
COL 758: Advanced Algorithms 
Lecture 33

 



“Online” Ad-Allocation Problem



Search Engine: 
  

• Single Ad Slot
• Online sequence of search queries 
• Advertisers  bid for the word   

(different bids for different keyword search) 
• One of the advertiser gets allocated for the ad slot for word 

• Advertisers has daily budget

(w1, …, wm)
1,…, n wj

wj

“Online” Ad-Allocation

Maximise = Total revenue generated from advertisers

  
advertisers
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Online: 
 search queriesm

Revenue( Greedy )     =

Revenue( offline opt ) =



“Online” Ad-Allocation
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A deterministic algorithm for which       is maximizedα = min
seq σ ( revenue generated in online algorithm

opt revenue in offline setting )

Search Engine: 
  

• Single Ad Slot
• Online sequence of search queries 
• Advertisers  bid for the word   

(different bids for different keyword search) 
• One of the advertiser gets allocated for the ad slot for word 

• Advertisers has daily budget

(w1, …, wm)
1,…, n wj

wj

Maximise = Total revenue generated from advertisers

  
advertisers

nOnline: 
 search queriesm

Assumption = Bids are small compared to budget



Modeling Offline problem

 
Optimize      

 Subject to:    ,  for each word  

                     ,  for each advertiser 

                      

max ( ∑
i ∈ [1,n],
j ∈ [1,m]

yij bij)

n

∑
i=1

yij ⩽ 1 j ∈ [1,m]

m

∑
j=1

yijbij ⩽ Bi i ∈ [1,n]

yij ∈ {0,1}

Integer Program

 = Bid for word  from bidder/advertiser  bij j i

yij = {1 Bidder/Advertiser i selected for word j
0 otherwise 

 = Budget of advertiser Bi i



Primal and Dual

 
Optimize      

 Subject to:    ,  for each word  

                     ,  for each advertiser 

                      

max ( ∑
i ∈ [1,n],
j ∈ [1,m]

yij bij)

n

∑
i=1

yij ⩽ 1 j ∈ [1,m]

m

∑
j=1

yijbij ⩽ Bi i ∈ [1,n]

yij ⩾ 0

Primal Program
ddddd 

Optimize      

 Subject to:     
                      ,  for  

                      ,  for 

                       ,  for  
 

min (
n

∑
i=1

Bixi +
m

∑
j=1

zj)

zj ⩾ max
i

bij (1 − xi) j ∈ [1,m]

xi ⩾ 0 i ∈ [1,n]

yj ⩾ 0 j ∈ [1,m]

Dual Program

Question:   What is relationship between a primal feasible P, and a dual feasible D?



Primal and Dual

 
Optimize      

 Subject to:    ,  for each word  

                     ,  for each advertiser 

                      

max ( ∑
i ∈ [1,n],
j ∈ [1,m]

yij bij)

n

∑
i=1

yij ⩽ 1 j ∈ [1,m]

m

∑
j=1

yijbij ⩽ Bi i ∈ [1,n]

yij ⩾ 0

Primal Program
ddddd 

Optimize      

 Subject to:     
                      ,  for  

                      ,  for 

                       ,  for  
 

min (
n

∑
i=1

Bixi +
m

∑
j=1

zj)

zj ⩾ max
i

bij (1 − xi) j ∈ [1,m]

xi ⩾ 0 i ∈ [1,n]

yj ⩾ 0 j ∈ [1,m]

Dual Program

Invariant:    A primal (integer) feasible P, and a dual feasible D, satisfying    D       P(1 − 1
e ) ⩽

To ensure this we will maintain              (1 − 1
e ) ΔD ⩽ ΔP



 
Optimize      

 Subject to:    ,  for each word  

                     ,  for each advertiser 

                      

max ( ∑
i ∈ [1,n],
j ∈ [1,m]

yij bij)

n

∑
i=1

yij ⩽ 1 j ∈ [1,m]

m

∑
j=1

yijbij ⩽ Bi i ∈ [1,n]

yij ⩾ 0

Primal Program

Beginning:  Initialise all primal/dual variables to 0

Word j arrives:    
 

Let  denote the index maximising                                ,  and   
Assign word  to bidder ‘ ’, i.e., set                  
             

i (bij (1 − xi)) zj = bij(1 − xi) xi = xi + Δxi
j i yij = 1

ddddd 

Optimize      

 Subject to:     
                      ,  for  

                      ,  for 

                       ,  for  
 

min (
n

∑
i=1

Bixi +
m

∑
j=1

zj)

zj ⩾ max
i

bij (1 − xi) j ∈ [1,m]

xi ⩾ 0 i ∈ [1,n]

yj ⩾ 0 j ∈ [1,m]

Dual Program

 : intuitively 
indicates the 
fraction of budget 
bidder  has spent 

xi

i

 : intuitively 
indicates the 
fraction of budget 
bidder  is left with 

1 − xi

i

Bidding decision 
function of:
• Bids, and 
• 1 − xi

What happens if we 
don’t take in 
account ? (1 − xi)



 
Optimize      

 Subject to:    ,  for each word  

                     ,  for each advertiser 

                      

max ( ∑
i ∈ [1,n],
j ∈ [1,m]

yij bij)

n

∑
i=1

yij ⩽ 1 j ∈ [1,m]

m

∑
j=1

yijbij ⩽ Bi i ∈ [1,n]

yij ⩾ 0

Primal Program

                                                                                           ΔP = bij ΔD = bij(1 − xi) + BiΔxi

ddddd 

Optimize      

 Subject to:     
                      ,  for  

                      ,  for 

                       ,  for  
 

min (
n

∑
i=1

Bixi +
m

∑
j=1

zj)

zj ⩾ max
i

bij (1 − xi) j ∈ [1,m]

xi ⩾ 0 i ∈ [1,n]

yj ⩾ 0 j ∈ [1,m]

Dual Program

Beginning:  Initialise all primal/dual variables to 0

Word j arrives:    
 

Let  denote the index maximising                                ,  and   
Assign word  to bidder ‘ ’, i.e., set                  
             

i (bij (1 − xi)) zj = bij(1 − xi) xi = xi + Δxi
j i yij = 1

We require  ,  where  is fractional.ΔP = β ⋅ ΔD β



Word j arrives:    
               
We require  ,  that is   .               

Solving this gives,

                                

                                increasing exponentially bcoz we want 

ΔP = β ⋅ ΔD bij = β(bij(1 − xi) + BiΔxi)

Δxi =
bij

Bi
xi +

bij

Bi
( 1 − β

β )

xi = (1 +
bij

Bi
)xi +

bij

Bi
( 1 − β

β ) ⟵ ΔP = β ⋅ ΔD

How to find opt ?    
               
When bidder  exhausts all budget, then no more allocation should be possible. So,  should become 1.

Suppose  bidder gets words , and after this the budget exhausts, i.e., , then

   (for small bids  as compared to budget )

β

i xi

ith j1, …, jq bij1 + ⋯ + bijq = Bi

xi = (1 − β
β )[(1 +

bij1

Bi
)⋯(1 +

bijq

Bi
) − 1] ≈ (1 − β

β )(e − 1) Bi

Equating this to 1 gives β = (1 − 1
e )






