COL 758: Advanced Algorithms

Lecture 03



Discrete Probability Space

Definition:
A discrete probability space (€2, P) consists of a
countable set € and a mapping € — [0,1].

 Condition: Z Pw)=1

w € Q

Random Variable

Definition:
A real valued function X defined over a probability
space (€2, P).

» Expected value: E(X) = Z X(w) - P(w)

w € Q

Biased Coin Toss:
Q={HT}
P(H)=0.6 and P(T) =04

X = 0 %f w=H
1 if o=T

EX)=006)+@(04) = 04

Two Unbiased Coin Tosses:
Q={HH,TT,HT,TH}
PHH)=---=P(IT)=0.25

Nog Tedo (o it w=nm
Xx=1{1 if e {THHT)
2 if @=TT

EX)=0(0.25)+10.5)+2(0.25) =1




Linearity of Expectation

Let Yand X, X,, ..., X, be random variables defined over a probability space (£2, P) such that
Y(w) =X|(w)+ -+ X, (w), for each ® € Q
That is, V' is the sum of random variables X, X,, ..., X

n*

Then, E(Y) = EX)) +EX,) + ... + E(X,)
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By B,,
Given: m balls and 7 bins. <fm) N> 2 //\

Each ball is dropped into a bin selected randomly uniformly and independently. \ - --
Rin 2

Balls Bin Problem Cg), O .. 0

Random Variable X: The number of empty bins.

What is the expected value of X ?



Balls Bin Problem

Given: m balls and 7 bins.

Each ball is dropped into a bin selected randomly uniformly and independently.

Random Variable X: The number of empty bins.

What is the expected value of X ?

Solution:

.r +th ..
let X, = {1 if i" bin is empty,
0 otherwise.

1
Then, E(X) = P(X, = 1) = (1 _—
n

)

n 1 m
Since X = X, + -+ + X, by Linearity of Expectation we have, E(X) = Z EX) = n(l - —)

Pty ( Bl 2 4@5’“"’>=Qlf«l>
w}o(&um gen 1) (1)

= Pty (Gun i ‘serpiy) = (35

n
i=1
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Smallest Enclosing Circle

Given: Set of n points in 2D plane - (x;,y,), ..., (x,,y,)

Output: Circle of minimum radius that contains all points.

Or, find a centre C = (x, y,) for which max

{\/ (x; — x> + (3; — ¥o)? } is least.
1<i<n

O )

N Naive Algorithm:
// ° o . AN Try all (n choose 3 points) and (n choose 2) points.
p/ ° ' .
. ! . \ Time: O(n*) L el — O ) e
OW%&[AM ! o . \ "/W%M/a
I @ 1
C it 2 & Lo e "
U \ /
\ ° /
) ' o ° K Homework: Think about a natural
& 69@""’30 . * S randomized algorithm!
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Smallest Enclosing Circle (Simpler Problem)

Question: Let P = (py, ..., p,) be a random permutation of the n points (x;, y,), ..., (x,,¥,) in 2D plane.

If we incrementally update the ‘smallest enclosing circle’ by adding one point at a time, then what is the
expected number of times we update the circle?

v..h
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Smallest Enclosing Circle (Simpler Problem)

Question: Let P = (py, ..., p,) be a random permutation of the n points (x;, y,), ..., (x,,¥,) in 2D plane.

If we incrementally update the ‘smallest enclosing circle’ by adding one point at a time, then what is the
expected number of times we update the circle?
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Smallest Enclosing Circle (Simpler Problem)

Question: Let P = (py, ..., p,) be a random permutation of the n points (x;, y,), ..., (x,,¥,) in 2D plane.

If we incrementally update the ‘smallest enclosing circle’ by adding one point at a time, then what is the

expected number of times we update the circle?
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EXPECTED

Smallest Enclosing Circle (AnAO(n3 log n)-time algorithm)

Given: Set of n points in 2D plane: (x;,y,), ..., (x,,,).

QOutput: Circle of minimum radius that contains all points.

Gor R

3. For (i =3 to n):
If (p; € C)then _Do NoTHiNG

SIS

Let P = (py, ..., p,) be a random permutation of the n points.

C = Circle with p,, p, as end-points

Else:

ForEach (S C {p,,...,p; %} of size at most two):
C = circle passing through SU {p;} <— Qut
If (C encloses {p, ..., p;}) then Break

¥ oige 2 8
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Smallest Enclosing Circle (Natural Randomized algorithm)

Given: Set of n points in 2D plane: (x;,y;), ..., (x,,),).

QOutput: Circle of minimum radius that contains all points.

FindCircle(P, X):

1. Let p be a uniformly random point in set P

2. C = FindCircle(P — {p}, X)
3. If (p € C)then Return C

Else Return FindCircle(P — {p}, XU {p})
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