COL 351:
Analysis and Design of Algorithms

Lecture 4



Metro Layout

Given: There are 7 locations in a city connected by roads.

Question: Compute a “metro-network” on top of road map having minimum cost
such that each pair of location is connected by metro.

Example:




Minimum Spanning Tree

.
Given: A connected weighted graph G = (V, E, wt) with n vertices. 1. E — R

Find: Aspanningtree 7'= (V, E; C E) of graph G such that Z wt(e) is minimized.
eck;
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Can we find optimal
solution efficiently?
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Tree:
An undirected
connected acyclic graph.

Spanning Tree:
A subgraph of G that is a tree and
includes all of the vertices of G
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Greedy Approaches for MST?
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Greedy Approach |

Lemma: Let e = (x, v) be edge of largest weight in G that satisfies (G — ¢) is connected.
Then,
there exists an MST of G that doesn’t contain e.

Proof: . .
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Greedy Algorithm (Deletion based)

While (G is not acyclic):
— Let e be edge of largest weight in G for which G — e is connected
— Remove ¢ from G.

Return G.

= O(n*)




Greedy Approach li Biv: Proe all edges in C have
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Lemma: Let e = (x, y) be edge of smallest weight in G. Then there exists an MST of G
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Greedy Approach li

Lemma: Let e = (x, y) be edge of smallest weight in G. Then there exists an MST of G

containing e.
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How to iteratively use this lemma?



Greedy Approach li

Lemma: Let H be a partial solution to MST of G. Let ¢ = (x, y) be edge of smallest weight
in G connecting two different components in H. Then (H + ¢) is also partial solution.

Proof:
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Greedy Algorithm (Incremental)

Set H=(V,Q).
While |E(H)| # (n — 1):

— Let e = (x, y) be edge of smallest weight in G connecting two different
components in H.

— Add e = (x,y) to H.




Challenge Problem: Unique MST

Given: A connected edge-weighted undirected graph G = (V, E).

Problem 1: If all edge weights of G = (V, E) are distinct then has a unique MST.

Problem 2: Provide sufficient and necessary condition for G = (V, E) to have a unique MST.



Questions for Next class

 Can you provide an O(mn) or implementation of the incremental MST
algorithm? Is this optimal?

e Here,n=|V|andm = | E|



