COL 758: Advanced Algorithms
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“Online” Ski-Rental

Ski Equipment:
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Design an algorithm for which a = max

(cost paid by online algorithm
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Deterministic Strategy: Buy on B day
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Primal and Dual { oFFL (ne)

Primal Program

Dual Program
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Optimize min <Z Zi+x- B)
j=1

Subject to: Zj >0, forj € [1,k]
x>0

Zj+x2 1, forj € [1,k]
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Primal Program

Dual Program
k . .
Optimize min (Z Zj +x- B) Optimize max (Z y)
j: yeY
j=1
Subject to:  Z; > 0, forj € [1,k] Subjectto: y €[0,1], forye Y
x=0 Zy <B
yeY
Z+x>1, forje[lk ‘ ~
4+ x> 1, forj € [1,k] SetY={y | je[lk} « - Hw-{\kl

O*y

Day j: Add new constraint: Z; + x > 1

Day j: Add new variable: y;j toset Y
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Primal Program

Dual Program C Eveling vt fc)

k
Optimize min <Z Zi+x- B)
j=1

Optimize max(Z y)

yeY

o | Subjectto: Z; 20, forj € [1,4] Subjectto: y € [0,1], fory € Y

D y<B

yeY

x=0

SetY=g"
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Day j: Add new constraint: Z; + x > 1

Day j: Add new variable: y;j toset Y

How to solve ALL duals optimally?
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Primal Program Dual Program

k
Optimize min (Z Z] +x- B) Optimize max (Z y)
J=1 yeY

Subject to:  Z; 2 0, forj € [1,k] Subjectto: y € [0,1], fory € Y

x>0 Y y<B
yeY
SetY=0

Day 1: Add new constraint: Z; + x > 1

Day 1: Add new variable: y; to set Y 3‘ =\

Day 2: Add new constraint: Z, +x > 1

Day 2: Add new variable: y, toset Y jo,:\
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Solve all Duals optimally

% it P& o fbr-offie-dual-cook ) = (2 (ot~ offlloe- gical-cot)

Invariant (for each day): [P < a-D




Primal Program
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Dual Program 2T 2 !
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Optimize max(Z y)

yey
P< &D
Subject to:  Z; 2 0, forj € [1,k] Subjectto: y € [0,1], fory € Y
x>0 Zy <B
yeY
SetY =0

Day j (< B): Add new constraint: Z; + x > 1
Xnew = Xold + Ax/

Day j (< B): Add new variable: y; to set ¥

Set y, = 1
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Question: What is optimal a?

The relation AP = aAD = a forj < B days implies that
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After B day, AD = 0 and thus AP must also be 0. Thus,
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K (DD= 1

N (P)=_&

X = a-1 <(%>j_l) c

The relation AP = aAD = a forj < B days implies that

Substituting value of a, we get

D = Dygyucwe = Fofprs -

Theses values for x(1), -+, x(B) ensures that on each day
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Computing integral solution (from Primal LP) — 1 T\
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