COL 758: Advanced Algorithms

Lecture 33



“Online” Ad-Allocation Problem
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“on I I ne” Ad 'AI Iocatl on m search queries advertisers

Search Engine:

* Single Ad Slot
+ Online sequence of search queries (wy, ..., w,,)

« Advertisers 1,..., n bid for the word w;

(different bids for different keyword search)

+ One of the advertiser gets allocated for the ad slot for word w;

* Advertisers has daily budget

Maximise = Total revenue generated from advertisers
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. . Online: n
“On I I ne” Ad 'AI Iocatl on m search queries advertisers

Search Engine:

* Single Ad Slot
+ Online sequence of search queries (wy, ..., w,,)

« Advertisers 1,..., n bid for the word w;

(different bids for different keyword search) /'
+ One of the advertiser gets allocated for the ad slot for Word@
* Advertisers has daily budget | — @‘
=
" — Bm

Maximise = Total revenue generated from advertisers

S . , . (revenue generated in online algorithm . o
A deterministic algorithm for which a = min < > 1s maximized

seq o opt revenue in offline setting

Assumption = Bids are small compared to budget



Modeling Offline problem Moy voskaldes
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Integer Program
Optimize max ( Z i b,-j> bl-l- = Bid for word j from bidder/advertiser i
i€[lnl, '
J € [1,m]

V= { 1 Bidder/Advertiser i selected for word j
=

n
Subject to: Z y; S 1, foreach word j € [1,m] 0  otherwise
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Primal and Dual )< v e
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Primal Program 1 e vl Dual Program
d
. 1e (4,2,2] ! m

Optimize maX< Z Yij b,-j> 2( ’ Optimize Inin<2 Bx; + sz)

ie[lnal, =i j=1

Jj € [lm]

n Subject to:
Subject to: Zyij < 1, foreach word j € [1,m] % > max bij (1 —x), forj € [1,m]
i

i=1

m x; 20, fori € [1,n]
Z yl»jbij < B;, for each advertiser i € [1,n]
j=1

¥y > 0, forj € [1,m]

yijZO

Question: What is relationship between a primal feasible P, and a dual feasible D?
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Primal and Dual

Primal Program ( T.0.)

Dual Program

Optimize max ( Z Y bij>
i €[Lnl,
J€lm]

n
Subject to: Zyij < 1, foreach word j € [1,m]

i=1

m
Z yibij < B, for each advertiser i € [1,n]
i=1

n m
Optimize min <Z Byx; + sz>
Jj=1

i=1

Subject to:

z; 2 max bij (1 —x), forj € [1,m]

x; 20, fori € [1,n]

¥y > 0, forj € [1,m]
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1
Invariant: A primal (integer) feasible P, and a dual feasible D, satisfying <1 - —) D LK P

1

To ensure this we will maintain <1 - —) AD < AP
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Primal Program

Dual Program

Optimize max( 2 Yii b,-j>
i€[ln),
J € [1m]

n
Subject to: Zyij < 1, foreach word j € [1,m]

i=1

m
z yib; < B, foreach advertiser i € [1,n]
=1

y; 20

n
Optimize min (Z Bx;

i=1

m
w sz>
j=1

Subject to:
z z max b; (1 —x), forj € [1,m]
i — ]
x; 20, fori e [l,n]\ \/%k =0
y>0. forjellm  f, 2L
\ oo 2rdragsled

Beginning: Initialise all primal/dual variables to O

Word j arrives:

Dol

i o
B-D <P
(ﬂa AD < APE} At if*\" At

Let i denote the index maximising (bij (1- xl-))
Assign word j to bidder */’, i.e., sety; = 1

1

X; : intuitively
indicates the
fraction of budget
bidder i has spent

1 — Xx; : intuitively
indicates the
fraction of budget
bidder i is left with

Bidding decision What happens if we
function of: don’t take in

* Bids, and account (1 —x;)?
1 —x




Primal Program Dual Program

n m
Optimize max ('6[21] Vi bij> Optimize  min (Z Bx;, + Zq)
i nl, . i
jeLm] i=1 j=1
n Subject to:
Subject to: Zyij < 1, foreach word j € [1,m] Zj 2 max bl-j (1 —=xy), forj € [1,m]
l
i=1
m x; 20, fori € [1,n]
2 yijbij < B, for each advertiser i € [1,n]
j=1 Y =0, forj € [1,m]
y; 20
Beginning: Initialise all primal/dual variables to 0
Word j arrives:
Let i denote the index maximising (bij 1 - x,-)) zi=bj(1 —x;), and x; = x; + Ax;
Assign word j to bidder */’, i.e., set y; = 1

b = p by (%) + 83 ‘n“>

We require AP = f#- AD, where f is fractional.



Word j arrives:
We require AP = 8- AD, thatis b, = ﬁ(b,.j(l —x) + B,.Ax,.).

Solving this gives,

b b, 1 -
B B\ p
b b 1-p
X, = (1 + E>xi + E( 3 ) increasing exponentially bcoz we want AP = - AD
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