COL 758: Advanced Algorithms

Lecture 20



Farka’s Lemma (LP Duality)

A system of m inequalities of form

Proof of Feasibility:
ayXy + Xy + -+ agx, 2 b

An n-dim vector (xy, ..., X,,)

a, X, + Xy + -+ a,, X, > b satisfying all m inequalities.

mn-'n — -m

is infeasible iff 3 A, 4,,...,4,, > 0 satisfying:
Proof of Infeasibility

/11< a; X + apxy + - +agx, ) > 211( b, ) An m-dim vector (4, ..., 4,,)
that on multiplying by m
inequalities and summing

/1m< A1 Xy + AppXy + -+ + amnxn> > /1m< b,, ) gives0 > 1.

0 > 1




Farka’s Lemma Proof by Fourier-Motzkin elimination @M Erombh)

Input system:

X—2y+z > 3 x=2y+z > 3 x>2y—z+3

x—=2.5y+ 2z

v
W

2x—5y+4z > 10 x>25y—-22 + 5

“hdy-dx 2 | Em—y| VT2 — y-z-4zx

—2x+14y—-4z > -4 —xtly =2z 2 =2 Ty—2z+22>x

—10y+z>-15 -10y+z>-15 -10y+z>-15

y—z—4>2y—2z+3

y—z—42>25y-2z + 5

Ty—2z+222y—2z+3 P

Ty—2z4+2>25y—-2z + 5

min(y —z—4, 7y —2z+2) > max(2y —z+ 3, 2.5y — 2z +5)

—10y+z>-15

—10y+z>—-15

» The input system is feasible iff new system is feasible.
» The new system is obtained by linear combination of inequalities in input system.



Farka’s Lemma Proof by Fourier-Motzkin elimination @M @WM)

b

x—2y+z >3 » -T2y -7>02z+4+0.2
2x—5y+4z > 10 2z/3-62>y 27/3-6>0.2z+0.2
0.1z4+1.5>0.2z+0.2
—3x+3y—-3z > 12 — y>0.2z+02 q >
— [ 7. -7>2/3
—2x+14y—-4z > -4 v>2/3 Z
Z.Y, % 53 0.1z+1.5>2/3
Not
% feosibka
* The new system is obtained by linear combination of inequalities in input system. (why?)

This proves Farka’s lemma.

« On eliminating one variable, new system may have Q(mz) inequalities.

Thus, time complexity is O(mzn).



PMW%@%.

W

] /-lgéﬁfml
%g% ¥ L fpaithe
&Qgg.

It (-1 be a aef' b Lyslom !.
Thow, (A An)) will be a sas™ Zo

gZeL (2o aa) be o 2ol bo yslom 2.
Rocall: Whike tlimimoting n 1 Oblaimed
upher 4 lower bounds om Ay  ae
Wf_kl}uwmgj ZWnZWl}‘—Q/W‘W—j

B%WWAW@;W, we can
fd an Oppsopriale vk of X



N, Laskcallog
Ay -- 2l-Vl

O bvaqpalilias
-1 eriallog
Ky -— Au_

Wi

Wz_

/
1 et

auydlina
i ¥ Zp

W

MWW%‘#%Z.

Byl 1

7(/ ’XZ_,,’XW

a/%oﬁxm,j )

‘nﬁw&la@

A%fﬁll/vwa. WB

X Ay -- Aoy 2 X, - 2’71—2_

g S =

/‘wﬁmaddt

A%Wm%

Aadtﬂ/m, N+

L= /Z)aoﬁxm n

X, No vauabl
< Wﬂ@"ﬂ)
4 ﬁumda@a- 10 b:uwddm

o Gaqualdisn in oyilom (141) Ao dinsor @rmbimalion o) wequallies n Kyslim @
Ko, mequalilies W@w)wwq WW?{WW M,KW/.

TF ANY INEQVALITY OF SYSTEM (7+1) 1S INVALID,

THEN THERE EXIS7S CORRESFONDING N LA.




W&WLAW WW%C” >o)
%@LMWWL‘D bu o Aiwe Cormplosily s O(le>

Com v comfpilc 2= (xi- D) folymomiol tme O
AL 9 Arzb o indeosibly B Y Faeoss domma | Thore

R ——

oidls A= (i a)  Adlefynng Tp=0, Ab<l.
~ >TZ@ b1 = [0t ] et Zﬂb]TA = [o“,z]T
Now ool to LALT A _[610]" Cou be obtainad in folynomial

THPLICATION? We tam (hack MWWMC‘“KW
Axs b WW@M%XOM[AM)\—[O/]




Feasiloddy O ue OW Buse

d
Ax = b man ' x
/ \ £t. Ax>b

Rosbls /9 fpooible Fond ot ﬁwct{;w’o“;;;

W WW% MMLG%C% 'my,ww%n

C\/M/No> re @™ Al umdatt, A EQ

Ne con ok

vale
(o b apbwrecl by obtonineley W"M” % éw o



Approximate Optimality using Feasibility

- Replace the objective function by a constraint ¢’ x > ¢, and search for feasible solution.
(Assuming that we have reasonable estimates for upper/lower bounds on objective fn).

* By doing binary search on 7, we can find a solution arbitrarily close to the true optimum.

Obijective:
max (x; + x,)




