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Chernoff bound

Markov’s Inequality



 Markov’s Inequality

Note: 
 
The inequality is useful only when  is larger than  a E(X)

E(X) a
X

 
For any non-negative (discrete/continuous) random variable  and any , 
 
 

                                                               

X a > 0

Prob( X ≥ a ) ⩽ E(X)
a



 Markov’s Inequality

Proof: 

. 

Divide  into two parts  and  such that for  
(i) ,   . 
(ii)  ,   . 

Then, 

E(X) = ∑
ω∈Ω

X(ω) ⋅ Prob(ω)

Ω Ω1 Ω2
ω ∈ Ω1 X(ω) < a
ω ∈ Ω2 X(ω) ≥ a

E(X) ≥ ∑
ω∈Ω2

X(ω) ⋅ Prob(ω) ≥ ∑
ω∈Ω2

a ⋅ Prob(ω) = a ⋅ Prob(X ≥ a)

 
For any non-negative (discrete/continuous) random variable  and any , 
 
 

                                                               

X a > 0

Prob( X ≥ a ) ⩽ E(X)
a



Chernoff Bound (a)

Let  be  independent Binary random variables  
with parameters , that is 

                         

 
Let   be the sum of random variables , and  let 

                       . 

 
Then, for any , 

                        

X1, X2, …, Xn n
p1, p2, …, pn

Xi = {1 with probability pi
0 with probability 1 − pi

X X1, X2, …, Xn

μ = E(X) =
n

∑
i=1

pi

δ > 0

P(X ≥ (1 + δ)μ) ≤ ( eδ

(1 + δ)(1+δ) )
μ

μ (1 + δ)μ
X



Proof of Chernoff Bound (a)

Let  be  independent Binary random variables  
with parameters , that is 

                         

 
Let   be the sum of random variables , and  let 

                       . 

 
Then, for any , 

                        

X1, X2, …, Xn n
p1, p2, …, pn

Xi = {1 with probability pi
0 with probability 1 − pi

X X1, X2, …, Xn

μ = E(X) =
n

∑
i=1

pi

δ > 0

P(X ≥ (1 + δ)μ) ≤ ( eδ

(1 + δ)(1+δ) )
μ

Tools

3. Fact: ex ≥ 1 + x

1. Markov’s Inequality

2. If  and   are independent r.v., 
then     
     

Y Z

E(YZ) = E(Y ) ⋅ E(Z)

4. At local minima, 
differentiation is zero







Chernoff Bound (b)

Let  be  independent Binary random variables  
with parameters , that is 

                         

 
Let   be the sum of random variables , and  let 

                       . 

 
Then, for any , 

                        

X1, X2, …, Xn n
p1, p2, …, pn

Xi = {1 with probability pi
0 with probability 1 − pi

X X1, X2, …, Xn

μ = E(X) =
n

∑
i=1

pi

δ > 0

P(X ≤ (1 − δ)μ) ≤ ( e−δ

(1 − δ)(1−δ) )
μ

μ(1 − δ)μ
X



Chernoff Bound (More usable forms)

Let  be  independent Binary random variables with parameters , that is 

                         

 

Let   be the sum of random variables , and  let  . 

 
Then, for any , 
 

                         

                    

X1, X2, …, Xn n p1, p2, …, pn

Xi = {1 with probability pi
0 with probability 1 − pi

X X1, X2, …, Xn μ = E(X) =
n

∑
i=1

pi

δ > 0

P(X ≥ (1 + δ)μ) ≤ e−μδ2/(2+δ)

P(X ≤ (1 − δ)μ) ≤ e−μδ2/2




