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1 A Simple Construction of 1.5-Diameter Spanner
Construction: Let

Xout = {v € V | OUT-DEG(v) > v/n}, and
Xin = {v € V| IN-DEG(v) > v/n}

be two subset of vertices of (G, containing respectively the vertices having high out-degree and high
in-degree in GG. The algorithm for 1.5-diameter-spanner computation is given below.

Initialize H = (V, E = ) to be an empty graph;

foreach v ¢ X,,,; do add all outgoing edges of v to Ey;

foreach v ¢ X;,, do add all incoming edges of v to Fy;

Find a random hitting set S of O(y/nlogn) vertices that contains at least one out-neighbor of each
vertex in X, and at least one in-neighbor of each vertex in Xj;,,;

foreach s € S do
L Add to E'g union of the edges in trees IN-BFS(s) and OUT-BFS(s);

7 Return H = (V, Eg);

W N -

aQ w

The time for computing H is O(m+/nlogn + n), and |Eg| is O(n/nlogn).

Correctness: Consider two distinct vertices z,y € V. Let P = (x = aq,...,a; = y) be the shortest-path
from x to y in G. Let i € [1,¢] be the largest index such that dg(z,a;) < dg(z,y)/2, and similarly, let
J € [1,t] be the smallest index such that d(a;,y) < dg(z,y)/2.

x i J y

Claim 1. Eitheri=j—1lori=j — 2.
To prove the correctness we consider three different cases.

Case 1. If all vertices in P[x, a;] have low out-degree (i.e., at most /n), and all vertices in Pa;, y] have
low in-degree (i.e., at most y/n), then P is trivially contained in H.

case 1: | / '\ /
\/ \/

Low out-degree Low in-degree

Entire path lies in H



Case 2. We now analyse the scenario when P|x, a;] contains a vertex, say w, of out-degree larger than /n.
Let s be the out-neighbour of w present in the hitting-set S. If G is unweighted, then it can be verified that

dp (2, 8) = da(x, s) Swny?) [da(2,y)/2] < [diam(G)/2].

Since d(s,y) = da(s,y) < diam(G), from the triangle inequality (on vertices x, y, s in H), we obtain that
dp(z,y) is at most [ 1.5 diam(G)].

/\At most Diam(G)
<)

case 2: high
out-degree

dy(x,y) < [1.5 diam(G) |

Case 3. The analysis of the scenario when P|a;, y] contains a vertex of in-degree larger than /n will follow
similar to that of Case 2.

Remark for weighted graphs If G has edge-weights from the range [1, M|, we substitute every exe-
cution of a BFS with Dijkstra’s algorithm for finding a shortest-path tree. Then it can be verified that
du(z,s) =dg(z,s) <dg(z,y)/2+ M < diam(G)/2+ M, and so dy (x, y) is at most 1.5 diam(G) + M.

From the discussion above, we obtain the following theorem.

Theorem 1. For any unweighted directed graph G = (V, E) with n vertices and m edges, there exists
a (1.5)-diameter spanner H = (V,Eg C E) with at most O(n®/?logn) edges that is computable in
O(m+/nlogn + n) time.

Further, if G is edge-weighted with weights from the range [1, M|, then H satisfies

diam(H) < (1.5)diam(G) + M.



