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Randomized Incremental Construction 
 

Minimum pairwise distance



CONVEX HULL Problem
 
Given:   Set  of  points in 2D plane.

Output: Convex polygon of smallest size enclosing all points in .

S n

S

Randomized Approach:  
Permute the points randomly, and add them 
one by one. 
 
Time: O(n log n)

 
Assumption: No three points 

are collinear. 



CONVEX HULL Problem

Notations:  
Rermute the points randomly, and add them 
one by one. 
 
Time: O(n log n)

 
Notations:  

•  :  Input set of  points

•  : Random permutation of points in 

•  :  Set of first  points, i.e. 

•  : Some fixed point in the convex hull.  
       (  maynot be in input set .) 

S n

(p1, p2, …, pn) S

Si i (p1, …, pi)

c
c S

 
Given:   Set  of  points in 2D plane.

Output: Convex polygon of smallest size enclosing all points in .

S n

S



Randomized Algorithm

1. Let  be a random permutation of the  points. 

2. Initialize CH to be Triangle with  as end-points.


3. Let centroid of Triangle with  as end-points.


4. For :

                   If  (   CH):  Insert   and update convex-hull CH. 

P = (p1, …, pn) n

p1, p2, p3

c = p1, p2, p3

(i = 4 to n)
pi ∉ pi

p3

p1

p2

c

 
Given:   Set  of  points in 2D plane.

Output: Convex polygon of smallest size enclosing all points in .

S n

S

Remark: Throughout the algorithm run, point  is fixed and lies inside CHc



Geometric Tools

(x1, y1)

(x2, y2)

Find equation ( ) of line passing 
through two points 

y = mx + c We can check wether two points are in same side 
or different side of a line in  time as followsO(1)

(a, b)

(a′ , b′ )

We can find  in  time by solving 

                    
                    

m, c O(1)

y1 = mx1 + c
y2 = mx2 + c

Substitute  and  in eq.  

• If signs are same  Same side of line
• If signs are different  Different side of line

(a, b) (a′ , b′ ) (y − mx − c)

⇒
⇒

y = mx + c



Another Notation: Edge of a point  lying outside the CHp

c

Current CH

p ∉ CH



ed
ge

(
)p

Question: How many times can edge of a point  change?p

c

Current CH

p ∉ CH

Observation 1: 

edge( ) is updated in CH     Prob( p (Si) Si, p ∉ Si) = 2
i

Proof: 
Suppose ( ) = edge( ) in the convex hull CH .
 
Then, 

( ) is also edge( ) is CH   
iff

 are not point  in set .
Now, 

  

a, b p (Si)

a, b p (Si−1)

a, b pi Si

Prob(a ≠ pi and b ≠ pi Si, p ∉ Si) = 2
i

a

b



ed
ge

(
)p

Question: How many times can edge of a point  change?p

c

Current CH

p ∉ CH

Observation 1: 

edge( ) is updated in CH     Prob( p (Si) Si, p ∉ Si) = 2
i

a

b

Observation 2: 
The expected number of times edge( ) is updated 
throughout the algorithm run, for a fixed point  is 

.

p
p

O( ∑
1≤i≤n

2/i) = O(log n)



Data-Structures

c

Current CH

1. Each point  stores: 
 

—  

 
— edge( ), if CH 
 

2. Store the edges of CH in circular Link-List.
 
 

3. Each edge  stores 
 
           CH   = edge( ) 

p

flag(p) = {1      if p ∉ CH
0      otherwise 

p p ∉

e

X(e) = {p ∈ S∖ e p }

X(e2)

e2

e1

e3

e4

e7e6

e5 e1

e2

e3 e4 e5 e6 e7



Insertion of Point  pi

c

Current CH

Ques: How to find the set  of all edges that will 
be destroyed?

Y

pi

ed
ge

(p
i)

e2

e1

e6

e9

e3

e4

e5

e7
e8



Insertion of Point  pi

c

Current CH

Circular link list of edges after insertion of pi

pi

ed
ge

(p
i)

e2

e1

e6

e9

e3

e4

e5

e7
e8

e2e1 e3 e4 e5 e6 e7 e8 e9

e2e1 e3 e′ e′ ′ 
e8 e9

e′ 

e′ ′ 



Insertion of Point  pi

c

Current CH

pi

ed
ge

(p
i)

Algorithm

— Compute , and 
     find set  of all edges that will be destroyed.

— Update circular link list of edges of CH.

— For each :   

           Update flag( ) and edge( ).

—If  and  are two new edges created, then
         compute  and .

e = edge(pi)
Y

p ∈ (⋃
e∈Y

X(e))
p p

e′ e′ ′ 

X(e′ ) X(e′ ′ )

e2

e1

e6

e9

e3

e4

e5

e7
e8

e′ 

e′ ′ 



Running Time of  iterationith

• Number of edges of convex hull that are destroyed. 

• Number of new edges of convex hull that are created. 

• Number of points in the cones that get destroyed. 




