. We infer from the VOF simulations that the pressure in
all three capillaries is same till the first meniscus, i.e., till ll. Then
from ll to lm, the pressure in the medium and the small capillaries
is same as they are filled with wetting fluid, which is represented
by the line AB, shown in Fig. 8(b). Therefore, the only possibility
of the menisci locations is ll < lm < ls as shown in Fig. 8(a). From
Hagen-Poiseuille law, the viscous loss in the large capillary till ll is,

Pwðll; tÞ � Po ¼ �8lwll
r2l

UlðtÞ: ðC:1Þ

In Eq. (C.1), lw is the viscosity of the wetting phase, UlðtÞ is the wet-
ting phase velocity in the large capillary, Po is the atmospheric pres-
sure at the inlet and Pwðll; tÞ is the pressure in the wetting phase at
the meniscus in the large capillary. As the pressure drop from the
inlet till ll is same in all the three capillaries, it implies that
UlðtÞ
r2
l

¼ UmðtÞ
r2m

¼ UsðtÞ
r2s

, where, UmðtÞ and UsðtÞ are the velocities of the

wetting phase in the medium and the small capillaries before ll.
The wetting fluid transfers from the large capillary to the medium
capillary and the small capillary at the first meniscus, which
increases the flow rate in the medium and the small capillaries after
imensional model for two interacting capillaries of radii 1 mm and 0.5 mm, with



Fig. B.13. Dimensionless distance vs dimensionless time comparison between the VOF simulations and numerical solution to the quasi one-dimensional model solved using
the capillary pressures obtained from VOF simulations for an interacting capillary system having capillaries of radii rl ¼ 1 mm, rs ¼ 0:5 mm and the center-to-center distance
of (a) 1:495 mm, (b) 1:44 mm, (c) 1:35 mm and (d) 1:25 mm.
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ll. We assume that the volumetric flow rate transfer from the large
capillary is dqw as shown in Fig. 8(a). As the fluid transfer occurs
before the meniscus at ll, the meniscus velocity in the large capillary
is given by

dll
dt

¼ UlðtÞ � dqw

pr2l
: ðC:2Þ

The pressure drop after ll in the large capillary is due to the resident
non-wetting fluid which is given as,

Pnwðlm; tÞ � Pnwðll; tÞ ¼ �8lnwðlm � llÞ
r2l

UlðtÞ � dqw

pr2l

� �
; ðC:3Þ

where Pnwðli; tÞ is the non-wetting phase pressure at position
liði ¼ l;m; sÞ. Let the fraction of fluid transfer in the medium capil-
lary be f. Therefore, the fluid transfer in the medium capillary is
fdqw and that in the small capillary is ð1� f Þdqw. We know that,
the pressure drop from ll to lm is same in the capillaries of radii rm

and rs, i.e.,
UmðtÞþfdqw

pr2m
r2m

¼
UsðtÞþð1�f Þdqw

pr2s
r2s

, which gives us that f ¼ r2m
r2mþr2s

. From

ll to lm, the medium and the small capillaries are filled with wetting
fluid and have a pressure drop shown by line AB in Fig. 8(b), which
is given by,

Pwðlm; tÞ � Pwðll; tÞ ¼ �8lwðlm � llÞ
r2m

UlðtÞ r
2
m

r2l
þ fdqw

pr2m

� �
: ðC:4Þ

In Eq. (C.4), Pwðli; tÞ is the wetting phase pressure at position li. At lm,
some of the wetting fluid in the medium capillary transfers into the
small capillary as shown in Fig. 8(a), which is dq0

w. As the wetting
fluid transfer is occurs just before the meniscus, the velocity of
the meniscus in the medium capillary is given as,

dlm
dt

¼ UmðtÞ þ fdqw

pr2m
� dq0

w

pr2m
: ðC:5Þ
After the meniscus in the medium capillary, there is non-wetting
fluid transfer of dqnw from the medium capillary to the large capil-
lary. The fluid transfer occurs such that, the pressure drop in the
large and the medium capillaries are the same from lm to ls as shown

in Fig. 8(b), i.e.,
UlðtÞ�dqw

pr2
l

þdqnw
pr2

l
r2
l

¼
UmðtÞþfdqw

pr2m
�dqnw

pr2m
r2m

. The pressure drop of non-

wetting fluid from lm till ls is given by,

Pnwðls; tÞ � Pnwðlm; tÞ ¼ �8lnwðls � lmÞ
r2l

UlðtÞ � dqw

pr2l
þ dqnw

pr2l

� �
:

ðC:6Þ
After the wetting phase transfer dq0

w from the medium to the small
capillary, the velocity in the small capillary is given as,

dls
dt

¼ UsðtÞ þ ð1� f Þdqw

pr2s
þ dq0

w

pr2s
: ðC:7Þ

The pressure drop in the small capillary from lm to ls is given as,

Pwðls; tÞ � Pwðlm; tÞ ¼ �8lwðls � lmÞ
r2s

UlðtÞ r
2
s

r2l
þ ð1� f Þdqw

pr2s
þ dq0

w

pr2s

� �
:

ðC:8Þ
Immediately after the meniscus in the small capillary, the non-
wetting fluid transfer occurs into the large and the medium cap-
illaries such that the pressure drop across all the three capillaries
is same from ls till the outlet as shown in Fig. 8(b), which is given
as,

Po � Pnwðls; tÞ ¼ �8lnwðL� lsÞ
r2l

UlðtÞ: ðC:9Þ

We know that the Young-Laplace pressure jump in a capillary of
radius ri is Pci, which is given as,

Pnwðli; tÞ � Pwðli; tÞ ¼ Pci; ðC:10Þ
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where i ¼ l;m; s for capillaries of radii rl; rm; rs respectively. By sub-
stituting the values of menisci velocities and eliminating fluid
transfers dqw;dq

0
w;dqnw, and by introducing the capillary pressures

calculated from Eq. (C.10), we obtain the equations governing the
flow,

Pcl ¼ 8½lwll þ lnwðL� lsÞ�
r4l þ r4m þ r4s

r2l
dll
dt

þ r2m
dlm
dt

þ r2s
dls
dt

� �

þ 8lnwðlm � llÞ
r2l

dll
dt

� �

þ 8lnwðls � lmÞ
r4l þ r4m

r2l
dll
dt

þ r2m
dlm
dt

� �
; ðC:11Þ

Pcm � Pcl ¼ ðlm � llÞ 8lw

r4s þ r4m
r2m

dlm
dt

þ r2s
dls
dt

� �
� 8lnw

r2l

dll
dt

� �� �
;

ðC:12Þ

Pcs � Pcm ¼ ðls � lmÞ 8lw

r2s

dls
dt

� �
� 8lnw

r4l þ r4m
r2l

dll
dt

þ r2m
dlm
dt

� �� �
;

ðC:13Þ
where Pci is the true capillary pressure in the capillary of hydraulic

radius ri, for i ¼ l;m; s. The term dli
dt is the meniscus velocity in a cap-

illary of hydraulic radius ri. In dimensionless form, these equations
are,

1 ¼ xl þMð1� xsÞ
1þ g4

m þ g4
s

dxl
dT

þ g2
m
dxm
dT

þ g2
s
dxs
dT

� �

þMðxm � xlÞ dxl
dT

� �
þMðxs � xmÞ

1þ g4
m

dxl
dT

þ g2
m
dxm
dT

� �
; ðC:14Þ

bm � 1 ¼ ðxm � xlÞ 1
g4
m þ g4

s
g2
m
dxm
dT

þ g2
s
dxs
dT

� �
�M

dxl
dT

� �� �
;

ðC:15Þ

bs � bm ¼ ðxs � xmÞ 1
g2
s

dxs
dT

� �
� M
1þ g4

m

dxl
dT

þ g2
m
dxm
dT

� �� �
; ðC:16Þ

where the dimensionless lengths are xi ¼ li
L for i ¼ l;m; s; the viscos-

ity ratio is M ¼ lnw
lw

;bi ¼ Pci
Pcl

;gi ¼ ri
rl
and T ¼ t

Pclr
2
l

8lwL
2.

C.2. Case II

In this arrangement, we see from the schematic of Fig. 9(a) that
the small capillary is placed between the large and the medium
capillaries. From the inlet till the meniscus in the large capillary,
we show from Fig. 9(b) that the pressure drop in all the three cap-
illaries is the same. The pressure drop till the first meniscus is
given by Eq. (C.1) and the velocities of wetting fluid in the capillar-
ies is related as UlðtÞ

r2
l

¼ UmðtÞ
r2m

¼ UsðtÞ
r2s

. In Fig. 9(a), we show the sche-

matic of menisci positions and fluid transfers and a wetting fluid
transfer of dqw occurs from the large capillary to the medium
and the small capillaries due to capillary suction after which the
velocity of the meniscus in the large capillary is explained by Eq.
(C.2). The transferred wetting phase dqw splits up into the medium
and the small capillaries in fractions of fdqw and ð1� f Þdqw respec-
tively, thus increasing the pressure gradient in these capillaries

after ll, shown in Fig. 9(b) as AB. The fraction f ¼ r2m
r2mþr2s

, such that

the pressure drop across the medium and the small capillaries is

the same from ll to lm, i.e.,
UmðtÞþfdqw

pr2m
r2m

¼
UsðtÞþð1�f Þdqw

pr2s
r2s

is valid, and the

pressure drop in the capillaries after the first meniscus till lm is
given by Eq. (C.4). After the fluid transfer dqw, the pressure drop
in the non-wetting phase till ls is given by,

Pnwðls; tÞ � Pnwðll; tÞ ¼ �8lnwðls � llÞ
r2l

UlðtÞ � dqw

pr2l

� �
; ðC:17Þ

as the flow rate in the large capillary remains constant from ll till ls.
As the capillaries of radii rm and rs are hydrodynamically interact-
ing, the wetting fluid transfers from the medium capillary to the
small capillary at lm due to capillary suction as shown in the sche-
matic of Fig. 9(a), represented by dq0

w. Thus the flow rate in the
small capillary increases, causing an increase in the pressure drop
of wetting fluid after lm. The velocity of the meniscus in the medium
capillary is determined by the fluid transfer dq0

w and is given by Eq.
(C.5), while the meniscus velocity in the small capillary is explained
by Eq. (C.7). The pressure drop of wetting phase after lm is given by
Eq. (C.8) and it should be noted that the pressure drop of the non-
wetting phase from lm to ls in the medium capillary is different from
the large capillary as the non-wetting fluid in these capillaries is
discontinuous. The pressure drop of non-wetting fluid in the med-
ium capillary is given as,

P0
nwðls; tÞ � P0

nwðlm; tÞ ¼ �8lnwðls � lmÞ
r2m

UlðtÞ r
2
m

r2l
þ f

dqw

pr2m
� dq0

w

pr2m

� �
;

ðC:18Þ
where P0

nwðli; tÞ is the pressure of the non-wetting fluid in the med-
ium capillary at liði ¼ m; sÞ. After ls, the non-wetting fluid transfers
from the small capillary to the large and the medium capillaries
such that the pressure drop in all the three capillaries is same till
the exit, which is given by Eq. (C.9). The capillary pressure in each
capillary is the difference between the non-wetting and wetting
phase pressures at the menisci as given by Eq. (C.10). We use the
pressure drops in each of the capillaries at different menisci loca-
tions to substitute for the capillary pressures. The fluid transfers
and the velocities UlðtÞ;UmðtÞ;UsðtÞ are substituted for the menisci
velocities and we obtain the governing equations,

Pcl ¼ 8½lwll þ lnwðL� lsÞ�
r4l þ r4m þ r4s

r2l
dll
dt

þ r2m
dlm
dt

þ r2s
dls
dt

� �

þ 8lnwðls � llÞ
r2l

dll
dt

� �
; ðC:19Þ

Pcs � Pcl ¼ 8lwðlm � llÞ
r4s þ r4m

r2m
dlm
dt

þ r2s
dls
dt

� �

þ 8lwðls � lmÞ
r2s

dls
dt

� �
� 8lnwðls � llÞ

r2l

dll
dt

� �
ðC:20Þ

Pcs � Pcm ¼ ðls � lmÞ 8lw

r2s

dls
dt

� �
� 8lnw

r2m

dlm
dt

� �� �
; ðC:21Þ

where Pci and
dli
dt are the effective capillary pressure and the menis-

cus velocity respectively in a capillary of hydraulic radius ri. In
dimensionless form the Eqs. (35)–(37) are,

1 ¼ xl þMð1� xsÞ
1þ g4

m þ g4
s

dxl
dT

þ g2
m
dxm
dT

þ g2
s
dxs
dT

� �
þMðxs � xlÞ dxl

dT

� �
;

ðC:22Þ

bs � 1 ¼ ðxm � xlÞ
g4
m þ g4

s
g2
m
dxm
dT

þ g2
s
dxs
dT

� �
þ ðxs � xmÞ

g2
s

dxs
dT

� �

�Mðxs � xlÞ dxl
dT

� �
; ðC:23Þ

bs � bm ¼ ðxs � xmÞ 1
g2
s

dxs
dT

� �
� M
g2
m

dxm
dT

� �� �
; ðC:24Þ
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where the dimensionless parameters are xi ¼ li
L for

i ¼ l;m; s;M ¼ lnw
lw

;bi ¼ Pci
Pcl

;gi ¼ ri
rl
and T ¼ t

Pclr
2
l

8lwL
2.

C.3. Case III

Let us consider the case when the meniscus in the small capil-
lary leads, i.e., ls > lm > ll as shown in Fig. 10(a)–(c). The pressure
gradient in all the three capillaries is the same from the inlet till
the first meniscus, which is given by Eq. (C.1) and therefore,
UlðtÞ
r2
l

¼ UmðtÞ
r2m

¼ UsðtÞ
r2s

. At ll, a wetting fluid transfer of dqw occurs from

the large capillary to the medium capillary, whereas the volumetric
wetting fluid transferred to the small capillary from the large cap-
illary is dq0

w, shown in Fig. 10(a). The velocity of meniscus in the
large capillary is given by,

dll
dt

¼ UlðtÞ � dqw

pr2l
� dq0

w

pr2l
: ðC:25Þ

The flow rate in the medium and the small capillaries increases
after the fluid transfer at ll whereas the flow rate of the non-
wetting fluid in the large capillary decreases as shown in Fig. 10
(c), whose pressure drop is given by,

Pnwðlm; tÞ � Pnwðll; tÞ ¼ �8lnwðlm � llÞ
r2l

UlðtÞ � dqw

pr2l
� dq0

w

pr2l

� �
:

ðC:26Þ
The pressure drop in the medium capillary after ll is given as,

Pwðlm; tÞ � Pwðll; tÞ ¼ �8lwðlm � llÞ
r2m

UlðtÞ r
2
m

r2l
þ dqw

pr2m

� �
; ðC:27Þ

where Pwðlm; tÞ is the pressure of the wetting fluid in rm at lm and
Pwðll; tÞ is the pressure of the wetting fluid at ll in the medium cap-
illary. Then, the velocity of the meniscus in the medium capillary is,

dlm
dt

¼ UmðtÞ þ dqw

pr2m
: ðC:28Þ

The small capillary is filled with wetting phase from ll to ls and the
pressure drop in this length is given as,

Pwðls; tÞ � Pwðll; tÞ ¼ �8lwðls � llÞ
r2s

UlðtÞ r
2
s

r2l
þ dq0

w

pr2s

� �
; ðC:29Þ

where Pwðll; tÞ is the pressure in the wetting fluid of small capillary
at ll and Pwðls; tÞ is the pressure of the wetting fluid at ls. Now, the
velocity of meniscus in the small capillary is given as,

dls
dt

¼ UsðtÞ þ dq0
w

pr2s
: ðC:30Þ

At lm, some of the non-wetting fluid transfers from the medium cap-
illary to the large capillary such that the pressure drop after lm is
same in both the capillaries. Let the non-wetting fluid transfer from
the medium capillary to the large capillary be dqnw as shown in
Fig. 10(a). After lm, both the large and the medium capillaries are
filled with the non-wetting phase, which gives us
UlðtÞ�dqw

pr2
l

�dq0w
pr2

l

þdqnw
pr2

l
r2
l

¼
UmðtÞþdqw

pr2m
�dqnw

pr2m
r2m

. The pressure drop of non-wetting fluid

from lm to ls is given as,

Pnwðls; tÞ � Pnwðlm; tÞ ¼ �8lnwðls � lmÞ
r2l

UlðtÞ � dqw

pr2l
� dq0

w

pr2l
þ dqnw

pr2l

� �
:

ðC:31Þ
At ls, non-wetting fluid transfer occurs from the small capillary to
the two larger radii capillaries after which the pressure drop in all
the three capillaries is the same till the exit, which is given by Eq.
(C.9). We further know that the capillary pressure is the difference
between the non-wetting and wetting phase pressures at the
menisci as given by Eq. (C.10). Then, by substituting the capillary
pressures and velocities of menisci, and by eliminating the fluid
transfers, the equations governing the spontaneous imbibition phe-
nomena in the capillaries are,

Pcl ¼ 8½lwll þ lnwðL� lsÞ�
r4l þ r4m þ r4s

r2l
dll
dt

þ r2m
dlm
dt

þ r2s
dls
dt

� �

þ 8lnwðlm � llÞ
r2l

dll
dt

� �

þ 8lnwðls � lmÞ
r4l þ r4m

r2l
dll
dt

þ r2m
dlm
dt

� �
; ðC:32Þ

Pcm � Pcl ¼ ðlm � llÞ 8lw

r2m

dlm
dt

� �
� 8lnw

r2l

dll
dt

� �� �
; ðC:33Þ

Pcs � Pcl ¼ 8lwðls � llÞ
r2s

dls
dt

� �
� 8lnwðlm � llÞ

r2l

dll
dt

� �

� 8lnwðls � lmÞ
r4l þ r4m

r2l
dll
dt

þ r2m
dlm
dt

� �
; ðC:34Þ

where Pci and
dli
dt are the effective capillary pressure and the menisci

velocity respectively in a capillary of hydraulic radius ri. The Eqs.
(41)–(43) are written in dimensionless forms as,

1 ¼ xl þMð1� xsÞ
1þ g4

m þ g4
s

dxl
dT

þ g2
m
dxm
dT

þ g2
s
dxs
dT

� �

þMðxm � xlÞ dxl
dT

� �
þMðxs � xmÞ

1þ g4
m

dxl
dT

þ g2
m
dxm
dT

� �
; ðC:35Þ

bm � 1 ¼ ðxm � xlÞ 1
g2
m

dxm
dT

� �
�M

dxl
dT

� �� �
: ðC:36Þ

bs � 1 ¼ ðxs � xlÞ
g2
s

dxs
dT

� �
�Mðxm � xlÞ dxl

dT

� �

�Mðxs � xmÞ
1þ g4

m

dxl
dT

þ g2
m
dxm
dT

� �
; ðC:37Þ

where xi ¼ li
L for i ¼ l;m; s;M ¼ lnw

lw
;bi ¼ Pci

Pcl
;gi ¼ ri

rl
and T ¼ t

Pclr
2
l

8lwL
2.

Now, we consider the case where lm > ls > ll as shown in Fig. 10
(d) and (e) and develop governing equations for this case to predict
the menisci locations in an interacting three capillary system. The
pressure drop in the three capillaries till the first meniscus at ll is
same which is given by Eq. (C.1) and we know that
UlðtÞ
r2
l

¼ UmðtÞ
r2m

¼ UsðtÞ
r2s

is valid till ll as shown in Fig. 10(e). At ll, a volu-

metric wetting fluid transfer of dqw and dq0
w occurs from the large

capillary to the medium and the small capillaries respectively,
which decreases the flow rate in the large capillary. The velocity
of the first meniscus at ll is given by Eq. (C.25) and the pressure
drop of non-wetting phase in the large capillary after ll, till ls is
given as,

Pnwðls; tÞ � Pnwðll; tÞ ¼ �8lnwðls � llÞ
r2l

UlðtÞ � dqw

pr2l
� dq0

w

pr2l

� �
: ðC:38Þ

After ll, the pressure gradient in the small capillary increases as
shown in Fig. 10(e) by AC and the pressure drop till ls is given by
Eq. (C.29). The medium capillary having the leading meniscus has
a pressure drop from ll to lm, which is given by Eq. (C.27). At ls, a
non-wetting fluid transfer of dq0

nw occurs from the small capillary
to the large capillary such that the pressure drop in both these cap-
illaries remains same till lm, which is given as,



S. Ashraf et al. / Chemical Engineering Science 192 (2018) 218–234 233
Pnwðlm; tÞ � Pnwðls; tÞ ¼ �8lnwðlm � lsÞ
r2l

UlðtÞ � dqw

pr2l
� dq0

w

pr2l
þ dq0

nw

pr2l

� �
:

ðC:39Þ
The same pressure drop from ls till lm in the large and the small cap-

illaries gives the relation
UlðtÞ�dqw

pr2
l

�dq0w
pr2

l

þdq0nw
pr2

l
r2
l

¼
UsðtÞþdq0w

pr2s
�dq0nw

pr2s
r2s

. At lm, the non-

wetting fluid transfers from the medium capillary such that the
pressure drop in all the three capillaries remains same till outlet,
which is written as,

Po � Pnwðlm; tÞ ¼ �8lnwðL� lmÞ
r2l

UlðtÞ: ðC:40Þ

From the equations of pressure drop in different lengths, by elimi-
nating the velocities UlðtÞ;UmðtÞ;UsðtÞ and fluid transfers, we obtain
the equations governing the flow behavior by using the difference
of the non-wetting and wetting phase pressures as the capillary
pressure, which is described in Eq. (C.10). The equations governing
the spontaneous imbibition for an interacting three capillary sys-
tem with the large capillary at the center and lm > ls > ll are,

Pcl ¼ 8½lwll þ lnwðL� lmÞ�
r4l þ r4m þ r4s

r2l
dll
dt

þ r2m
dlm
dt

þ r2s
dls
dt

� �

þ 8lnwðls � llÞ
r2l

dll
dt

� �
þ 8lnwðlm � lsÞ

r4l þ r4s
r2l

dll
dt

þ r2s
dls
dt

� �
; ðC:41Þ

Pcm � Pcl ¼ 8lwðlm � llÞ
r2m

dlm
dt

� �
� 8lnwðls � llÞ

r2l

dll
dt

� �

� 8lnwðlm � lsÞ
r4l þ r4s

r2l
dll
dt

þ r2s
dls
dt

� �
: ðC:42Þ

Pcs � Pcl ¼ ðls � llÞ 8lw

r2s

dls
dt

� �
� 8lnw

r2l

dll
dt

� �� �
; ðC:43Þ

where Pci and
dli
dt are the effective capillary pressure and the menis-

cus velocity respectively in a capillary of hydraulic radius ri. The
Eqs. (47)–(49) are written in dimensionless forms as,

1 ¼ xl þMð1� xmÞ
1þ g4

m þ g4
s

dxl
dT

þ g2
m
dxm
dT

þ g2
s
dxs
dT

� �
þMðxs � xlÞ dxl

dT

� �

þMðxm � xsÞ
1þ g4

s

dxl
dT

þ g2
s
dxs
dT

� �
; ðC:44Þ

bm � 1 ¼ ðxm � xlÞ
g2
m

dxm
dT

� �
�Mðxs � xlÞ dxl

dT

� �

�Mðxm � xsÞ
1þ g4

s

dxl
dT

þ g2
s
dxs
dT

� �
; ðC:45Þ

bs � 1 ¼ ðxs � xlÞ 1
g2
s

dxs
dT

� �
�M

dxl
dT

� �� �
; ðC:46Þ

where xi ¼ li
L for i ¼ l;m; s;M ¼ lnw

lw
;bi ¼ Pci

Pcl
;gi ¼ ri

rl
and T ¼ t

Pclr
2
l

8lwL
2.
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