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max jhi(p, 1, 1) | <C(hexp(—vp).

i
Hence problems (16) can be solved uniquely and their solutions satisfy the inequalities

max |y | <C () exp(-vp), p— >, i=01,....
!

5. To estimate the remaining term we introduce the notation y-U.=§a, where U, is the
partial sum of series (13). For . we obtain

a4 a
R En = O_t EntabatulF(r,,Uat+tn) ~F(r,,Un) ]+ [ Fr, O +pF(r, 4, Un) —p2A Un + — Up+al, ] s
Jt

En(r. 2) Joa=0, Ealr, t)z=En(r. t+2n).
Considering (15) and (16), and also that

n n
F(r,t, Un)=2 wiFn Zl‘-i"np+0(ll"“),

=0 im0
1

a
F(r, 4, Un+§n) ~F (1,8, Uu)=Enj ’m F(r,t,Ua+08kn)db,
Y
0

we have

1
8 F
AEn = —Ent+akn+Ea J.—-F(r, t, Us+08,)d0+0(un+t),
at oay

whence, according to Theorem 2, it is easy to obtain the required estimate: I§.f=0(u"*") for
fairly small .
Thus the following theorem is proved:

Theorem 3. If the functions f(rt) and F(rt,y) satisfy conditions (12), then when u<a/L
a unique 2an-periodic solution of problem (1), (2) exists and series /13/ is an asymptotic
expansion of this solution with respect to the parameter p.

Remark. The results obained also hold for the set of equations
a
u’A,z=Tz+Az+uF(r,t,z) +f(r, 1),
t
where :fF are vectors and A is a matrix with eigen values which have ReA(>0.
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ON A LAMINAR MIXING LAYER AT THE BOUNDARY BETWEEN TWO FLOWS™

V.N. SAMOKHIN

The distribution of fluid velocities in a laminar mixing layer at the
boundary between two flows is described by a system of Prandtl equations
with certain boundary conditions. The existence and uniqueness theorems
for solving a boundary value problem which describes the laminar mixing
layer are established.
1. A stationary layer of the mixing of two flows is described by the system of equations
Ui+ Vi, ==\lLyy, =P, uytr,=0 (1)
in the domain D={0<z<X,-wo<y<+wx} with the conditions
u(0, y)=us(y), v(x.0)=0, u(z,y)+Ui(x) as y—-o, (2a)

u(z,y)=>Usx(z) as y— —=. (2b)

*Zh.vychisl.Mat.mat.Fiz.,25,4,614-617,1985
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Here u(r,y) and v(z.y) are the components of the fluid velocity, u(y), Us{x)>0, U.(z)>0 are
known functions, and v>0. The Bernoulli equation is U[;*(z)+2p(z)=const. i=1,2. In boundary-layer
theory, the pressure across the mixing layer does not vary and therefore U,*(r)-U.*(r)=const.
The condition v(s,0)=0 is obtained assuming that y=0 is a dividing streamline.

We shall assume that u,(y)>0, ue(y)~U,(0) as y—+» , and us(y)-U.(0) as y— -=; the function
px(z) 1s continuously differentiable, and uo(y), uo'(y), uo’'(y) are bounded for -=<y<+=. and
satisfy Holder's condition.

The following theorem expresses the main finding of the present paper.

Theorem 1. Under the above assumptions, for a certain X there exists in domain D a
solution u, v of problem (1), (2), which possesses the following properties: u(z y) is
continuous and bounded in D, u>0,u, and u, are continuous and bounded in D, and u. and v,
are continuous and bounded on any compact set in D. If [uo'(y)|< kiexp(—k:lyf) as |y}—=>=, and
ki, ks>0 are constants, then u, and v, are bounded in D. If dp/dz<0, then such a solution
exists in domain D for any finite X. The solution of problem (1), (2), having the above
properties, is unique.

Certain auxiliary results discussed below are necessary to prove Theorem 1.

2. Following /1/, we introduce the independent variables
z=z, V=y¥(z,¥)
such that u=0y/dy, v=—0¢/dx,$(z,0)=0, and also a new unknown function
w(z, §)=ul
Therefore

»
ds
Y=

4 w*(z,s) ’

As a result, system (1) with conditions (2) is reduced to the equation
Li{w)mvw"d*w/dp?~dw/dz=2dp/dr in the region Q={0<z<X, ~><p<+x} 3)
with the conditions

w(0, b)=we($), w(z, $)>Ui(z), ==, w(z,$)>U:l(2), ¢~ -, 4

where .

wo (j. uo(s)d:) mug?(y).
[

We shall prove the existence and uniqueness of problem (3), (4) on which Theorem 1 is
based.
Consider Eq. (3) in the domain Dy={0<z<X, -V<¢<VN}, ¥>0 with the conditions

w(0, Y)=wo(¥),  w(z, N)=wo(N) exp [n(V)z/wa(N)], (5a)
w(z, ~N)=wo(~N) exp [u(—N)z/w,(-N)), (5b)
where pu(y)=vwe"($)wa’ ($)-2p"(0).

Let us show that as N-w, for a certain X the solutions of problem (3), (5) converge
to the solution of (3), (4).

Lemma 1. There exists X such that in the region Dy for the solution wx(z, §) of problem(3),(5),the
following inequality holds:
wx(z, §)>Cexp (~az), ®)

where the constants C and « are positive and do not depend on N. If dp/dr<(, then the
inequality of the form (6) is satisfied for any finite X.

Proof. Consider the function

@z, ¢) =C exp(-az), a>0, 0<C< min wo(¢).
v
By the assumption regarding ue(y), the relationship u(¢)/we(}) is bounded for -—-«x<¢<+=x=. We
choose a so large that -a<u(¥§)/w.($). Then for sufficiently large e, sufficiently small X, and
<X we have
OO PI=<ws(0, §), Oz, V) <wy(z, £§), (7a)

L(®)=aCexp (~azx)=>|2dp/dz|. (7b)

The inequality (6) is easily derived from (7) using the principle of the maximum.
If dp/dz<0, then for any X and for a>u we obtain L(%)=2dp/dz from which (6) can also be
derived.

Lemma 2. A solution of problem (3), (5) exists for a certain X in the domain D.. If
dp/dz<0, then a solution exists for any finite X. All the derivatives of this solution in (3)
satisfy HOlder's condition in the closed domain Dy. In domain Dy Eq.(3) can be differentiated
once with respect to i, and twice with respect to .

Proof. If a solution of problem (3), (5) exists then for it an inequality of the form
(6) is satisfied. Since the function p(y) is bounded, wy(z ¢)=Ce>0 uniformly in N. let us
modify wy's for values of wwx<C, so that it becomes a smooth positive function. Then Eq. (3)
will be a quasilinear parabolic equation in region Dy, and, by Theorem 5.2 in /2, Sect.5,
Chapt. VI/, it will have a solution in Holder's space i+8.++8/2(Dy). By Theorem 10 anc 11 in
/3, Sect.5, Chapt. III/, Eq.(3) can be differentiated inside Dxy. The lemma is provec.
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Lemma 3. The functions wy are bounded in Dy uniformly with respect to N—«, The derivatives
dwx/d¢, dwx/dz, FPwx/oy* are bounded uniformly in HSlder's norm.

Proof. The uniform boundedness from below of the solutions wy follows from Lemma 1, and
the boundedness from above follows from the principle of the maximum. By Lemma 3.1 from /2,
Sect.3, Chapt. VI/, the derivative odwy/0% is limited uniformly at the boundary of domain Dy.
Because of this, &wy/d} are also bounded in domain Dy uniformly with respect to N, since
iv=0dwx/3¢p satisfies the parabolic equation
2y v 9zx By

“+

vyt _— iy ——
g T 2wen Yoy oz

From this point onwards the lemma is proved in the same way as Lemma 7 from /1/.

Theorem 2. 1In domain D there exists for a certain X a positive bounded solution of
problem (3), (4) possessing continuous and bounded derivatives which occur in (3). If dp/dz=0,
then such a solution exists for any finite X.

Proof. 1t follows from Lemmas 1-3 that we can choose from the family of solutions {wy}
a sequence when converges uniformly to any part of domain D together with the derivatives
Ywx/dx, dwwn/dY, Pwy/d%:. The limit function w(z, §) in domain D satisfies equation (3) and the
condition w(0, $)=w,(¥). The boundedness of w(z, y) and its derivatives follows from Lemmas 1
and 3.

The proof that w-U,%(z) as ¢—++~, and that w«—U,(z) as ¢— -« 1is analogous to that
given regarding the boundary layer in Theorem 2 in /1/.

Theorem 3. the sclution of problem {(3), (4) which has the properties listed in Theorem
2 is unique.

Proof. We assume that w,(z, ¥) and w,(z, $) are two solutions of problem (3), (4) which
have the properties listed in Theorem 2. For the difference w;,—w.=W we have
»>w oW v ?w,

vw, —_—— W=, (8)
Pt dx wy'i 4wy At

and at the same time W{0.¢}=0, W-0 as ¢~ +> and as yPp-+ -« The coefficient by W in (8) is
bounded. Passing from W to W in accordance with the formula W=itexp (azr),a>0. we obtain

oy oW v 2w,

vt —— —— (-———- «a) W=0,
a¢l oz w"l:_'_wz'h awl

(0. $)=0. 0  as |[¢|-ee.

We take a so large that

Y 8w,

Then, by the principle of the maximum, W can have in domain D neither a positive maximum nor
a negative minimum. Therefore, Wm=0 in D, that is Wm0 and w,mw, The theorem is proved.

Theorem 1 is a corollary of Theorems 2 and 3. The proof of this fact is similar to the
proof of Lemma 1 in /1/.
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