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a b s t r a c t

Spontaneous imbibition of a wetting fluid in a homogeneous porous medium follows Washburn’s diffu-
sive law. For heterogeneous porous media, the imbibition phenomenon deviates from the diffusive
dynamics. A Washburn-like model, developed in the past predicts the imbibition in a three-layered por-
ous medium. In this work, we use experiments to establish the applicability of the model for a horizontal
three-layered porous medium. The model is dependent on a scaling law to determine the relative posi-
tions of the fronts in the layers. In a multi-layered porous medium, the scaling law cannot predict the rel-
ative front advancements. We use a five layered porous medium to develop a strategy and generalize the
model for multi-layered porous medium. We show that, the layering pattern, capillary pressure and per-
meability contrasts among the layers impacts the imbibition behavior significantly and leads to different
travel times of the fronts of the invading fluid in the layers.

� 2019 Published by Elsevier Ltd.
1. Introduction

The surface tension forces responsible for driving a wetting
fluid into a porous medium are important for applications in wicks
of loop heat pipes (Xu et al., 2014; Liu et al., 2019; Wang et al.,
2015; Ji et al., 2017), fabric for diapers (Fuisz, 1988; Neading and
Cate, 2003; Lamb, 1986), microfluidic devices (Dudek et al., 2018,
2016, 2017), and oil recovery from porous reservoirs (Trivedi and
Babadagli, 2009; Ersland et al., 2010; Geiger et al., 2012; Morrow
and Mason, 2001; Babadagli and Boluk, 2005; Glass et al., 2001).
The capillary forces drive the wetting fluid into the pore spaces dis-
placing the non-wetting fluid. Lucas (1918) and Washburn (1921)
observed in a single capillary that, the spontaneous imbibition fol-
lows diffusive dynamics, i.e., the square of the imbibed length, l is

proportional to the time of imbibition, t, i.e., l2 ¼ Dt. The constant

of proportionality, D ¼ r2Pc
4l

� �
, where r is the radius of the capillary
and l is the viscosity of the invading phase. The capillary pressure
Pc ¼ 2c cos h

r is calculated according to the Young–Laplace equation
(Young, 1805; de Laplace, 1806), where c is the surface tension
and h is the contact angle of the wetting liquid with the capillary
wall.

Diffusive dynamics of imbibition is observed in homogeneous
porous medium also (Hammecker and Jeannette, 1994; David
et al., 1993; Gruener et al., 2012; Hammecker et al., 1993). The

imbibition length is given by l2 ¼ 2KPc
l

� �
t, where, K is the perme-

ability and Pc is the capillary pressure of the medium. A coarse
grain porous medium imbibes fluid faster as compared to a fine
grain porous medium (Li et al., 2015). This is because, permeability
increases as square of grain size and capillary pressure increases as
inverse of grain size. Therefore, a fine grain porous medium has
high viscous resistance as compared to a coarse grain porous med-
ium. Beyhaghi et al., Masoodi et al. (2007, 2011) and Zarandi et al.,
modeled using Darcy’s law to see the effect of permeability and
capillary pressure to optimize wick design (Beyhaghi et al., 2014;
Masoodi et al., 2007; Masoodi et al., 2011; Zarandi et al., 2018).
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However, in most cases of interest, such as loop heat pipes
(Wang et al., 2015; Ji et al., 2017), paper microfluidics (Adkins
et al., 2016; Cate et al., 2014; Walji and MacDonald, 2016), oil
reservoirs (Dawe et al., 1992; Ringrose et al., 1993), and diapers
(Lamb, 1986; Hahn et al., 1994), the layered porous medium is
desired or is naturally occurring. Reyssat et al. (2009) showed that
Lucas-Washburn like equation is insufficient to describe the imbi-
bition in the direction of permeability variation. They developed a
reduced order model to describe the imbibition in a layered porous
medium. However, the imbibition perpendicular to the direction of
layering is more relevant for applications in oil reservoirs where,
the porous medium is heterogeneous, essentially made of sedi-
ment layers ranging from several meters to less than a millimeter
in thickness (Dawe et al., 1992; Ringrose et al., 1993; Stauffer and
Dracos, 1986; Schaetzl and Thompson, 2015) and for diapers, fabric
designs (Lamb, 1986; Hahn et al., 1994; Das et al., 2009; Morris,
1955). In the design of wicks of loop heat pipes, the permeability
of layering perpendicular to the fluid flow can be a promising
design improvement.

Bico and Quéré (2003), were the first to show that the imbibi-
tion is faster in the fine pores in a porous medium with hydrody-
namic interactions among the pores. They reasoned that, the
fluid flow from the large pores to the small pores due to the higher
capillary suction is responsible for the faster imbibition of fluid in
the small pores. Unsal et al. (2007a,b) experimentally showed the
spontaneous imbibition phenomenon in capillaries permitting lat-
eral cross flow. They used a rod in a slot arrangement to construct
the geometry of three interacting capillaries. Their experimental
observations show that the leading front is in the narrowest capil-
lary which is in concurrence with the studies of Bico and Quéré.

Ashraf et al. (2018) using the analogy of pores performed
detailed Volume of Fluid simulations in a two pore system. They
showed that, the fluid transfer described by Bico and Quéré
(2003) occurs at the fluid front locations only, which leads to a fas-
ter imbibition in the fine pore. In their studies, spontaneous imbi-
bition is modeled by discretizing the domain and solving the flow
equations. Using such simulations, for large scale porous medium
like oil reservoirs requires a significant upscaling to mimic the per-
meability due to micro size layers. Moreover, the simulations are
computationally expensive and the resources involved in such sim-
ulations are both tedious and time consuming. Developing a Darcy
like model predicting the spontaneous imbibition in heteroge-
neous systems can provide insights in understanding the flow
behavior. Tavangarrad et al. (2018) used Darcy velocity to model
imbibition in a stack of hydrophilic fibrous layers. Ashraf et al.
(2018) developed a reduced order model describing the imbibition
in the two and three interacting pore systems.

Ashraf et al. (2017, 2019) showed using experiments and the
reduced order model that, in a layered porous medium, the imbibi-
tion is faster in the porous layer made of fine grains, for a two lay-
ered porous medium. They further showed that, the leading front
will not always be in the fine grained porous layer for a three lay-
ered porous medium. They explained that, the grain size contrast
and the arrangement of the layers determine the leading front
layer. Ashraf and Phirani (2019) first determined the relative fluid
front positions in the layers using a scaling law and then developed
their model to predict the imbibition in each layer. However, real
porous media like an oil reservoir, aquifer and soil horizons or
the desired porous media like the diapers, fabrics are usually made
of more than three layers. The relative fluid front locations, which
are used to develop governing equations in Ashraf et al. (2017) for
spontaneous imbibition are difficult to predict for such a multi-
layered porous system. Moreover, developing a reduced order
model to predict the complex imbibition pattern becomes cumber-
some as the number of layers in a multi-layered porous medium
increase. Therefore, a generalized model is needed, which predicts
the imbibition in a multi-layered porous medium made of any
number of layers.

In this work, we develop a generalized, one-dimensional lubri-
cation approximation model governing the spontaneous imbibi-
tion in a multi-layered porous medium. We first review the work
done in spontaneous imbibition for three-layered porous medium.
We then extend the model for a five-layered system to understand
the generalization of the model and different cases required, if any.
In the five-layered porous medium, we show for a given arrange-
ment that the permeability and the capillary pressure contrasts
of the layers govern the leading front layer. We also show that, if
individual properties of the layers are same and only arrangement
is different, then also, the imbibition behavior changes. The
reduced order model is then generalized for multiple, randomly
arranged layers. The generalized model is able to predict the layer
having the leading front for any given arrangement of the layers.
We observe that the travel time and time of breakthrough of the
wetting fluid front is different for different arrangements. The pre-
viously described models (Ashraf et al., 2017; Ashraf and Phirani,
2019) were limited to only two and three layered porous media,
whereas the generalized model developed in the current study
can predict imbibition in a porous medium made of any number
of layers. This will have implications for oil recovery prediction
and in design of layered porous medium for microfluidic
applications.
2. Imbibition in a three-layered porous medium

Ashraf et al. (2017) used experiments to observe the imbibition
behavior in a three layered porous medium. They first used Volume
of Fluid (VOF) simulations, considering interacting capillaries as a
proxy to understand the spontaneous imbibition phenomenon in
detail (Ashraf et al., 2018). In their study, they found that, (1) the
pressure gradient in the layers is same if the layers are filled with
invading fluid, which is continuous and (2) the cross-flow of the
invading fluid occurs from a large permeability layer to the small
permeability layer just before the fluid front in the large perme-
ability layer. This is due to the high capillary suction of the small
permeability layer. By lubrication approximation, they consider
cross-flow to occur ‘at’ the invading front location(s). Ashraf and
Phirani (2019) extended these assumptions to a layered porous
medium, which are also used in the current study. Ashraf and
Phirani (2019) performed experiments using various wetting and
non-wetting fluids considering three layers of permeability Ka;Kb

and Kc made of grains of diameters da; db and dc , respectively. If
da > db > dc , then using Kozeny-Carman equation (Bear, 1972),
Ka > Kb > Kc and the corresponding capillary pressure Pci are such
that, Pca < Pcb < Pcc , using Young–Laplace pressure equation
(Young, 1805; de Laplace, 1806). Their model gives different gov-
erning equations for different arrangements of the three layers
namely (i) the small permeability (Kc) layer between the large
and the medium permeability layers as shown in the schematics
of Fig. 1(a), ii) the medium permeability (Kb) layer between the
large and the small permeability layers as shown in Fig. 1(c), iii)
the large permeability (Ka) layer between the small and the med-
ium permeability layers, as shown in Fig. 1(e). Ashraf et al.
(2017) explained different leading fronts in the arrangements
using anticipated pressure vs length curves as shown in Fig. 1(b),
(d), (f) for the arrangements shown in Fig. 1(a), (c), (e), respectively.
For the arrangements shown in Fig. 1(a), (c), the only possible pres-
sure vs length curves are shown in Fig. 1(b), (d), respectively, such
that Pca < Pcb < Pcc. In these cases, xa < xb < xc always, where, xi is
the imbibition length in the layer made of grains of diameter di.
Any other front location will not be possible for Pca < Pcb < Pcc.
They also explained that, apart from arrangements of the layers,



Fig. 1. Schematics of arrangement of layers and the corresponding pressure
gradients in a 3-layered porous medium. (a, b) The small permeability layer Kc is
in the middle, xa < xb < xc . (c, d) The medium permeability layer Kb is in the middle,
xa < xb < xc . (e, f) The large permeability layer Ka is in the middle, xa < xb < xc . (g, h)
The large permeability layer Ka is in the middle, xa < xc < xb .
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the contrast between the permeability and capillary pressure of
the layers also governs the layer having the leading fluid front,
for a particular arrangement. For example, Fig. 1(e), (g) show the
schematics of the arrangement where the large permeability layer
is in between the medium and the small permeability layers. The
leading front is in different layers as shown in Fig. 1(e), (g). This
is because, after xa, the pressure gradient in layers Kb and Kc are
different. Depending on the pressure gradients, to satisfy
Pca < Pcb < Pcc , the leading front can be either in the small perme-
ability layerðKcÞ or in the medium permeability layerðKbÞ as shown
by pressure gradient curves in Fig. 1(f), (h). Ashraf and Phirani
(2019) gave a scaling law governing the leading front for the
arrangement where the large permeability layer is in the center.
To prove the relation given by Ashraf and Phirani (2019), we per-
form experiments for arrangement (iii) where the large permeabil-
ity layer is in the middle.

Fig. 2 shows the experimental setup used in our experiments.
The experimental setup is made of two parallel acrylic sheets S1
and S2, which serve as the top and bottom surfaces of the porous
medium as shown in Fig. 2. The acrylic sheets S1 and S2 are held
by screws as shown in Fig. 2 with a spacing of 0:15 cm in between.
The inlet and outlet ends of the porous medium are sealed by a
thin, permeable fibrous layer of negligible resistance. The space
between the acrylic plates is filled by layers of glass beads with
Fig. 2. Schematic of experimental setup for spontaneous imbibition in a layered
porous medium.
gentle tapping at regular intervals to ensure the compact packing
of the beads. The glass beads of all sizes are cleaned by rinsing with
acetone to remove the surface impurities, followed by washing
with distilled water. The glass beads are then dried in the oven
to remove the traces of acetone. The open end of the porous med-
ium is sealed by another acrylic sheet S3 as shown in Fig. 2, which
holds the porous layers intact. A reservoir is constructed at the
inlet end of the porous medium to introduce the invading fluid,
which imbibes into the porous medium due to capillary suction.

The porous medium is 10 cm long, 1:8 cm in width and 0:15 cm
in height. Each of the three porous layers is 0:6 cm wide. The Bond
number (Bo) is the ratio of the gravitational to the surface tension

forces. It is expressed as Bo ¼ Dqgh2

c ,where Dq is the difference in

the densities of the wetting and non-wettting phases, g is the
acceleration due to gravity and h is the height of the porous med-
ium. For the experiments performed in this study, Bo is of order
0:01, indicating that the gravitational effects are negligible. The
permeability of a porous layer made of grains of diameter di is

Ki ¼ Kd2
i , according to the Kozeny-Carmen relation (Bear, 1972),

where K is a function of the porosity and is of order 10�4. The cap-
illary pressure is determined as Pci ¼ cc

di
(Reyssat et al., 2009),

where c is a constant and c is the surface tension of the invading
liquid. The constant c includes the contact angle of the invading
fluid with the pore surfaces. In this study, due to the same cleaning
process for all glass beads, the value of c is considered to be of same

order of magnitude for all the bead sizes. Therefore, Kb
Ka

¼ d2b
d2a
; Kc
Ka

¼ d2c
d2a

and Pcb
Pca

¼ da
db
; PccPca

¼ da
dc
. In general, real porous media are usually not

composed of spherical particles and in such cases, the porosity of
each of the layers needs to be known. As permeability is a function
of the porosity, the corresponding permeability of the layers will
also change accordingly for layers made of a scatter of bead sizes.
In this study, we have determined the porosity for homogeneous
packs of glass beads used in the experiments The porosity of all
the layers is measured to be 0:35� 0:01.

The layered porous medium, which is initially filled with air is
placed over an LED light source, to illuminate the experimental
setup uniformly. The reservoir at the inlet is filled with dodecane
of viscosity 1:35 cP, which acts as the wetting fluid. As the wetting
fluid contacts the porous medium, it is spontaneously driven at dif-
ferent velocities in each of the porous layers, depending on the per-
meability and capillary pressures of the layers. The experiments for
each arrangement are conducted thrice for reproducibility. The
experiments are recorded by Nikon D750 camera at a resolution
of 1280� 720 pixels and at 60 fps. A customized MATLAB� pro-
gram tracks the advancing fluid front in the porous layers with
time.

We consider two cases of arrangement (iii); for case (A), the
glass beads of diameters da ¼ 274� 25 lm, db ¼ 220� 20 lm
and dc ¼ 125� 25 lm are used. For case (B), the glass beads of
diameters da ¼ 274� 25 lm, db ¼ 125� 25 lm and dc ¼ 50� 25
lm are used. In case (A), the
Kb
Ka

¼ 0:64; Kc
Ka

¼ 0:20; PcbPca
¼ 1:24; PccPca

¼ 2:19 and in case (B), the
Kb
Ka

¼ 0:20; Kc
Ka

¼ 0:03; PcbPca
¼ 2:19; PccPca

¼ 5:48. Ashraf and Phirani

(2019) explained that, when Kb
Ka

Pcb
Pca

� 1
� �

� Kc
Ka

Pcc
Pca

� 1
� �

< 0 as in case

(A), the front in the small permeability layer should lead and when
Kb
Ka

Pcb
Pca

� 1
� �

� Kc
Ka

Pcc
Pca

� 1
� �

> 0 as in case (B), the front in the medium

permeability layer should lead. In the current work, we focus on
porous media where, the imbibition length direction is much larger
than the thickness of the layers. For the cases where the thickness
of the layers is also important, the model needs to be modified by
including thickness.
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2.1. Comparison of experiments and one-dimensional model

We compare the experimental observations with the one-
dimensional model by Ashraf and Phirani (2019) for the cases (A)
and (B) as shown in Fig. 3. The snapshots of imbibition are shown
in Fig. 3(a), (c), while Fig. 3(b), (d) show the fluid front imbibition
length vs time for the cases (A), (B), respectively. According to the
relation given by Ashraf and Phirani (2019), in case (A), we antici-
pate the front in the small permeability layer to lead and in case
(B), we anticipate the front in the medium permeability layer to
lead, which are also observed experimentally. The dimensionless
lengths are scaled as Xi ¼ xi

L , where xi is the distance traveled by
the fluid front from the inlet in layer with bead diameter di and L
is the total length of the porous medium. The dimensionless time

t is scaled as T ¼ PcaKa

/lL2

� �
t. The value of PcaKa

/lwL
2 used in all the experi-

ments is approximately 0:006 s�1. We see that, the one-
dimensional model of Ashraf and Phirani (2019) compares well
with the experimental observations for both the cases (A) and (B)
of arrangement (iii) and is able to predict the leading front
accurately.

In Fig. 3, we see that the fluid front in the large permeability
layer lags behind the fronts in the other two layers. It can be
observed that, due to the inherent heterogeneity in each of the lay-
ers, the imbibition front is not a straight line but is slightly curved.
The length invaded by a curved imbibition front is determined by
the customized MATLAB code which determines the average
length of the imbibition pixel wise. Three experiments are per-
formed for each of the cases (A) and (B). The average value of
length imbibed for the three experiments is plotted with dimen-
sionless time and the error bars represent the experimental error
due to the variation in the imbibition lengths in the three
experiments.
3. Model development for five-layered porous medium

When we have more than three layers, the governing equations
for different arrangements or for permeability contrasts in the
same arrangement will be different. For a n- layered porous med-
ium, there are n!

2 possible arrangements and each kind of arrange-
ment can have varying degrees of permeability contrasts and will
lead to a different imbibition behavior. In this section we explore
a five layered arrangement for generalization of these governing
equations.

We now consider five layers in a porous medium denoted as
a; b; c; d; e, which can be positioned randomly in the five layered
Fig. 3. Snapshots at dimensionless time T ¼ 0:3 and dimensionless imbibition
length vs dimensionless time for the spontaneous imbibition in arrangement(iii) of
a 3-layered porous medium where the large permeability layer is between the
medium and the small permeability layers. (a) Experimental snapshot of case (A)
xa < xb < xc . (b) Comparison of experiments with the one-dimensional lubrication
approximation for case (A). (c) Experimental snapshot of case (B) xa < xc < xb . (b)
Comparison of experiments with the one-dimensional lubrication approximation
for case (B). The error bars in (b), (d) represent the standard deviation in the
experimental results.
porous medium. The order of permeability of the layers is
Ka > Kb > Kc > Kd > Ke and capillary pressures of the layers are
in the order Pca < Pcb < Pcc < Pcd < Pce. The total number of ran-
dom arrangements are 60 for n ¼ 5. Fig. 4(a) shows an ordered
arrangement of the layers, which is a special case. The position of
the fluid fronts can be explained using the only possible antici-
pated pressure gradient graph shown in Fig. 4(b) which shows
pressure vs length curves in all the layers. We see that, for an
ordered arrangement, xa < xb < xc < xd < xe, irrespective of the
contrast in the permeability and capillary pressure of the layers.
This is because, the capillary pressure jump across the fluid front
in each of the layers should be sufficient enough to attain the pres-
sure of the non-wetting fluid, i.e., P0, as shown in Fig. 4(b). As the
capillary pressure in the largest permeability layer is the least, the
fluid front in it will have to be the first fluid front from the inlet
such that, after the capillary pressure jump at xa, the pressure in
the largest permeability layer will be P0. According to the assump-
tions of Ashraf et al. (2017, 2019) the pressure drop in all the layers
is same till the first fluid front, i.e., xa, as shown in Fig. 4(b). After xa,
the pressure drop in layers b; c; d; e is same till the fluid front xb, as
they are filled with wetting fluid as shown in Fig. 4(b). Similarly,
the next fluid front will be in layer c and the pressure gradient is
same in the layers c; d; e after xb. For the layers d; e the pressure
drop is same from xc to xd, as shown in Fig. 4(b) and layer e will
have the leading fluid front. Therefore, for an ordered arrangement,
Fig. 4(b) is the only possible pressure gradient profile.

We now consider one arrangement of five layered porous med-
ium to understand the model development for a randomly
arranged multi-layered system. Fig. 5 shows the layers c; b; d; a; e,
having permeability Kc;Kb;Kd;Ka;Ke in the five layered porous
medium. We name this arrangement cbdae. For this arrangement,
eight relative fluid front positions are possible as shown by the
anticipated pressure gradient graphs in Fig. 6, depending on the
capillary pressure and the permeability contrast of the layers.
The leading front can be in any of the layers c; d or e as shown in
Fig. 6.

From Fig. 6, we see that the trailing front is always in the largest
permeability layer. Let the distance imbibed by the fluid front be
xa, from the inlet. The Darcy pressure drop in all the layers is same
from the inlet till xa, given by,
Fig. 4. Spontaneous imbibition in an ordered arrangement of layers in a five layered
porous medium. (a) Schematic of the fluid fronts’ position. (b) Anticipated pressure
gradient graph.

Fig. 5. Schematic of spontaneous imbibition in a random arrangement of layers in a
five layered porous medium.



Fig. 6. All the possible anticipated pressure gradient graphs for the arrangement
shown in Fig. 5.
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Pðxa; tÞ � P0 ¼ �lxa
Ka

vaðtÞ; ð1Þ

where, l is the viscosity of the invading phase, vaðtÞ is the velocity
of fluid in the layer a from inlet to xa and Pðxa; tÞ; P0 are the pres-
sures of wetting fluid at xa and inlet, respectively. As all the five lay-
ers are filled with wetting phase till xa, the pressure gradient in all
the layers is same, which implies,

vaðtÞ
Ka

¼ vbðtÞ
Kb

¼ vcðtÞ
Kc

¼ vdðtÞ
Kd

¼ veðtÞ
Ke

; ð2Þ

where, v iðtÞ is the velocity before xa in the layer having permeabil-
ity Ki. After the first fluid front at xa, the layer a is filled with non-
wetting phase of negigible viscosity, which is air. Due to the sudden
jump in pressure across the fluid front at xa, some of the wetting
fluid transfers from the layer a to the other layers, just before xa
as shown in Fig. 5. Let dqa be the transfer of wetting phase from
the large permeability layer to the layers positioned on one side
of a, i.e., c; b;d, as shown in Fig. 5. Similarly, let dq0

a be the wetting
phase transfer from layer a to the layers present on the other side
of layer a, i.e., e, as shown in Fig. 5. After fluid transfer, the velocity
of the fluid front in layer a becomes,

/
dxa
dt

¼ vaðtÞ � dqa þ dq0
a

A
; ð3Þ

where A is the cross section area and / is the porosity of the layers.
The fluid transfer dq0

a from layer a increases the fluid velocity in
layer e. The velocity of the fluid front in layer e having permeability
Ke is dxe

dt , given by,

/
dxe
dt

¼ veðtÞ þ dq0
a

A
: ð4Þ
Now, we see from the anticipated pressure gradient plots of Fig. 6
that, the pressure gradient in the layers c; b; d is different from the
pressure gradient in the layer e. This is because, after xa, the wetting
fluid in c; b;d is separated from the wetting fluid in e by the non-
wetting fluid in a, and hence is not continuous. Therefore the pres-
sure drop in layer e, from xa to xe is,

Pðxe; tÞ � Pðxa; tÞ ¼ �lðxe � xaÞ
Ke

veðtÞ þ dq0
a

A

� �
; ð5Þ

where, Pðxe; tÞ is the pressure of wetting fluid at xe and Pðxa; tÞ is the
wetting fluid pressure at xa.

On the other side of layer a, the fluid transfer dqa distributes in
the layers c; b; d such that, the pressure gradient is same after xa.
This causes a change in the wetting fluid velocity in the layers
c; b; d after xa, such that,

vcðtÞ þ aa;c
dqa
A

Kc
¼ vbðtÞ þ aa;b

dqa
A

Kb
¼ vdðtÞ þ aa;d

dqa
A

Kd
: ð6Þ

Here, aa;l is the fraction of wetting fluid transfer from layer a to a
layer having permeability Klðl ¼ c; b;dÞ. We know that,P

l¼c;b;daa;l ¼ 1. From Eqs. (2) and (6), for a layer having permeability
Klðl ¼ c; b;dÞ, we have,

aa;l ¼ KlX
l¼c;b;d

Kl

: ð7Þ

We see from Fig. 6 showing the possible pressure gradient graphs
that, among the layers c; b;d, the largest permeability layer will
have the trailing front, i.e., layer b, as shown in Fig. 6. It can also
be observed from Fig. 6 that, the pressure gradient is same in layers
c; b;d after xa, which is given as,

Pðxb; tÞ � Pðxa; tÞ ¼ �lðxb � xaÞ
Kb

vbðtÞ þ aa;bdqa

A

� �
; ð8Þ

where, Pðxb; tÞ is the pressure of wetting fluid at xb. At xb, due to the
sudden jump of pressure across the front in layer b, some of the
wetting fluid transfers into the layers c and d. If dqb is the fluid
transfer from layer b to layer c and dq0

b is the fluid transfer from

layer b to layer d, the velocity of the fluid front in layer b, i.e., dxb
dt

is given as,

/
dxb
dt

¼ vbðtÞ þ aa;bdqa � dqb � dq0
b

A
: ð9Þ

As there is only one layer on either sides of layer b, the pressure
drop in the layers c and d are independently found. The pressure
drop of wetting fluid from xb to xc in layer c is,

Pðxc; tÞ � Pðxb; tÞ ¼ �lðxc � xbÞ
Kc

vcðtÞ þ aa;cdqa þ dqb

A

� �
; ð10Þ

where, Pðxc; tÞ is the pressure of wetting fluid at xc . The velocity of
the fluid front in layer c after the fluid transfer dqb is,

/
dxc
dt

¼ vcðtÞ þ aa;cdqa þ dqb

A
: ð11Þ

Similarly, the pressure drop of wetting fluid from xb to xd in layer d
is,

Pðxd; tÞ � Pðxb; tÞ ¼ �lðxd � xbÞ
Kd

vdðtÞ þ aa;ddqa þ dq0
b

A

� �
; ð12Þ

where, Pðxd; tÞ is the pressure of wetting fluid at xd. We find the
velocity of fluid front in layer d after the fluid transfer dq0

b at xb,
which is given as,

/
dxd
dt

¼ vdðtÞ þ aa;ddqa þ dq0
b

A
: ð13Þ



Fig. 7. (a) Snapshot of the imbibition in a five layered porous medium at T ¼ 0:3. (b)
Comparison of the experiment with the one-dimensional model for the dimen-
sionless lengths imbibed in the layers with time for a five layered porous medium.
The error bars represent the standard deviation from the average imbibition lengths
in the experiments.
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We know that the pressure jump across the fluid front in each of the
layers is equal to the capillary pressure of that layer, i.e.,
Pðxi; tÞ � P0 ¼ �Pciði ¼ a; b; c;d; eÞ. By using Eqs. (2), (3), (4), (9),
(11), (13) to substitute for velocity of the fronts in Eqs. (1), (5),
(8), (10) and (12), we obtain the equations governing the flow
behavior in a 5-layered system as,

Pca ¼ /lxa
Ka þ Kb þ Kc þ Kd þ Ke

� dxa
dt

þ dxb
dt

þ dxc
dt

þ dxd
dt

þ dxe
dt

� �
; ð14Þ

Pce � Pca ¼ /lðxe � xaÞ
Ke

dxe
dt

� �
; ð15Þ

Pcb � Pca ¼ /lðxb � xaÞ
Kb þ Kc þ Kd

dxb
dt

þ dxc
dt

þ dxd
dt

� �
; ð16Þ

Pcc � Pcb ¼ /lðxc � xbÞ
Kc

dxc
dt

� �
; ð17Þ

Pcd � Pcb ¼ /lðxd � xbÞ
Kd

dxd
dt

� �
: ð18Þ

The Eqs. (14)–(18) can be converted to dimensionless form by con-
sidering dimensionless length as Xi ¼ xi

L , dimensionless time as

T ¼ KaPca
/lL2

, dimensionless capillary pressure as bi ¼ Pci
Pca

and dimension-

less permeability as ji ¼ Ki
Ka
. Then, the Eqs. (14)–(18) become,

1 ¼ Xa

1þ jb þ jc þ jd þ je

� dXa

dT
þ dXb

dT
þ dXc

dT
þ dXd

dT
þ dXe

dT

� �
; ð19Þ

be � 1 ¼ Xe � Xa

je

dXe

dT

� �
; ð20Þ

bb � 1 ¼ Xb � Xa

jb þ jc þ jd

dXb

dT
þ dXc

dT
þ dXd

dT

� �
; ð21Þ

bc � bb ¼
Xc � Xb

jc

dXc

dT

� �
; ð22Þ

bd � bb ¼
Xd � Xb

jd

dXd

dT

� �
: ð23Þ

Now, by rearranging the terms in Eqs. (19)–(23) and adding the
governing equations, we obtain,

2ð1þ
Xe
i¼b

bijiÞT ¼
Xe
j¼a

X2
j : ð24Þ

Eq. (24) gives the imbibition behavior for the entire layered porous
medium, which is analogous to Washburn’s law. However, the
lengths imbibed in each of the layers cannot be predicted even if
the effective permeability Keff ¼

Pe
i¼aKi and the effective capillary

pressure Pceff ¼
Pe

i¼a
KiPciPe

i¼a
Ki

are known. We also see that, the pressure

till Xa is same in all the layers, irrespective of the arrangement of
the layers. Therefore, Eq. (19) is same for all the arrangements,
which can be written as,

1þ jb þ jc þ jd þ je

Xa
¼ dXa

dT
þ dXb

dT
þ dXc

dT
þ dXd

dT
þ dXe

dT
; ð25Þ

Eq. (25) predicts that the summation of lengths imbibed in the lay-
ers is same for all the arrangements of the given layers.
3.1. Imbibition in a five layered porous medium

We perform three experiments for one arrangement of a five
layered porous medium using the experimental setup described
in Section 2. The porous medium is 10 cm in length, 1:8 cm in
width, 0:15 cm in height and each layer is 3:6 mm wide. The order
of the arrangement of the beads in the experiment is shown in
Fig. 7, which is edbac. The bead sizes used are da ¼ 275� 25 lm,
db ¼ 220� 20 lm, dc ¼ 175� 25 lm, dd ¼ 125� 25 lm and
de ¼ 50� 25 lm. The ratio of permeability are,
jb ¼ 0:64;jc ¼ 0:4;jd ¼ 0:2 and je ¼ 0:03. The capillary pressure
ratios are, bb ¼ 1:24; bc ¼ 2; bd ¼ 2:19 and be ¼ 5:48. In Fig. 7 we
show the comparison of spontaneous imbibition experiment with
the one-dimensional model. We see that the model predicts the
leading front reasonably well. The experimental observation for
the five layered porous medium also satisfies Eqs. (24) and (25).
Fig. 8(a), (b) show X vs T and

P
X2 / T . Therefore, our one-

dimensional model is able to predict the imbibition behavior in a
multi-layered porous medium. The error bars in Fig. 7(b) represent
the error estimates in the experiments.

We now analyze the five layered porous medium using the
model developed here. Fig. 9 shows the different cases of five lay-
ered porous medium in which the layers c; b; d; a and e are made of
bead diameters dc; db; dd; da and de, respectively. We consider that

for a bead diameter, di, the permeability scales as Ki ¼ Kd2
i and

capillary pressure is Pci ¼ cc
di
. Fig. 9 shows the six of the eight pos-

sible cases shown in Fig. 6. We observe from Fig. 9 that, depending
upon the contrast in permeability and capillary pressure, the imbi-
bition pattern and the leading front in the layers changes for the
same arrangement. The bead diameters in microns for each of
the layers is mentioned in the length vs time curves in Fig. 9 and
we see that the leading front can be in any of the layers c; d or e.

Now, we consider bead diameters da ¼ 500 lm, db ¼ 400 lm,
dc ¼ 300 lm, dd ¼ 200 lm, de ¼ 100 lm and use the generalized
one-dimensional model to explore imbibition in different arrange-
ments. We observe from Fig. 10 that, for different arrangements of
layers having the same physical properties, the imbibition behav-
ior also changes. In Fig. 10(a), we show the length vs time plot
for the ordered arrangement, i.e., abcde shown in Fig. 4 where,
Xa < Xb < Xc < Xd < Xe as explained in Section 3. The plots (b),
(c), (d), (e) and (f) of Fig. 10 show the imbibition length with time
for arrangements having layers in the order
cbdae; bedac; bdace; dceab and ebcad, respectively, having the same



Fig. 8. Comparison of the experimental and the one-dimensional model for, (a)
average length imbibed, (b) sum of squares of dimensionless lengths imbibed vs
dimensionless time.

Fig. 9. A plot of the dimensionless lengths imbibed in the layers with time for
different bead diameters of the arrangement shown in Fig. 5. The bead diameters
are indicated in each of the plots (a), (b), (c), (d), (e) and (f) in microns and the
curves are annotated with the subscript of the respective bead diameters
da; db; dc ; dd and de.

Fig. 10. A plot of the dimensionless lengths imbibed in the layers with time for
bead diameters da ¼ 500 lm, db ¼ 400 lm, dc ¼ 300 lm, dd ¼ 200 lm, de ¼ 100 lm
for different arrangements. The order of arrangement of the layers are indicated in
each of the plots (a), (b), (c), (d), (e) and (f).

Fig. 11. (a) The average length imbibed in the porous mediumwith time and (b) the
sum of squares of length imbibed with time for the bead diameters da ¼ 500 lm,
db ¼ 400 lm, dc ¼ 300 lm, dd ¼ 200 lm, de ¼ 100 lm for different arrangements,
shown in Fig. 10.

S. Ashraf, J. Phirani / Chemical Engineering Science 209 (2019) 115175 7
bead sizes as in the case shown in Fig. 10(a). Fig. 11(a) shows that
the total average length imbibed in the entire porous medium is
same for all the arrangements shown in Fig. 10. Fig. 11(b) shows
that, the sum of squares of length imbibed with time is also same
and is proportional to time for all the arrangements as given by Eq.
(25.

We see from the model development of the five layered porous
medium that, we first need to divide the layers into two regions
c; b; d, and e, one on either side of the largest permeability layer
a. All the layers till the fluid front in the largest permeability layer,
i.e., xa, will have the same pressure gradient. Each of the two
regions c; b; d and e are separated by the non-wetting fluid in the
largest permeability layer. As the pressure gradient in all the layers
of a region is same if they are filled with the same fluid, the pres-
sure gradient in c; b; d is same after xa. Further, the region c; b; d is
divided into two regions c and d, which are separated by the layer b
having the largest permeability among the layers of the region.
There is only one layer e on the other side of layer a, which termi-
nates the process of dividing the layers into two regions. Similarly,
as the layers c and d cannot be divided further, any of the layers
e; c; d can have the leading fluid front, which is shown in Fig. 6.
Therefore, we show that, the imbibition in a multi-layered porous
medium strongly depends on the arrangement of layers, the con-
trast in permeability and capillary pressure. We now develop the
generalized model for a multi-layered porous medium.
4. Generaized model

We consider a multi-layered porous medium made of n-layers,
where each layer has a specific permeability and associated capil-
lary pressure. The permeability of the layers is
Ka > Kb > Kc > . . . > Kn in the order of grain sizes
da > db > dc > . . . > dn, for which, the corresponding capillary pres-
sure of the layers will be Pca < Pcb < Pcc < . . . < Pcn. The layers in
one arrangement are numbered as L1; L2; . . . ; Lðn�1Þ; Ln, in addition
to the representation of the layers by their permeability as shown
in Fig. 12. Now, n!

2 such arrangements are possible. By considering
the assumptions of Ashraf et al. (2017, 2019), we develop a one-
dimensional model to predict the fluid front positions for any given
arrangement of the layers in a n-layered porous medium.
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As explained in Sections 2 and 3, if there is a multi-layered
porous medium having n-layers, the pressure gradient is differ-
ent only when the invading fluid is present in sections of the
layers that do not interact with each other. We know that, the
first fluid front from the inlet is in the layer having the largest
permeability(Ka) corresponding to the lowest capillary pressure
jump(Pca), at xa, as shown in Fig. 12. We use the following is
a step-by-step procedure to predict the imbibition phenomenon
in the porous layers.

1. We find the largest permeability layer, Li (having permeability
Ka) and divide the porous medium into two regions, L1 to
Lði�1Þ and Lðiþ1Þ to Ln, as shown in Fig. 12.

2. The pressure drop from inlet till the first fluid front, i.e., the fluid
front at xa is same for all the layers and is determined by Darcy’s
law.

3. Again the region L1 to Lði�1Þ is further divided by finding the
large permeability layer among these layers. The fluid front suc-
ceeding xa among the layers L1 to Lði�1Þ will be in the largest per-
meability layer corresponding to the least pressure jump. Let
the layer Lj be the largest permeability layer among the layers
L1 to Lði�1Þ with a permeability Kb. We then divide these layers
into two subsequent regions L1 to Lðj�1Þ and Lðjþ1Þ to Lði�1Þ, as
shown in Fig. 12.
The pressure drop is same in layers L1 to Lði�1Þ from xa to xb,
which is found using Darcy’s law. After xb, the pressure drop
is different for layers L1 to Lðj�1Þ and Lðjþ1Þ to Lði�1Þ, although these
subsequent regions are filled with invading fluid. This is due to
the resident fluid in layer Kb from xa to xb separating the two
regions.

4. Similarly, we find the large permeability layer among layers
Lðiþ1Þ to Ln, which is Kc (of layer Lk), as shown in Fig. 12, and fur-
ther divide the layers into two regions. The subsequent regions
are Lðiþ1Þ to Lðk�1Þ and Lðkþ1Þ to Ln, as shown in Fig. 12. The pres-
sure drop in Lðiþ1Þ to Ln is same from xa to xc , which is deter-
mined using Darcy’s law. After xc , the pressure drop due to
the invading fluid is different for layers Lðiþ1Þ to Lðk�1Þ and Lðkþ1Þ
to Ln, as they are separated by the resident phase in layer Lk.

5. The four regions L1 to Lðj�1Þ; Lðjþ1Þ to Lði�1Þ; Lðiþ1Þ to Lðk�1Þ and
Lðkþ1Þ to Ln are further divided into eight subsequent regions
by finding the large permeability layer in each of these
regions as explained in steps 3 and 4. This division of layers
is continued till there is only one layer left in the subsequent
region. The pressure drop in each of the regions is deter-
mined using Darcy’s law. For a n-layered porous medium, n
such regions are formed by dividing the layers according to
the fluid fronts’ positions.
Fig. 12. Spontaneous imbibition in a n-layered porous medium.
6. As the imbibition is spontaneous, the total pressure drop across
the fluid front in each layer is equal to the capillary pressure of
that layer, i.e., the pressure jump across the fluid fronts located
at xi is Pci where i ¼ a; b; . . . ;n. The n pressure drop equations
for the n-layers are solved for the fluid front imbibition in the
multi-layered porous medium with time.

4.1. Imbibition in a multi-layerd porous medium

We consider a n-layered porous medium and the governing
equations are developed as described in Section 4. A MATLAB pro-
gram is used to execute the algorithm and to solve the governing
equations of a randomly arranged layered porous medium. We
consider n ¼ 20, which has 1:216� 1018 possible random arrange-
ments of layers and solve for 1000 such random cases. The bead
size has a uniform distribution of diameters with the smallest
diameter as 10 lm and the largest diameter as 200 lm. A random
number generator is used to obtain the random positioning of the
layers in the porous medium, which then proceeds to develop
equations governing the flow behavior, as explained for five lay-
ered porous medium in Section 3.

Fig. 13 shows the bead diameters in microns vs dimensionless
imbibition lengths at T ¼ 0:5 for 6 different arrangements of a
twenty layered porous medium. For the case of ordered arrange-
ment, in which the layers are placed in the order of capillary pres-
sure, the imbibition fronts are also in the order of the
corresponding capillary pressures of the layers. This can be
observed from Fig. 13 that the imbibition front in the smallest per-
meability layer leads for an ordered arrangement as shown by the
green circles. For other arrangements, we see from Fig. 13 that, the
leading front is strongly dependent on the arrangement of the lay-
ers. Therefore, the breakthrough time or the time at which the
leading front reaches the outlet end of the porous medium also
varies significantly. We show in Fig. 14, the dimensionless grain
diameter vs the corresponding breakthrough time for 1000
arrangements. Dimensionless grain diameter is the ratio of the
grain diameter of the layer having the leading front to the grain
diameter of the large permeability layer(da). We see that, for all
the arrangements, the dimensionless breakthrough time lies
between 0:55 and 0:7, whereas the dimensionless grain diameter
of the leading front is between 0:05 and 0:55, i.e., the breakthrough
can occur in any of the layers having grain sizes from 10 lm to 110
lm. Therefore, by choosing a suitable arrangement of the layers, an
application based porous medium can be designed with desired
flow properties.
Fig. 13. Bead diameter d of the layer (in microns) vs dimensionless imbibition
length in the layersfor 6 arrangements of a 20 layered porous medium. The green
circles indicate the ordered arrangement of layers where the fluid fronts are in the
order of the capillary pressures of the layers. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)



Fig. 14. The ratio of the leading front’s layer grain diameter to the grain diameter of
the large permeability layer vs the dimensionless breakthrough time for sponta-
neous imbibition in 1000 random arrangements of a twenty layered porous
medium.
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5. Conclusions

In summary, we developed a generalized one-dimensional,
lubrication approximation model to predict the spontaneous imbi-
bition in a multi-layered porous medium. First, we perform exper-
iments on a three layered porous medium having the large
permeability layer placed between the small and the medium per-
meability layer. We find that the leading fluid front is not always in
the fine pores and strongly depends on the contrasts in the perme-
ability and capillary pressure. This is in concurrence with the
explanation given by Ashraf and Phirani (2019), and excellently
matches with the one-dimensional model. We then develop a gen-
eralized model using the assumptions of Ashraf et al. (2017, 2018,
2019), which predicts the position of the fluid fronts for any
arrangement of a multi-layered porous medium. We describe the
generalized model development in one arrangement of a five lay-
ered porous medium. Using the pressure vs length curves, we show
that depending on the permeability and capillary pressure con-
trasts, the leading fluid front can be in different layers for a given
arrangement. We also show that, the layering arrangement in the
porous medium leads to different travel times of the fronts of the
invading fluid in the layers. This changes the breakthrough time
and location of the wetting fluid on the outlet side of the porous
medium. In a twenty layered porous medium, we use 1000
arrangements to show that the leading front layer can vary signif-
icantly. In the twenty layered case used in this study where the
maximum and minimum grain diameters are 200 lm and 10
lm, the leading front can vary in the layers made of grains 10
lm to 110 lm, only based on the arrangement. This study is useful
in predicting the imbibition behavior in the soil layers, aquifer and
oil reservoir. The one-dimensional model can be used in designing
microfluidic and diagnostic devices.
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Appendix A

The pressure across the fluid front in each layer is the capillary
pressure of the layer, i.e., P0 � Pwðxi; tÞ ¼ Pci for a layer made of
beads of diameter di. Therefore, for the layer having permeability
Ka, the pressure drop from inlet till xa can be expressed from Eq.
(1) as,

P0 � Pðxa; tÞ ¼ Pca: ð26Þ
Similarly from the inlet till the front in the layer having permeabil-
ity Ke, using Eqs. (1) and (5), we have,

½P0 � Pðxa; tÞ� þ ½Pðxa; tÞ � Pðxe; tÞ� ¼ Pce: ð27Þ
For the layer having permeability Kb, using the Eqs. (1) and (8), the
pressure drop from inlet till the front xb is written as,

½P0 � Pðxa; tÞ� þ ½Pðxa; tÞ � Pðxb; tÞ� ¼ Pcb: ð28Þ
The pressure drop in layer having permeability Kc from the inlet till
xc is obtained from Eqs. (1), (8) and (10) as,

½P0 � Pðxa; tÞ� þ ½Pðxa; tÞ � Pðxb; tÞ� þ ½Pðxb; tÞ � Pðxc; tÞ� ¼ Pcc: ð29Þ
Similarly, the pressure drop till the fluid front in layer having per-
meability Kd can be written using Eqs. (1), (8) and (12) as,

½P0 � Pðxa; tÞ� þ ½Pðxa; tÞ � Pðxb; tÞ� þ ½Pðxb; tÞ � Pðxd; tÞ� ¼ Pcd: ð30Þ
Substituting Eq. (7) in Eqs. (9), (11), (13) and adding the velocity of
the fronts in all the layers given by Eqs. (3), (4), (9), (11), (13), we
obtain,

/
Xe
i¼a

dxi
dt

¼
Xe
i¼a

v iðtÞ: ð31Þ

We know from Eq. (2) that the velocity in the fronts before the first
fluid front are related as,

v lðtÞ ¼ vaðtÞ
Ka

Kl l ¼ b; c; d; e: ð32Þ

By substituting Eq. (32) in the right hand side of Eq. (31), the sum of
velocity of fluid in the layers before xa is expressed as,

Xe
i¼a

v iðtÞ ¼ vaðtÞ
Ka

Xe
i¼a

Ki: ð33Þ

From Eqs. (31) and (33), the velocity of fluid in layer having perme-
ability Ka is expressed as,

vaðtÞ ¼ Ka

Ka þ Kb þ Kc þ Kd þ Ke
� /

Xe
i¼a

dxi
dt

: ð34Þ

The velocity vaðtÞ from Eq. (34) is substituted in Eq. (1), which gives
us the governing Eq. (14), i.e.,

Pca ¼ /lxa
Ka þ Kb þ Kc þ Kd þ Ke

� dxa
dt

þ dxb
dt

þ dxc
dt

þ dxd
dt

þ dxe
dt

� �
; ð35Þ

Now, subtracting Eq. (26) from Eq. (27), we have,

Pðxa; tÞ � Pðxe; tÞ ¼ Pce � Pca: ð36Þ
By substituting Eq. (5) in Eq. (36), we have,

lðxe � xaÞ
Ke

VeðtÞ þ dq0
a

A

� �
¼ Pce � Pca: ð37Þ

By substituting VeðtÞ þ dq0a
A

� �
¼ / dxe

dt from Eq. (4), we obtain,
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Pce � Pca ¼ lðxe � xaÞ
Ke

/
dxe
dt

; ð38Þ

which is the governing Eq. (15).
Similarly, by subtracting Eq. (26) from Eq. (28), we have,

Pðxa; tÞ � Pðxb; tÞ ¼ Pcb � Pca: ð39Þ
Substituting Eq. (8) in Eq. (39) gives us,

lðxb � xaÞ
Kb

VbðtÞ þ aa;b
dqa

A

� �
¼ Pcb � Pca: ð40Þ

By substituting Eq. (32) in Eqs. (9), (11) and (13)adding them, we
obtain,

/
dxb
dt

þ dxc
dt

þ dxd
dt

� �
¼ vaðtÞ

Ka
ðKb þ Kc þ KdÞ þ dqa

A
: ð41Þ

From Eq. (41), the fluid transfer is determined as,

dqa

A
¼ /

dxb
dt

þ dxc
dt

þ dxd
dt

� �
� vaðtÞ

Ka
ðKb þ Kc þ KdÞ: ð42Þ

By substituting Eq. (42) in Eq. (40), we obtain the governing Eq.
(16), which is,

Pcb � Pca ¼ /lðxb � xaÞ
Kb þ Kc þ Kd

dxb
dt

þ dxc
dt

þ dxd
dt

� �
; ð43Þ

Now, subtracting Eq. (28) from Eq. (29), gives,

Pðxb; tÞ � Pðxc; tÞ ¼ Pcc � Pcb: ð44Þ
Substituting Eq. (10) in Eq. (44), we obtain,

lðxc � xbÞ
Kc

VcðtÞ þ aa;c
dqa

A
þ dqb

A

� �
¼ Pcc � Pcb: ð45Þ

By substituting Eq. (11) in Eq. (45), we obtain,

Pcc � Pcb ¼ /lðxc � xbÞ
Kc

dxc
dt

� �
; ð46Þ

which is the governing Eq. (17).
Similarly, to obtain the governing Eq. (18), we subtract Eq. (28)

from Eq. (30), which gives us,

Pðxb; tÞ � Pðxd; tÞ ¼ Pcd � Pcb: ð47Þ
Substituting Eq. (12) in Eq. (47), we obtain,

lðxd � xbÞ
Kd

VdðtÞ þ aa;c
dqa

A
þ dq0

b

A

� �
¼ Pcd � Pcb: ð48Þ

By substituting Eq. (13) in Eq. (48), we obtain the governing Eq. (18)

Pcd � Pcb ¼ /lðxd � xbÞ
Kd

dxd
dt

� �
: ð49Þ

The governing equations can be non-dimensionalized by defining
dimensionless length as Xi ¼ xi

L , where L is the total length of the
porous medium. Similarly, the permeability and the capillary pres-
sure are made dimensionless by considering ji ¼ Ki

Ka
and bi ¼ Pci

Pca
,

respectively, where i ¼ a; b; c;d; e.
Modifying Eq. (35) by the dimensionless parameters gives,

1 ¼ /lL2

PcaKa

 !
� Xa

1þ jb þ jc þ jd þ je

� dXa

dt
þ dXb

dt
þ dXc

dt
þ dXd

dt
þ dXe

dt

� �
: ð50Þ

The term /lL2
PcaKa

� �
on the right hand side has dimensions of time, i.e. s,

which is used to non-dimensionalize time, T. Therefore, the dimen-
sionless time is expressed as,
T ¼ t
/lL2
PcaKa

� � : ð51Þ

Similarly the governing Eqs. (38), (43), (46) and (49) are also made
dimensionless. The equations governing the imbibition behavior in
a five layered porous medium for the arrangement shown in Fig. 5
become,

1 ¼ Xa

1þ jb þ jc þ jd þ je

� dXa

dT
þ dXb

dT
þ dXc

dT
þ dXd

dT
þ dXe

dT

� �
; ð52Þ

be � 1 ¼ Xe � Xa

je

dXe

dT

� �
; ð53Þ

bb � 1 ¼ Xb � Xa

jb þ jc þ jd

dXb

dT
þ dXc

dT
þ dXd

dT

� �
; ð54Þ

bc � bb ¼
Xc � Xb

jc

dXc

dT

� �
; ð55Þ

bd � bb ¼
Xd � Xb

jd

dXd

dT

� �
: ð56Þ
References

Adkins, J.A., Noviana, E., Henry, C.S., 2016. Development of a quasi-steady flow
electrochemical paper-based analytical device. Anal. Chem. 88 (21), 10639–
10647.

Ashraf, S., Phirani, J., 2019. Capillary displacement of viscous liquids in a multi-
layered porous medium. Soft Matter 15, 2057–2070.

Ashraf, S., Visavale, G., Bahga, S.S., Phirani, J., 2017. Spontaneous imbibition in
parallel layers of packed beads. Eur. Phys. J. E 40 (4), 39.

Ashraf, S., Visavale, G., Phirani, J., 2018. Spontaneous imbibition in randomly
arranged interacting capillaries. Chem. Eng. Sci. 192, 218–234.

Babadagli, T., Boluk, Y., 2005. Oil recovery performances of surfactant solutions by
capillary imbibition. J. Colloid Interface Sci. 282 (1), 162–175.

Bear, J., 1972. Dynamics of Fluids in Porous Media Elsevier New York Google
Scholar. American Elsevier, New York.

Beyhaghi, S., Geoffroy, S., Prat, M., Pillai, K.M., 2014. Wicking and evaporation of
liquids in porous wicks: a simple analytical approach to optimization of wick
design. AIChE J. 60 (5), 1930–1940.

Bico, J., Quéré, D., 2003. Precursors of impregnation. EPL (Europhysics Letters) 61
(3), 348–353.

Breisig, H., Schmidt, M., Wolff, H., Jupke, A., Wessling, M., 2017. Droplet-based
liquid–liquid extraction inside a porous capillary. Chem. Eng. J. 307, 143–149.

Cate, D.M., Adkins, J.A., Mettakoonpitak, J., Henry, C.S., 2014. Recent developments
in paper-based microfluidic devices. Anal. Chem. 87 (1), 19–41.

Das, A., Kothari, V., Kothari, A., Kumar, A., 2009. Effect of various parameters on
electromagnetic shielding effectiveness of textile fabrics. Indian J. Fiber Text.
Res. 34 (2), 144–148.

David, C., Darot, M., Jeannette, D., 1993. Pore structures and transport properties of
sandstone. Transp. Porous Media 11 (2), 161–177.

Dawe, R., Wheat, M., Bidner, M., 1992. Experimental investigation of capillary
pressure effects on immiscible displacement in lensed and layered porous
media. Transp. Porous Media 7 (1), 83–101.

de Laplace, P.S., 1806. Supplément au dixième livre du Traité de mécanique céleste:
sur l’action capillaire.

Dudek, M., Bertheussen, A., Dumaire, T., Øye, G., 2018. Microfluidic tools for
studying coalescence of crude oil droplets in produced water. Chem. Eng. Sci.
191, 448–458.

Ersland, G., Fernø, M., Graue, A., Baldwin, B., Stevens, J., 2010. Complementary
imaging of oil recovery mechanisms in fractured reservoirs. Chem. Eng. J. 158
(1), 32–38.

Fuisz, R.C., 1988. High absorbency diaper with composite absorbent layer. US Patent
4,778,459.

Geiger, S., Schmid, K.S., Zaretskiy, Y., 2012. Mathematical analysis and numerical
simulation of multi-phase multi-component flow in heterogeneous porous
media. Curr. Opin. Colloid Interface Sci. 17 (3), 147–155.

Glass, R.J., Rajaram, H., Nicholl, M.J., Detwiler, R.L., 2001. The interaction of two fluid
phases in fractured media. Curr. Opin. Colloid Interface Sci. 6 (3), 223–235.

Gruener, S., Sadjadi, Z., Hermes, H.E., Kityk, A.V., Knorr, K., Egelhaaf, S.U., Rieger, H.,
Huber, P., 2012. Anomalous front broadening during spontaneous imbibition in
a matrix with elongated pores. Proc. Nat. Acad. Sci. 109 (26), 10245–10250.

http://refhub.elsevier.com/S0009-2509(19)30666-9/h0005
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0005
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0005
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0010
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0010
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0015
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0015
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0020
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0020
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0025
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0025
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0030
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0030
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0035
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0035
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0035
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0040
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0040
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0045
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0045
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0050
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0050
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0055
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0055
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0055
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0060
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0060
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0065
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0065
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0065
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0075
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0075
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0075
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0075
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0080
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0080
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0080
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0080
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0090
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0090
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0090
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0095
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0095
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0100
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0100
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0100


S. Ashraf, J. Phirani / Chemical Engineering Science 209 (2019) 115175 11
Hahn, J.L., Hahn, E.K., Taylor, M., 1994. Reusable, all-in-one, multi-layered diaper
with wicking action, moisture retention, and methods for making and using
same. US Patent 5,306,267.

Hammecker, C., Jeannette, D., 1994. Modelling the capillary imbibition kinetics in
sedimentary rocks: role of petrographical features. Transp. Porous Media 17 (3),
285–303.

Hammecker, C., Mertz, J.D., Fischer, C., Jeannette, D., 1993. A geometrical model for
numerical simulation of capillary imbibition in sedimentary rocks. Transp.
Porous Media 12 (2), 125–141.

Ji, X., Wang, Y., Xu, J., Huang, Y., 2017. Experimental study of heat transfer and start-
up of loop heat pipe with multiscale porous wicks. Appl. Therm. Eng. 117, 782–
798.

Lamb, Jr. K.A., 1986. Reusable multi-layered diaper with wicking action. US Patent
4,573,987.

Li, K., Zhang, D., Bian, H., Meng, C., Yang, Y., 2015. Criteria for applying the lucas-
washburn law. Sci. Rep. 5, 14085.

Li, Y., Wang, K., Xu, J., Luo, G., 2016. A capillary-assembled micro-device for
monodispersed small bubble and droplet generation. Chem. Eng. J. 293, 182–
188.

Liu, Z., Li, Y., Luan, H., Gao, W., Guo, Y., Chen, Y., 2019. Pore scale and macroscopic
visual displacement of oil-in-water emulsions for enhanced oil recovery. Chem.
Eng. Sci.

Lucas, R., 1918. Ueber das zeitgesetz des kapillaren aufstiegs von flüssigkeiten.
Colloid Polym. Sci. 23 (1), 15–22.

Masoodi, R., Pillai, K.M., Varanasi, P.P., 2007. Darcy’s law-based models for liquid
absorption in polymer wicks. AIChE J. 53 (11), 2769–2782.

Masoodi, R., Tan, H., Pillai, K.M., 2011. Darcy’s law–based numerical simulation for
modeling 3D liquid absorption into porous wicks. AIChE J. 57 (5), 1132–1143.

Morris, M.A., 1955. Thermal insulation of single and multiple layers of fabrics. Text.
Res. J. 25 (9), 766–773.

Morrow, N.R., Mason, G., 2001. Recovery of oil by spontaneous imbibition. Curr.
Opin. Colloid Interface Sci. 6 (4), 321–337.

Neading, R.R., Cate, R.W., 2003. Diaper having centrally-located chromatographic
layer with peripherally-located wetness indicator. US Patent 6,515,194.
Reyssat, M., Sangne, L.Y., Van Nierop, E.A., Stone, H.A., 2009. Imbibition in layered
systems of packed beads. EPL (Europhysics Letters) 86 (5), 56002-p1–560002-
p6.

Ringrose, P., Sorbie, K., Corbett, P., Jensen, J., 1993. Immiscible flow behaviour in
laminated and cross-bedded sandstones. J. Petrol. Sci. Eng. 9 (2), 103–124.

Schaetzl, R.J., Thompson, M.L., 2015. Soils. Cambridge University Press.
Stauffer, F., Dracos, T., 1986. Experimental and numerical study of water and solute

infiltration in layered porous media. J. Hydrol. 84 (1–2), 9–34.
Tavangarrad, A.H., Mohebbi, B., Hassanizadeh, S.M., Rosati, R., Claussen, J., Blümich,

B., 2018. Continuum-scale modeling of liquid redistribution in a stack of thin
hydrophilic fibrous layers. Transp. Porous Media 122 (1), 203–219.

Trivedi, J., Babadagli, T., 2009. Experimental and numerical modeling of the mass
transfer between rock matrix and fracture. Chem. Eng. J. 146 (2), 194–204.

Unsal, E., Mason, G., Ruth, D., Morrow, N., 2007a. Co-and counter-current
spontaneous imbibition into groups of capillary tubes with lateral
connections permitting cross-flow. J. Colloid Interface Sci. 315 (1), 200–209.

Unsal, E., Mason, G., Morrow, N., Ruth, D., 2007b. Co-current and counter-current
imbibition in independent tubes of non-axisymmetric geometry. J. Colloid
Interface Sci. 306 (1), 105–117.

Walji, N., MacDonald, B.D., 2016. Influence of geometry and surrounding conditions
on fluid flow in paper-based devices. Micromachines 7 (5), 73.

Wang, D., Liu, Z., He, S., Yang, J., Liu, W., 2015. Operational characteristics of a loop
heat pipe with a flat evaporator and two primary biporous wicks. Int. J. Heat
Mass Transf. 89, 33–41.

Washburn, E., 1921. The dynamics of capillary flow. Phys. Rev. 17 (3), 273.
Xu, J., Zhang, L., Xu, H., Zhong, J., Xuan, J., 2014. Experimental investigation and

visual observation of loop heat pipes with two-layer composite wicks. Int. J.
Heat Mass Transf. 72, 378–387.

Young III, T., 1805. an essay on the cohesion of fluids. Philos. Trans. R. Soc. Lond. 95,
65–87.

Zarandi, M.A.F., Pillai, K.M., Kimmel, A.S., 2018. Spontaneous imbibition of liquids in
glass-fiber wicks. part I: Usefulness of a sharp-front approach. AIChE J. 64 (1),
294–305.

http://refhub.elsevier.com/S0009-2509(19)30666-9/h0110
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0110
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0110
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0115
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0115
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0115
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0120
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0120
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0120
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0130
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0130
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0135
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0135
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0135
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0140
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0140
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0140
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0145
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0145
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0150
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0150
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0155
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0155
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0160
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0160
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0165
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0165
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0175
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0175
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0175
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0180
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0180
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0185
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0190
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0190
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0195
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0195
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0195
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0200
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0200
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0205
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0205
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0205
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0210
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0210
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0210
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0215
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0215
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0220
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0220
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0220
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0225
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0230
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0230
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0230
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0235
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0235
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0240
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0240
http://refhub.elsevier.com/S0009-2509(19)30666-9/h0240

	A generalized model for spontaneous imbibition in a horizontal, �multi-layered porous medium
	1 Introduction
	2 Imbibition in a three-layered porous medium
	2.1 Comparison of experiments and one-dimensional model

	3 Model development for five-layered porous medium
	3.1 Imbibition in a five layered porous medium

	4 Generaized model
	4.1 Imbibition in a multi-layerd porous medium

	5 Conclusions
	Declaration of Competing Interest
	Acknowledgement
	Appendix A 
	References


