COL 758: Advanced Algorithms

Lecture 14



Randomized Incremental Construction

Minimum pairwise distance



Closest Pair of Points (or Minimum pairwise distance)

Given: A set S of n points in x-y plane.

Output: A pair of points in S at minimum distance, or min distance(a, b).

Example:

a#bes

Deterministic algorithm
(COL 351):

. O(nlogn) : Divide and
. Conquer algorithm

Randomized algorithm:
« O(n) : Randomized
° Incremental Construction




Subproblem

Given: A set S of points in x-y plane satisfying ( bl)nir; E distance(a,b) >
a,b) € 5 X

a#b

Question: What is the maximum number of points that can fit in a square of size § X 5 ?  Awa4 ( <4 )
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Randomized Algorithm: Main Idea

Notations:

« §: Input set of n points
* (py5 ---»P,): Random permutation of points in S
« S;: Setof first i points, i.e. (py, ..., p;)

+ 6, : Minimum distance between points in set S;
Question: What is probability that 5, # &,_,?  Aswer © & 2/
Solution. * Lol b be o poir of poinls ot losk distamce in ot S;.
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Randomized Algorithm

Given: A set S of n points in x-y plane.

Output: A pair of points in S at minimum distance, or min distance(a, b).
a#besS

Algorithm

1. Let P = (py,...,p,) be arandom permutation of the n points.
2. Initialize 6 = distance(py, p,).
3. For (i =3 to n):

Add point p;, and update the minimum-distance o.




Question: How to quickly detect if there is a change in 6 on insertion of point “p,” ?
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Detecting if there is a change in 0 on insertion of new point:
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Make a grid of size 6 containing “all points considered till now”



Grid Data Structure Cuwg Badamcod, BST)
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* Build-Grid(S;, 0):
Build grid for S; with parameter 0.

|+ Find-Cell(p): ( drerdn wrding 2
Find the cell in which p belongs.

* Report-Points-in-Cell(c): (" 8 mwwosb 4
/7 Report all points in cell c. povliua

* Insert-Point(p):

/ Insert point p.
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Grid Data Structure

Height Balanced
Binary search tree

Dynamic Hashing

Find-Cell(P) O(log n) 0(1)
Report-Points-in-Cell(c) O(log n) 0(1)
Insert-Point(p) O(log n) O(1) expected

Build-Grid(S,, &)
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Randomized Algorithm

Algorithm

1. LetP = (py,...,p,) be arandom permutation of the n points.
2. Initialize 0 = distance(py, p,).
3. Build-Grid({p;,p,},6)
4. For (i =3 to n):
/* Add point p; and update the minimum-distance 6.*/
(i) Letc= Find-Cell( p;). ﬂjb P, = (W HL) Prou Ao C%—g\-} gféf

(i) Compare distance of p; from all point in ¢, and its neighbouring cells.
— A e

(we use function Report-Points-in-Cell). A maut 9 mondt
(iii) If (0 is not updated) then Insert-Point(p;). A9 ot edt

Else Build-Grid({p;, ..., p;},0 ).

36 peinlt



Randomized Algorithm ( uwS, Ainammie mﬂg dola - alurdug )

Algorithm

1. LetP = (py,...,p,) be arandom permutation of the n points.
2. Initialize 0 = distance(py, p,).
3. Build-Grid({p;,p,},6)
4. For (i =3 to n):
/* Add point p; and update the minimum-distance 6.*/
(i) Letc= Find-Cell(p;). — O(1)

(ii) Compare distance of p; from all point in ¢, and its neighbouring cells. — O(

O

(we use function Report-Points-in-Cell).

(iii) If (0 is not updated) then Insert-Point(p,). — (O (1)
Else Build-Grid({p;, ....p;},0). — () Cb>




Expected Time Complexity of i iteration

Ex poetady time WM ggﬁowdz = O0L) + O6)Y ~ Pb (8 < i)

€ O0) + OG) = 2 = O)

(2

jm,wMWW%WMmO(n)_



