
COL 758: Advanced Algorithms 
Lecture 10

 



Given: Two Boolean square matrices   of size .  
 
Find: A matrix   sa6sfying 

                            

A, B !

W

Wij = {k if   AikBkj > 0   where  k ∈ [1, n]
0 otherwise

Boolean Product Witness Matrix (BPWM)

  =  BPWM  for  

1 1 0 2
0 0 0 4
1 3 3 2
1 1 0 0

1 1 0 0
0 0 0 1
1 1 1 1
1 0 0 0

,  

1 1 0 0
0 0 0 1
0 1 1 0
0 0 0 1

Example

C A B



Given: Two Boolean matrices   of size .  
 
Ques.on: Given a matrix   how efficiently can one verify that  = BPWM( )? 
 
That is,  should sa6sfy 
 

                                           

A, B !

W W A, B

W

Wij = {k if   AikBkj > 0   where  k ∈ [1, n]
0 otherwise

BPWM Verification



Scenario I: Single Witness

Ques6on: Compu6ng witnesses for pairs  with single witnesses? (i, j)

x x x 0 x x
x x x 1 x x
x x x 1 x x
x x x 0 x x
x x x 1 x x
x x x 0 x x

x x x x x x
x x x x x x
1 0 1 0 0 0
x x x x x x
x x x x x x
x x x x x x

1 2 3 4 5 6

Claim: We can compute witnesses for all index-pairs  with exactly one witness in  6me.(i, j) O(nω)



Scenario II: Pairs with exactly “  ” Witnesst

Trick: Sample a set    where each integer is selected with probability  . 
 
Compute  only with respect to set 

S ⊆ [1, n] (1/t)

A′ S



Scenario II: Pairs with exactly “  ” Witnesst



Scenario II: Pairs with exactly “  ” Witnesst



Scenario II: Pairs with exactly “  ” Witnessest

For ( ) do:
1. Sample a set  of integers in  with each integer selected with prob  .
2. Construct a matrix   such that

              

3. Compute .
4. For each pair :  If   is a witness of  then set  .

r = 1  to  c log n
S [1, n] (1/t)

A′ 

A′ ij = {j if  Aij ≠ 0  and  j ∈ S;
0 otherwise .

X′ = AB
(i, j) X′ ij (i, j) Wij = X′ ij

Algorithm



Scenario III: Pairs with Witnesses in range “  ” [t, 2t]



Randomized Algorithm: BPWM

   Initialize  to be zero matrix.
   For each ( ) do:

Repeat ( ) times:
1. Sample a set  of integers in  with each integer is selected with probability  .
2. Construct a matrix   such that

              

3. Compute .
4. For each pair :  If   is a witness of  then set  .

W
t ∈ [1,2,4,8,..,2⌈log n⌉]

c log n
S [1, n] (1/t)

A′ 

A′ ij = {j if  Aij ≠ 0  and  j ∈ S;
0 otherwise .

X′ = AB
(i, j) X′ ij (i, j) Wij = X′ ij


