
COL 758: Advanced Algorithms 
Lecture 30

 



Ski Equipment: 
  

• Rent per day = 1 
• Buy               = B

“Online” Ski-Rental

Unknown, depends 
on weather conditions(             )

Design an algorithm for which      is minimisedα = max
k≥1 (cost paid by online algorithm

opt cost if 'k' was known )

 = Number of days you will Skik

Deterministic Strategy: Buy on B  dayth

 - competitive(1 − 1
B ) Randomized Strategy:  ??



Primal and Dual

 

Optimize      

 Subject to:    ,  for 

                       

                       ,  for 

min (
k

∑
j=1

Zj + x ⋅ B)
Zj ⩾ 0 j ∈ [1,k]

x ⩾ 0

Zj + x ⩾ 1 j ∈ [1,k]

Primal Program
ddddd 

Optimize      

 Subject to:    ,  for 

                       

                       ,  for 

max (
k

∑
j=1

yj)
yj ⩽ 1 j ∈ [1,k]

y1 + ⋯ + yk ⩽ B

yj ⩾ 0 j ∈ [1,k]

Dual Program



 

Optimize      

 Subject to:    ,  for 

                       

                       ,  for 

min (
k

∑
j=1

Zj + x ⋅ B)
Zj ⩾ 0 j ∈ [1,k]

x ⩾ 0

Zj + x ⩾ 1 j ∈ [1,k]

Primal Program
 
Optimize      

 Subject to:    ,  for 

                      

                      Set 

max (∑
y∈Y

y)
y ∈ [0,1] y ∈ Y

∑
y∈Y

y ⩽ B

Y = {yj | j ∈ [1,k]}

Dual Program

Day j:  Add new constraint:   Zj + x ⩾ 1 Day j:  Add new variable:   to set  yj Y



Day j:  Add new constraint:   Zj + x ⩾ 1 Day j:  Add new variable:   to set  yj Y

 

Optimize      

 Subject to:    ,  for 

                       

                      —

min (
k

∑
j=1

Zj + x ⋅ B)
Zj ⩾ 0 j ∈ [1,k]

x ⩾ 0

 
Optimize      

 Subject to:    ,  for 

                      

                      Set 

max (∑
y∈Y

y)
y ∈ [0,1] y ∈ Y

∑
y∈Y

y ⩽ B

Y = ∅

Primal Program Dual Program

How to solve ALL duals optimally?



 

Optimize      

 Subject to:    ,  for 

                       

                      —

min (
k

∑
j=1

Zj + x ⋅ B)
Zj ⩾ 0 j ∈ [1,k]

x ⩾ 0

 
Optimize      

 Subject to:    ,  for 

                      

                      Set 

max (∑
y∈Y

y)
y ∈ [0,1] y ∈ Y

∑
y∈Y

y ⩽ B

Y = ∅

Day 1:  Add new constraint:   Z1 + x ⩾ 1 Day 1:  Add new variable:   to set  y1 Y

Invariant (for each day):    P       D⩽ α ⋅

Day 2:  Add new variable:   to set  y2 YDay 2:  Add new constraint:   Z2 + x ⩾ 1

Solve all Duals optimally

Primal Program Dual Program



Day j (  B):  Add new constraint:   

                        

                           

⩽ Zj + x ⩾ 1

xnew = xold + Δxj

Zj = 1 − xnew

Day j (  B):  Add new variable:   to set  

                         Set  

          

⩽ yj Y

yj = 1

Invariant (for each day):    P       D    (we will increase  till equality is obtained)⩽ α ⋅ xnew

                   ΔP = αΔD ⇒ (1 − xold − Δxj) + Δxj B = α

 

Optimize      

 Subject to:    ,  for 

                       

                      —

min (
k

∑
j=1

Zj + x ⋅ B)
Zj ⩾ 0 j ∈ [1,k]

x ⩾ 0

 
Optimize      

 Subject to:    ,  for 

                      

                      Set 

max (∑
y∈Y

y)
y ∈ [0,1] y ∈ Y

∑
y∈Y

y ⩽ B

Y = ∅

Primal Program Dual Program



    Δxj = α − 1
B − 1 + xold

B − 1

    xnew = α − 1
B − 1 + xold

B − 1 + xold

    = α − 1
B − 1 + xold( B

B − 1 )

    x(0) = 0

    x(1) = α − 1
B − 1

    x(2) = α − 1
B − 1 (1 + B

B − 1 )

    x( j) = α − 1
B − 1 (1 + B

B − 1 + ( B
B − 1 )2 + ⋯ + ( B

B − 1 )j−1)     x( j) = α − 1 (( B
B − 1 )

j
− 1)



The relation   for  days implies thatΔP = αΔD = α j ⩽ B

    α = 1 + 1

( B
B − 1 )

B
− 1

    x( j) = α − 1 (( B
B − 1 )

j
− 1)

Question: What is optimal ?         α

After  day,  and thus  must also be 0. Thus,Bth ΔD = 0 ΔP

      must be 1x(B) = α − 1 (( B
B − 1 )

B
− 1)

    α = ( B
B − 1 )

B

( B
B − 1 )

B
− 1



The relation   for  days implies thatΔP = αΔD = α j ⩽ B

    x( j) = α − 1 (( B
B − 1 )

j
− 1)

Substituting value of , we getα

    x( j) = ( B
B − 1 )

j
− 1

( B
B − 1 )

B
− 1

Theses values for    ensures that on each dayx(1), ⋯, x(B)

    P ⩽ ( e
e − 1 )D     = ( e

e − 1 )Poffline−opt



Computing integral solution (from Primal LP)

B = 5 x(1) = 0.122

x(2) = 0.274

x(3) = 0.464

x(4) = 0.703

x(5) = 1

Z1 = 0.878

Z2 = 0.726

Z3 = 0.536

Z4 = 0.297

Z5 = 0

 

Randomized algorithm

1. Choose a uniformly random  in [0,1].

2. If  (  lies in ) then _____________________ 

                                                                   _____________________ 

γ
γ [x(i), x(i+1)]

 
Prob Buying upto day j   =  ( ) x( j)


