COL 351:
Analysis and Design of Algorithms

Lecture 27



Polynomial Multiplication

with degree less than equal to ‘n’ and integer coefficients.

Find: Product A(x) - B(x) = ¢+ ¢\ x + c2x2 + -+ 62nx2” (Say, C(x))

Given: Two polynomials A(x) = ay + a;x + -+ + a,x" and B(x) = by + b;x + -+

+ b x"

Definition: Convolution

Vector [cy, €1, €y, ..., Cy,] 18 referred as
“Convolution” of vectors

lag, ay, ...,a,] and [by, by, ..., D, ].

e Uy

¢; = (ag b) +(ay b_)) + (@3 b_y) + -+ (a; by) = Y ab,
J=0

Trivial: O(n?)




Representation of a polynomial

« An alternate way to represent polynomial A(x) = ay+ a;x + -+

n=3

AX) = ay + ax + a,x* + asx’

v

Evaluation at
N=n+1=4
point suffices



Why are we looking at alternate representation?

« Answer: Efficient way to compute product.

Takeaset S = {xg, X, Xy, ..., Xy, }
A(x) and B(x) Find C(x)
(deg < n) (deg < 2n)
STEP 11 TSTEP 3
A(xy)  B(xy) A(xp) x B(xp)
A(x)) B(x)) A(xy) x B(x;)
. . — .
: . STEP 2 :
A(-xzn) B(xzn) A(X2n) X B(x2n)
Evaluate A, B at Do pairwise-product

(2n + 1) points on (2n + 1) points




Point-wise evaluation

|S| <N and deg <N

Aim: Given a polynomial ‘A’ of degree < n, find its evaluation on S = {1,w, w2, ..., oV} }.

A(X) = ag+ax + ax* + ax® + agxte- + a x"

Assume N =(n+1)

is a power of 2
(a0+a2x2+a4x4+ ) + x(al +a3x2+a5x4+ )

= Aeven(x2> + x'Aodd<x2)

Remark 1: Degree of polynomials A,,,,, A,y < (n—1)/2 < N/2.

Remark 2: As |S?| = N/2, we get two subproblems of size N/2.




N=3&

Example
w3 o278
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2
r080ts of o 27i)8 ! Set § 1
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4 8
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Discrete Fourier Transform (DFT)

Definition: Let A(x) = ay + a;x + a,x> + ... + a,x" be a polynomial of degree n.

Then DFT([ay, ay, ...,a,]) = [A(1), A(®), A(@?), ... , A(@™)]

Fast Fourier Transform (FFT):
Divide and conquer algorithm to compute DFT



Inverse DFT

Definition: Given the evaluations y,, y;, ..., y, on (n+ 1) roots of unity {l,m, ..., ®"},
find the corresponding polynomial of degree n.

Then Inverse — DFT([yO,yl, ...,yn]) = lag,ay, ..., a,].

How to compute inverse DFT?



Definition: Primitive Root

Primitive Root: o

th -
An N" root of unity that can 3 _ o8
generate all other N7 roots.

2mi/8
N’* primitive root of unity: oK = 1

@ such that
e wV=1,and
e ' #1, for 0<i<N > @




Properties of a primitive root

Claim 1:
If @ is N root of unity other than 1, then show that 1 + @ + - + @V~ = 0.

9
-

Claim 2:
If @ is N primitive root of unity, then fori € [1, N — 1] we have

l+o' + - + 0™ D=0,

[t %:wL, N x‘w'\lmﬁs@i@ﬂ“xw I

C(N-= Nl
w 3—

- L,\)Lﬂu., + = | + X+ ---+U
‘@d LA 17 | +



Discrete Fourier transform

ALY ]
A(o!)
A( %)

A( ;oi)

Ao,

w is N=(n+ 1"
primitive root of unity

1 1 1
1 o w?

1 1 a
@’ " a;
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Inverse Discrete Fourier transform

o %{j.“‘.& N NP W Yy
\_ . - 4-1 _ _t/
a 1 1 1 1 1 Yo
a; 1 o o> - & - o Vi
a, 1 Y2
a; 1 o (@) - (@) - ()" Vi
al | B

|

4 nrne @{, OFT molthiae Lo.v.t. W'

w is N=(n+ 1"
primitive root of unity

How to
compute
inverse matrix?



Inverse of DFT Matrix

OF T - amdsine (w ) DE T — amaline (W)
Y /\ _/ /\_
1 1 1 - 1 1 111 1 1 1 1
1 o w? w* " 1 o' (@ - (@hH -« (@h"
1 1
1 o (a)i)2 (a)i) k... (a)i) n 1 ok (a)‘k)2 (a)—k)j (a)—k) n
1 I _

) . k N L/% L?A
i) Term = Y (@) (@7 = Y7 o5 <’> -
R=o

k=0 o 4 L%



Inverse Discrete Fourier transform

OF T — amaltiae ()

S/
_ < S
ay | | 1 1 | [V |
a, L o™ (@) = (@) - (@H"| |n
a
! 2
g1 M1 e @ e @ e @] |
| ! |E
This, Cam be muitifplicd
w is N=(n+1)" i O(N log N) Tome
primitive root of unity %
mnéﬁp FFET oﬂ@o&ﬂfvw'.



Inverse Discrete Fourier transform

Steps to compute Inverse-DFT of vector [y, Vi, ..., Y, ]:

2
Yo+ YiX + yx7 + - + y,x"

1. Consider the polynomial Y(x) = I

2.LetS, = {lo Lo?. . 0" Pocts. ©f b@la %=,

3. Evaluate Y(x) over §,,,,..

w is N=(n+ 1"
primitive root of unity



Main Result

ofsalions

Theorem:
Two polynomials of degree n with integer coefficients can be multiplied in O(n log n) time. —

Assumption: We can do operations on N = (n + 1)-th roots of unity in O(1) time.

# 9n [rodia bhorg cr2
offibents o [oiges

Homework - Write pseudocode to compute DFT and Inverse-DFT.



Applications

Question:

LetA = {a,,a,,...,a,} and B = {b,b,, ..., b,} be sets of positive integers in range [1, M].
Compute the set S={x+y|x € A, y € B} in O(M log M) time.




