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A system of  inequali0es of form 

                                                                    

 
is infeasible iff      satisfying:

m

∃ λ1, λ2, …, λm ≥ 0

Farka’s Lemma (LP Duality)

λ1( a11x1 + a12x2 + ⋯ + a1nxn ) ≥ λ1( b1 )
⋮
⋮

λm( am1x1 + am2x2 + ⋯ + amnxn) ≥ λm( bm )
0 ≥ 1

Proof of Feasibility:  
 

An -dim vector  
satisfying all  inequalities. 

Proof of Infeasibility 
 

An -dim vector  
that on multiplying by  

inequalities and summing 
gives .

n (x1, …, xn)
m

m (λ1, …, λm)
m

0 ≥ 1

a11x1 + a12x2 + ⋯ + a1nxn ≥ b1
⋮
⋮

am1x1 + am2x2 + ⋯ + amnxn ≥ bm



Input system:  

Farka’s Lemma Proof by Fourier-Motzkin elimination  

x − 2y + z ≥ 3

2x − 5y + 4z ≥ 10

−3x + 3y − 3z ≥ 12

−2x + 14y − 4z ≥ − 4

x−2y + z ≥ 3

x−2.5y + 2z ≥ 5

−x+y − z ≥ 4

−x+7y − 2z ≥ − 2

x ≥ 2y − z + 3

x ≥ 2.5y − 2z + 5

y − z − 4 ≥ x

7y − 2z + 2 ≥ x

−10y + z ≥ − 15−10y + z ≥ − 15 −10y + z ≥ − 15

−10y + z ≥ − 15

min(y − z − 4, 7y − 2z + 2) ≥ max(2y − z + 3, 2.5y − 2z + 5)

y − z − 4 ≥ 2y − z + 3

y − z − 4 ≥ 2.5y − 2z + 5

7y − 2z + 2 ≥ 2y − z + 3

7y − 2z + 2 ≥ 2.5y − 2z + 5

−10y + z ≥ − 15
• The input system is feasible iff new system is feasible.
• The new system is obtained by linear combination of inequalities in input system.



Farka’s Lemma Proof by Fourier-Motzkin elimination  

x − 2y + z ≥ 3

2x − 5y + 4z ≥ 10

−3x + 3y − 3z ≥ 12

−2x + 14y − 4z ≥ − 4

−10y + z ≥ − 15

−7 ≥ y

2z /3 − 6 ≥ y

y ≥ 0.2z + 0.2

y ≥ 2/3

0.1z + 1.5 ≥ y

• The new system is obtained by linear combination of inequalities in input system. 
This proves Farka’s lemma.

−7 ≥ 0.2z + 0.2

2z /3 − 6 ≥ 0.2z + 0.2

0.1z + 1.5 ≥ 0.2z + 0.2

−7 ≥ 2/3

2z /3 − 6 ≥ 2/3

0.1z + 1.5 ≥ 2/3

• On eliminating one variable, new system may have  inequalities. 

Thus, time complexity is .

Ω(m2)
O(m2n)

Not 

feasible 

(why?)











Approximate Optimality using Feasibility 

• Replace the objective function by a constraint , and search for feasible solution.  
(Assuming that we have reasonable estimates for upper/lower bounds on objective fn).

• By doing binary search on , we can find a solution arbitrarily close to the true optimum. 

cTx ≥ t

t

x1

x2

(4x1 − x2) ≤ 10

(x1 + 6x2) ≤ 15

(x2 − x1) ≤ 1

x2 ≥ 0

x1 ≥ 0

Objective:  
max  (x1 + x2)

(x1 + x2 ) ≥ − 1

(x1 + x2 ) ≤ 6


