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Minimum Spanning Tree

Given:  A connected weighted graph  with  vertices.

Find:  A spanning tree  of graph  such that  is minimized.

G = (V, E, wt) n

T = (V, ET ⊆ E) G ∑
e∈ET

wt(e)

A E

B

C

D

F

5

8

40

7

9

12

224
6



Greedy Algorithm (Incremental)

1. Set  = .

2. Sort the edges in non-decreasing order of weight, so that  .

3. For :

If endpoints of  are in two different components in , then add  to .

H (V, ∅)

wt(e1) ⩽ ⋯ ⩽ wt(em)

i = 1 to m
ei H ei H
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Union-Find Data-structure 

Given:  A forest   in which edges are added one at time.

Goal:  Design a data-structure with following two functionalities:

H = (V, EH)
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1. Find( ) : Pointer to one representative vertex in tree. 
 
 
 
 
 

2. Union( ) : Merge trees of nodes  and .
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Greedy Approach for Union Find

Approach: 
— Represent Trees as link-list.

— Each vertex  stores in Head( ) :

— A representative vertex  stores:
                                         Size( ) = Size of the link-list
                                         Last( ) = Pointer to last element of list
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Greedy Approach for Union Find

Question: How to efficiently perform Union (i.e. Merge) operation? 
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Greedy Approach for Union Find

Question: Can we bound the number of times Head( ) changes for a vertex ? v v



Kruskal’s MST algorithm

1. Set  = .

2. Sort the edges in non-decreasing order of weight, so that  .

3. For : 

— Create a link-list containing  of size 1. 

— Head( ), Last( )  , and size( )  1.

4. For :

 — Let  be endpoints of .

— If Find( )  Find( ) :  Add  to , and perform Union( ).

5. Return .

H (V, ∅)

wt(e1) ⩽ ⋯ ⩽ wt(em)

v ∈ V
v

v v ← v v ←
i = 1 to m

xi, yi ei

xi ≠ yi ei H xi, yi
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Correctness 

Proof:

Lemma: Let  be a partial solution to MST of . Let  be edge of smallest weight 
in  connecting two different components in . Then  is also partial solution. 

H G e = (x, y)
G H (H + e)

— Let  be any MST containing . 

— Consider the case where .

— Let ‘ ’ be unique cycle in +( ).

— Let  be any edge in . 

     (HW: Prove that such an edge exists.)

Define .

Claim 1:  is a spanning tree.

Claim 2: .

The two claims together implies there is an MST containing edges in set .

T H
e ∈ T

C T x, y
e′ C∖(H + e)

T′ := (T∖e) + e′ 

T′ 

wt(T′ ) = wt(T )

(H + e)



Alternate MST algorithm using Min-Priority Queues
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• Initialize solution  to 
an arbitrary vertex, and 
grow  so that it is 
always connected.

• Use Min-Priority Queue 
to find next edge to be 
added.
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Prim’s MST algorithm
1. Set  = .

2.   a min-priority queue of size  storing KEY( ) = , for each .

3. For :  Set KEY( )  WEIGHT( ) and VALUE( )  .

4. While  is non-empty:

 — Let  be node with minimum KEY, and let  = VALUE( ).

— Add edge  to .

— For  satisfying KEY( ) > WEIGHT( ): 

 Set KEY( )  wt( ) and VALUE( )  .
— Remove  from .

5. Return .

H ({z}, ∅)

Q ← (n − 1) v ∞ v ≠ z

y ∈ N(z) y ← y, z y ← z

Q
x vx x

(x, vx) H
y ∈ NG(x) y x, y

y ← x, y y ← x
x Q

H



• Prove correctness of Prim’s algorithm

Homework Exercises 


