COL 351:
Analysis and Design of Algorithms

Lecture 31



Mathematical Formulation

Given: A directed network G = (V, E, ¢) with
- source node s, and sink node 7.

- Capacity function: Edge e has a capacity c(e) > 0.

Define: f,(x) = Z f(x,y), and similarly £, (x) = 2 (v, x)

(x,y) €EE (y, x) €E
Maximize: f, (s) or f, (f)

Subject to:
1. 0 < f(e) L cle), foree E

2. 1, (x)=f,(x), forx # s,t¢




Construction of Residual Graph

For each (x,y) € E(G):

Include (x,y) in G; and

If ¢(x, y) = f(x,y) > 0 set¢,(x,y) = c(x,y) = f(x,y)

Forward edge

Include (y, x) in G, and

If f(x,y) > 0 set ¢,(y,x) = f(x,y)

Backward edge
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Increasing Flow using Residual graph
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Introduce reverse edges
that can cancel flows.



Ford Fulkerson Algorithm

Ford-Fulkerson-aleo(G., s. 1):

1. Initialise f = 0
2. While(d s — ¢ pathin Gf):

2.1 Let P bean s — ¢ pathin Gf

2.2 Letc,,;, =min{c(e) | e € P}

2.3 Foreach (x,y) € P:
If (x,y)isforward edge : f(x,y) =f(x,y) + ¢,,;,

If (x,y)isbackward edge : f(x,y) = f(x,y) — ¢,
3. Returnf.
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Ford Fulkerson Algorithm

Ford-Fulkerson-algo(G. s. 1):

1. Initialise f = 0
2. While(d s — ¢ pathin Gf):

2.1 Let P bean s — ¢ pathin Gf

2.2 Letc,. = min{c(e) | e € P}

2.3 Foreach (x,y) € P:
If (x,y)isforward edge : f(x,y) =f(x,y) + ¢,,;,
If (x,y)isbackward edge : f(x,y) = f(x,y) — ¢,

3. Returnf.
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=
> 4, G%u Crlonp) = 5010 = ko Frass = Jold + i <10 +40=50



Ford Fulkerson Algorithm

Ford-Fulkerson-algo(G. s. 1):

1. Initialise f = 0
2. While(d s — ¢ pathin Gf):

2.1 Let P bean s — ¢ pathin Gf

2.2 Letc,,;, =min{c(e) | e € P}
2.3 Foreach (x,y) € P:
If (x,y)isforward edge : f(x,y) =f(x,y) + ¢,,;,

If (x,y)isbackward edge : f(x,y) = f(x,y) — ¢,
3. Returnf.
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Ford Fulkerson Algorithm

Ford-Fulkerson-algo(G., s. ):

1. Initialise f = 0
2. While(d s — ¢ pathin Gf):

2.1 Let P bean s — ¢ pathin Gf

2.2 Letc,,;, =min{c(e) | e € P}

2.3 Foreach (x,y) € P:
If (x,y)isforward edge : f(x,y) =f(x,y) + ¢,,;,
If (x,y)isbackward edge : f(x,y) = f(x,y) — ¢,

3. Returnf.

Is flow at
each node
conserved?




Natural Upper bound on (s,t)-max-flow
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Natural Upper bound on (s,t)-max-flow
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Lemma 1: %%Mfww

For any partition (A, A) of vertices with s € A, t € A,
éXQ,W\ ?W‘éf/
(s, H)-max-flow-value < Z c(x,y) .
om

(x,y)E(AXANE



(s,t)-Cuts
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Definition:
Any partition (A, A) of verticeswiths €A, t € A

|



Definitions

100

Definition: For any cut (A, A),

cCAA) = Yy fud) = ) &y £ = ) fxy)
(x,y) € (x,y) € (x,y) €
AxXANE AXANE AXANE

Cooidy o b out - flow o™ flon



Property of Flows & Cuts

Property: For any (s, f)—cut (A, A) and any flow f,

Value(f) = out(A) _f;n(A)
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