COL 351:
Analysis and Design of Algorithms

Lecture 28



Matrix Multiplication
&
Transitive Closure

(Divide and Conquer strategy)



Matrix Multiplication of n X n Square Matrices
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Transitive Closure

Given: Directed graph G = (V, E).

Find: For each v € V, the vertices reachable from v in graph G.

Naive approach: Run BFS / DFS algorithm from every vertex

« Run time: O(mn) = O(n°)

How efficiently can
we find transitive
closure?




Product of 2x2 integer matrices
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Product of Block-matrices
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Product of Block-matrices
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Recurrence relation in Simple Block-matrix-product is
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Strassen’s Algorithm X = [é ﬁ], Y= [g 11:]]
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Recurrence relation in Strassen’s Algorithm for matrix-product is
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Homework Problem

Problem: What is complexity of squaring an n X n matrix in comparison to
computing product of two n X n matrices?



State of Art: Matrix Multiplication

Strassen (1969) - O(n?>8)

Coppersmith and Winograd (1990) - O(n>>7°)

Alman and Williams (2020) - O(n>373)

(13 29

Notation “@” 1s used to denote the “smallest” constant such that

two n X n square matrices can be multiplies in O(n®) time.



Transitive Closure

Given: Directed graph G = (V, E).

Find: For each v € V, the vertices reachable from v in graph G.

A is an adjacency-matrix of G T is an transitive-closure-matrix of G

A= I if(i,j)isedgein G T = { 1 there is a path from (i) to (j) in G
J 0 otherwise J 0 otherwise



Lemma 1: Let A be adjacency matrix of a graph. Then,

(Ak)l-j > ( iff there is a walk of length exactly ‘k’ from (7) to (j).

Part 1: If there exists a walk from i to j of size k,
then (A%); > 0.
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Lemma 1: Let A be adjacency matrix of a graph. Then,

(Ak)l-j > ( iff there is a walk of length exactly ‘k’ from (i) to (j).

Lemma 2: Let A be adjacency matrix of a graph. Then,

I+ A)k)ij > 0 iff there is a walk of length at most ‘k’ from (i) to ().

Proof Sketch:

I+AF = I+ *cpA + (*FCA? + - + A

<I+AR>% >0 = (A%)ﬂ' S0 %9& deme. 9, < 'y

& F o wolk of Wo\/%)\%“‘z“t%&/
%ﬁm%sl&



Transitive Closure

Transitive-Closure(A)

M=I1+A;
n = size(A);

For (i = 1 to [log, n]) do:
M = M?
Replace non-zero entries in M by 1;

Return M;




Transitive Closure

Transitive-Closure(A)

M=I1+A;
n = size(A);

For (i = 1 to [log, n]) do:
M = M?
Replace non-zero entries in M by 1;

Return M;

Theorem: The transitive closure of a directed graph with n vertices is
computable in O(n® log n) time.

The best known bound for transitive closure is: O(n®)



