
COL 351: Analysis and Design of 
Algorithms 
Lecture 22

 



Pattern Matching
Given:  String T = ( ) and a pattern X = , both binary. 
                 
Find:    If there exists a sub-string of T that is identical to X.

tn−1, …, t1, t0 (xk−1, …, x1, x0)

X = 

(decimal form of )

(xk−1, …, x1, x0)

NX = 2k−1xk−1+⋯ + 21x1+20x0

X

T =  
 

(decimal form of )

(tn−1, …, t1, t0)

NT( j) = 2k−1tj+k−1+⋯ + 21tj+1+20tj

(tj+k−1, ⋯, tj+1, tj)



Algorithm

Flag= False
For  = 0 to :             

If  =  then
Flag = True

Return Flag

j (n − k)
NX NT( j)

Time =  O( )nk



Flag= False
For  = 0 to :             

If  =  then
Flag = True

Return Flag

j (n − k)
H(NX) H(NT( j))

   Hash Function  H : z → z mod p

random prime in range .p = [2, n4]

Algorithm

Show:

• Answer returned is correct with 
probability .

• Implementation in  time.
(1 − 1/n)

O(n)



Computing random prime in range [2, n4]

   Prime Number Theorem: Number of primes in the range  is .[2,L] Θ( L
log L )



   Claim 1: For any integer , the number 
   of distinct prime factors of   is at most .

z ⩽ 2k

z k

Observations

   Claim 2: For any ,  the number of distinct 

    prime factors of  is at most .

j
(NT( j) − NX) n



   Claim 3: For any  with .  

              Prob  divides      .

j ∈ [0, n − k] NT( j) ≠ NX

(p (NT( j) − NX)) ⩽ 1
n2

   Claim 4: If  is not a substring of .  Then  

   Prob  such that   .

X T

(∃ j, H(NT( j)) = H(NX)) ⩽ 1
n



How to recursively compute ?NT( j)

NT( j) = Decimal form of (tj+k−1, ⋯, tj+1, tj)

NT( j + 1) = Decimal form of (tj+k, tj+k−1, ⋯, tj+1)

NT( j + 1) =
NT( j) − tj

2 + 2k−1 tj+k



Recursively Computing Hash of NT( j)

NT( j + 1) =
NT( j) − tj

2 + 2k−1 tj+k



Efficiently Computing A and B

A = 2p−2 mod p B = 2k−1 mod p




