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Randomized Quick Sort

Choose some pivot  from list  

Initialise  ,  to be empty lists

For each ( ):
If ) then  .append( )
If ( ) then  .append( )

Return  QuickSort( )    QuickSort( )

x L

L1 L2

y ∈ L − {x}
(y < x L1 x
y ⩾ x L2 x

L1 ∘ x ∘ L2

QuickSort(L)



Randomized Quick Sort

3 8 211 65 4 7

5
pivot

23 4 811 6 7
Set L1 = “< 5” Set L2 = “  5”≥

5
pivot

32 4 76 8 11
Sorted  L1 Sorted  L2

32 4 76 8 115

Randomly Permuted List L

1. Divide into smaller  
subproblems

2. Solve the smaller 
sub-problems 
recursively

3. Combine

2 113 54 8 76



Randomized Quick Sort
1. Divide: Take first element of list, say , to be pivot,  

and divide  into two lists  and  
satisfying 

    Elements of          Elements of  
 

2. Conquer: Recursively sort  and  
 

3. Combine: Output 

x
L − {x} L1 L2

L1 < x ⩽ L2

L1 L2

(L1 ⋅ x ⋅ L2)

 
Claim: For any input list of size , the expected 

9me taken by quick sort algorithm is . 
n

O(n log n)

Choose pivot  to be first element from list  

Initialise  ,  to be empty lists

For each ( ):
If ) then  .append( )
If ( ) then  .append( )

Return  QuickSort( )    QuickSort( )

x L

L1 L2

y ∈ L − {x}
(y < x L1 x
y ⩾ x L2 x

L1 ∘ x ∘ L2

QuickSort(L)

Pre-processing (step 0): Randomly permute list . L



Randomized Quick Sort

 :  smallest element in list .

So, [ ] = Sorted . 

[ ] = Elements b/w  and  in sorted order.

ei ith L

e1, …, en L

ei, …, ej ei ej

Some Notations

Event
Choose pivot  to be first element from list  

Initialise  ,  to be empty lists

For each ( ):
If ) then  .append( )
If ( ) then  .append( )

Return  QuickSort( )    QuickSort( )

x L

L1 L2

y ∈ L − {x}
(y < x L1 x
y ⩾ x L2 x

L1 ∘ x ∘ L2

QuickSort(L)

Pre-processing (step 0): Randomly permute list . L



Randomized Quick Sort

3 8 211 65 4 7

5
pivot

23 4 811 6 7
Set L1 = “< 5” Set L2 = “  5”≥

5
pivot

32 4 76 8 11
Sorted  L1 Sorted  L2

32 4 76 8 115

Randomly Permuted List L



Randomized Quick Sort

3 8 211 65 4 7

5
pivot

23 4 811 6 7
Set L1 = “< 5” Set L2 = “  5”≥

5
pivot

32 4 76 8 11
Sorted  L1 Sorted  L2

32 4 76 8 115

Randomly Permuted List L



Randomized Quick Sort

3 8 211 65 4 7

5
pivot

23 4 811 6 7
Set L1 = “< 5” Set L2 = “  5”≥

5
pivot

32 4 76 8 11
Sorted  L1 Sorted  L2

32 4 76 8 115

Randomly Permuted List L



Randomized Quick Sort

  iff  the first element from [ ] 
to be picked as pivot element is   or . 

 
So,

Xij = 1 ei, …, ej
ei ej

When is Xij = 1 ?

E(Xij) = Prob(Xij = 1) = 2
j − i + 1





Randomized Quick Sort

Expected time complexity

=
n−1

∑
i=1

n−i

∑
k=1

2
k + 1 = O(n log n)E(∑

i<j
Xij) = ∑

i<j
E(Xij) = ∑

i<j

2
j − i + 1

Total number of comparisons = ∑
i<j

Xij


