
COL 758: Advanced Algorithms 
Lecture 07

 



Chernoff Bound (More usable forms)

Let  be  independent Binary random variables with parameters , that is 

                         

 

Let   be the sum of random variables , and  let  . 

 
Then, for any , 
 

                         

                    

X1, X2, …, Xn n p1, p2, …, pn

Xi = {1 with probability pi
0 with probability 1 − pi

X X1, X2, …, Xn μ = E(X) =
n

∑
i=1

pi

δ > 0

P(X ≥ (1 + δ)μ) ≤ e−μδ2/(2+δ)

P(X ≤ (1 − δ)μ) ≤ e−μδ2/2

μ(1 − δ)μ X(1 + δ)μ



Given: A list  with  elements.  
 
Find: Approximate median of elements of , more precisely, 

                an element  sa=sfying: rank( ) . 

How efficiently can you find such an element? 

L #

L

x ∈ L x ∈ [n
4 , 3n

4 ]

Median Estimation

What is time 
complexity of  

best deterministic 
algorithm?



Given: A list  with  elements.  
 
Find: Approximate median of elements of , more precisely, 

                an element  sa=sfying: rank( ) . 

How efficiently can you find such an element?

L #

L

x ∈ L x ∈ [n
4 , 3n

4 ]

Median Estimation

1. Take   to be a uniformly random subset of  of size  
(chosen with replacement).  

2. Compute  = Median of . 
3. Output .

J L k = 16 log n

x J
x

Randomized Algorithm



Median Estimation

1. Take   to be a uniformly random subset of  of size  
(chosen with replacement).  

2. Compute  = Median of . 
3. Output .

J L k = 16 log n

x J
x

en
4

ene3n
4e1Random set    

is  
well-distributed

J

     
          

    

|J ∩ {e1, …, en
4
} | < 8 log n

|J ∩ {e 3n
4 +1, …, en} | < 8 log n

   Median of  ⇒ J ∈ [en
4
, e3n

4 ]}



Given: Set  with  elements,  
 
            Random set  of size ,  elements picked uniformly randomly with replacement. 

 
Find:  

a. Expected size of . 

b. Probability that .

A = {e1, e2, …, en} #

J ⊆ A k = 16 log n

|J ∩ {e1, …, en
4
} |

|J ∩ {e1, …, en
4
} | ≥ 8 log n

Solu%on (a): 

For  define random variable  

          

So,  Next define  

Then, = .

i ∈ [1, k],

Yi = {1 if ithelement of J lies in [e1, …, en
4
]

0 otherwise

E[Yi] = 1. Y = (Y1 + ⋯ + Yk) .

|J ∩ {e1, …, en
4
} | E[Y] =

k

∑
i=1

E[Yi] = 4 log n

Solu%on (b): 

Observe   are independent.  

For  
 

         

So,  

       

Y1, …, Yk

δ = 1 :

P(Y ≥ (1 + δ)E[Y]) ≤ e−E[Y]δ2/(2+δ) = e−E[Y]/3

P( |J ∩ {e1, …, en
4
} | ≥ 8 log n) ≤ = e− 4

3 log n = 1
n4/3





Given: A list  with  elements.  
 
Find: Approximate median of elements of  sa=sfying: 

                                                      rank( )  lies in range   

How efficiently can you find such an element?

L #

L

x [(1 − ϵ) n
2 , (1 + ϵ) n

2 ]

Homework I - Estimating Median with -errorϵ

1. Take   to be a uniformly random subset of  of size _________ 
(chosen with replacement).  

2. Compute  = Median of . 
3. Output .

J L k =

x J
x

Algorithm



1. Take   to be a uniformly random subset of  of size _________ 
(chosen with replacement).  

2. Compute  = -rank element of . 
3. Output .

J L k =

x rth J
x

Algorithm

Given: A list  with  elements.  
 
Find: Approximate -rank elements of  sa=sfying: 

                                                      rank( )  lies in range   

How efficiently can you find such an element?

L #

rth L

x [(1 − ϵ)r, (1 + ϵ)r]

Homework II - Estimating -rank element  with -errorrth ϵ



There are  players playing the following game:  
 
Game: Each player spins a wheel to generate a random number in , and winner is the one with least score. 

Rounds:  

                Available informa=on: Winning scores in all  rounds. 

How to efficiently predict “ ”?

p

[0,1]

k

k

p

Puzzle: Estimating Set Size



Puzzle: Estimating Set Size

Ques: What is expected value of winning score in each round?

There are  players playing the following game:  
 
Game: Each player spins a wheel to generate a random number in , and winner is the one with least score. 

Rounds:  

                Available informa=on: Winning scores in all  rounds. 

How to efficiently predict “ ”?

p

[0,1]

k

k

p



Sampling  points on a Circle 
 
of circumference 1:

(q + 1)

S1

S2

Sq+1

Sq

Sampling  points on interval q [0,1]

S1 S2 Sq+1


