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Chapter 8

High Re flows (inviscid/outer so-
lution)

If the characteristic length scales in all directions are taken same, and the corre-
sponding Reynolds number is large, then the leading order governing equations
in the dimensionless form are

∇∗ · u∗ = 0, ∂u∗

∂t∗
+ u∗ · ∇∗u∗ = −∇∗p∗, (8.0.1)

or in the dimensional form,

∇ · u = 0, ∂u

∂t
+ u · ∇u = −∇p

ρ
. (8.0.2)

As discussed in the previous chapter, these are outer regime or far-field equations.
Very close to the boundary, we have to be careful (discussed in detail in the
next chapter). Equations 8.0.2 govern inviscid flow of a fluid. The momentum
equation is a first order PDE now. In terms of boundary conditions, no-slip
boundary conditions can not be sustained by the flow anymore and they are
neglected while solving for inviscid flow past a body.

8.1 Steady inviscid flow

For steady incompressible inviscid flow, we note that the governing equations can
be written as,

∇
(
u2

2 + p

ρ

)
= u × ω, ∇ · u = 0. (8.1.1)
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Figure 8.1: A surface spanned by vortex lines and streamlines in a steady inviscid
flow

If we define a variable B = u2

2 + p

ρ
, then we note that the normal to the variable

is perpendicular to the lines parallel to u as well as ω. These two family of lines
are streamlines and vortex lines, respectively. Hence, on the surface of these two
lines, B is constant (or the surface is the iso-surface of B). This yields the steady
state Bernoulli’s equation, which is valid only along streamlines or vortex lines in
an inviscid flow (see figure 8.1).

8.2 Irrotational flows/Ideal flows

For unsteady flows, a general form Bernoulli’s equation can be derived in a very
specific case of inviscid flows, namely the ideal flows. Ideal flows are flows in
which vorticity is 0. Such flows (like most flows) are approximations (sometimes
crude) of the real world flow physics. Yet, they help us reach some well-established
practically relevant results. Ideal flows can be justified if we consider the following
result. Consider circulation Γ along a closed loop of material coordinates. As the
fluid flows, we maintain the closed loop by joining the same material coordinates.
Invoking the notations used in chapter two,

Γ =
∮

c(x)

u · dx. (8.2.1)

Now, let consider the time derivative of Γ

dΓ
dt

= d

dt

∮
c(x)

u · dx = d

dt

∮
C(X)

u · F dX =
∮

C(X)

(
Dui

Dt
FiJ + ui

dFiJ

dt

)
dXJ . (8.2.2)
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The second term can be simplified as,
∮

C(X)

ui
dFiJ

dt
dXJ =

∮
C(X)

ui
∂ui

∂xp

FpJdXJ =
∮

c(x)

∂

∂xp

(
uiui

2

)
dxp = 0. (8.2.3)

The first term can be simplified as,
∮

C(X)

Dui

Dt
FiJdXJ = −1

ρ

∮
c(x)

∂p

∂xi

dxi = 0. (8.2.4)

The above calculation shows that rate of change of circulation Γ around a material
curve is 0 in an inviscid flow. For a general viscous flow, the rate of change of
circulation is

dΓ
dt

=
∮

c(x)

ν
∂2ui

∂xj∂xj

dxi =
∮

c(x)

ν
(
∇2u

)
· dx, (8.2.5)

which is the full statement of the Kelvin’s theorem. For inviscid flows dΓ
dt

=
0. Constant Γ highlights that if there is no vorticity initially within a closed
loop formed by material coordinates, then an inviscid flow does not develop any
vorticity. Figure 8.2 highlights this. A uniform flow past a body has no vorticity
far-upstream. Hence, in the outer region of the flow where inviscid equations are
valid at the leading order, there is no vorticity in the flow. On the other hand, if
there is vorticity in the flow far-upstream, then the outer region of the flow past a
body can not be treated as an irrotational flow. It is still largely inviscid in nature
if the vorticity far-upstream is not very strong. Note that if vorticity is strong
and fluctuating upstream, then the flow can not be modeled as inviscid anywhere
since 1

Re∇∗2u∗ = − 1
Re∇∗ × ω∗ may not be negligible even in the so-called outer

region. If ideal flow can be assumed, then we note that ∇ × u = 0 everywhere.

Inner 
region

Outer
region

Inviscid Irrotational Flow/Ideal flow Inviscid rotational flow

Inner 
region

Outer
region

Figure 8.2: Irrotational vs rotational inviscid flows
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Hence, we can write velocity as

u = ∇ϕ, (8.2.6)

where ϕ is called the scalar velocity potential or just velocity potential. Substi-
tuting this in the inviscid flow governing equations, we obtain,

∇2ϕ = 0, ∇
(
∂ϕ

∂t
+ |∇ϕ|2

2 + p

ρ

)
= 0, (8.2.7)

which yields,
∂ϕ

∂t
+ |∇ϕ|2

2 + p

ρ
= C(t), (8.2.8)

combined with the Laplacian equation ∇2ϕ = 0. Equation (8.2.8) is the unsteady
Bernoulli’s equation. It is applicable everywhere INSIDE AN IRROTATIONAL
FLOW (not only restricted to streamlines or vortex lines). The usual procedure
to solve for irrotational flows is to solve ∇2ϕ = 0 and then use the Bernoulli’s
equation to solve for pressure. Pressure on the surface of an object can then be
integrated to compute the force due to inviscid flow.

8.3 Irrotational flows in 2D

For solving 2D ideal flows, complex variables can be used. The velocity potential
ϕ satisfies the Laplacian. From complex calculus, real and imaginary parts of any
complex analytic function satisfy the Laplacian equation. For 2D ideal incom-
pressible flows, the streamfunction also satisfies the Laplacian equation. Hence,
we can form a complex potential F (z) = ϕ+ iψ. We define a complex velocity

w(z) = dF

dz
= ∂ϕ

∂x
+ i

∂ψ

∂x
= ∂ψ

∂y
− i

∂ϕ

∂y
= u− iv = |u|eiα. (8.3.1)

Even though counter-intuitive, complex functions simplify the algebra consider-
ably. For instance, a uniform stream with speed U and magnitude α has the
complex potential

F (z) = Uze−iα =⇒ W = U cosα− iU sinα = u− iv. (8.3.2)

We can also compute velocities in polar coordinates. Using

u = ur cos θ − uθ sin θ, v = ur sin θ − uθ cos θ, (8.3.3)
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Figure 8.3: Inviscid flow in a wedge of angle π

m
.

we find
W = (ur(r, θ) − iuθ(r, θ)) e−iθ. (8.3.4)

8.3.1 Ideal flow in a wedge

Now consider a straightforward extension of complex potential for uniform flows.
Let

F (z) = Azn. (8.3.5)

Complex velocity is given by W = Anzn−1. Using polar coordinates z = reiθ,

W = nArn−1 (cos(nθ) + i sin(nθ)) e−iθ, (8.3.6)

which yields ur = nArn−1 cos(nθ) and uθ = −nArn−1 sin(nθ). Note that uθ = 0
at θ = 0, π

n
. We can plot the streamlines to confirm that this is indeed potential

flow in a wedge of angle π

n
. Let us compute this flow in a wedge of angle π

n
by

solving the Laplacian. The governing equation in 2D polar coordinates is

∂2ϕ

∂r2 + 1
r

∂ϕ

∂r
+ 1
r2
∂2ϕ

∂θ2 = 0. (8.3.7)

Separating the variables ϕ = R(r)T (θ), we obtain,

r2R′′ + rR′

R
+ T ′′

T
= 0 =⇒ T ′′

T
= −n2 =⇒ T = Ane

inθ +Bne
−inθ. (8.3.8)

We do not specify what n is at this moment. However, in polar coordinate
problems we always require T (θ+2π) = T (θ), i.e., the solution should be periodic
in θ. Hence, n = 0, 1, 2, 3 · · · . This yields the following solutions for R(r),

R = Cnr
n +Dnr

−n for n > 0 and R = C0 +D0 ln r for n = 0. (8.3.9)
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The general solution is

ϕ = C0 +D0 ln r +
∞∑

n=1
(Ane

inθ +Bne
−inθ)(Cnr

n +Dnr
−n). (8.3.10)

For ur = ∂ϕ

∂r
to be finite at r → 0, we obtain D0 = Dn = 0. For uθ = 1

r

∂ϕ

∂θ
= 0

at θ = 0, we obtain,

∞∑
n=1

inCn(Ane
inθ −Bne

−inθ)rn = 0 at θ = 0. (8.3.11)

The only non-trivial solution possible is if An = Bn in the above equation. Hence,

ϕ = C0 +
∞∑

n=1
Anr

n cos(nθ), (8.3.12)

where we have subsumed all constants in An. Imposing boundary condition
uθ = 1

r

∂ϕ

∂θ
= 0 at θ = π/m, we obtain,

sin
(
nπ

m

)
= 0. (8.3.13)

This yields the eigenvalues n = m, 2m, 3m, · · · . Hence the general solution be-
comes

ϕ = C0 +
∞∑

k=1
Akr

km cos(kmθ). (8.3.14)

Figure 8.4 shows the visualization of what each of these k solution independently
represents. For a general case, some ur or uθ has to be specified at some radial
location. Let us say ur = f(θ) at r = r0. Then

∞∑
k=1

(km)Akr
km−1
0 cos(kmθ) = f(θ), (8.3.15)

Figure 8.4: Physical visualization of each of k solution in Eq. 8.3.14
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from which Ak can be solved for by using cosine series expansion of f(θ). For a
single turn inviscid flow in a wedge, the solution is simply

ϕ = C0Ar
m cos(mθ). (8.3.16)

It is straightforward to confirm that the corresponding complex potential is sim-
ply Azm for this ϕ. This should show how powerful complex potential method
can be to compute velocities in ideal flows. It is not always straightforward to
visualize the physical picture of the inviscid flow represented by a particular com-
plex potential though. If this physical picture can be realized, then the complex
potential method is powerful. The reader is encouraged to look at various text-
books for solving basic planar potential flows using complex variables (see Panton
[2024], Milne-Thomson [1996], Currie and Currie [2002]). The power of complex
variables is exemplified in transforming flow past cylinders to flow past various
airfoils, which is applied in aerodynamics industry to this date!

8.3.2 Ideal flow past a wavy wall

As clear from motivation, ideal flows only constitute a part of the solution (to
the problem of high Reynolds number flow past a body). Usually, for symmetric
shapes (as is clear from ideal flow past cylinder example), the ideal flow does not
yield any drag. This can be further exemplified by considering ideal flow past a
wavy wall as shown in figure 8.5. The governing equation remains ∇2ϕ = 0. The
boundary condition satisfied by the ideal flow is u · n̂ = 0 at the wall, i.e.,

u · n̂ = 0 at y = ϵℓ sin(αx). (8.3.17)

Let the perturbations in the otherwise uniform flow due to wavy wall be denoted
by ()′. Then we can decompose the velocity potential as,

ϕ = U∞x+ ϵϕ′, (8.3.18)

Figure 8.5: Ideal flow of speed U∞ past a wavy wall.
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where ∇2ϕ′ = 0. Given the wall is infinitely long and wavy, we consider,

ϕ′(x, y) = ϕ̂(y)eikx, (8.3.19)

which yields,
d2ϕ̂

dy2 − k2ϕ̂ = 0 =⇒ ϕ̂ = Aeky +Be−ky. (8.3.20)

For bounded solution at y → ∞, we obtain,

ϕ′ = Be−kyeikx. (8.3.21)

Technically, ϕ′ is real and a common way of writing it is,

ϕ′ = Ce−kyeikx + C∗e−kye−ikx, (8.3.22)

where C∗ denotes complex conjugate of C. The constant C needs to be obtained.
Turning to boundary condition, we obtain,

−
(
U∞ + ϵ

∂ϕ′

∂x

)
αϵℓ cos(αx) + ϵ

∂ϕ′

∂y
= 0 at y = ϵ sin(αx), (8.3.23)

which yields,
ϵU∞αℓ cos(αx) + O(ϵ2) = ϵ

∂ϕ′

∂y
. (8.3.24)

Taylor expanding the terms, we can apply the above equation at y = 0 within
linear approximation, hence, upon dropping O(ϵ2) terms, we obtain

U∞αℓ cos(αx) = ∂ϕ′

∂y
at y = 0. (8.3.25)

Using the solution of ϕ′, we obtain,

U∞αℓ cos(αx) = −k
(
Ceikx + C∗e−ikx

)
, (8.3.26)

which yields C = C∗ = −U∞ℓ

2 and k = α. Thus ϕ′ is,

ϕ′ = −U∞ℓ cos(αx)e−αy, (8.3.27)

which yields the leading order velocity due to wavy wall as,

u = U∞ + ϵU∞ℓα sin(αx)e−αy +O(ϵ2), v = ϵU∞ℓα cos(αx)e−αy +O(ϵ2). (8.3.28)
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By writing +O(ϵ2), it is always good to remind oneself that the solution obtained
is only correct till leading order. There may be further more complicated correc-
tions which we are not interested in so far. To compute drag, we evaluate the
pressure at the wavy wall using the Bernoulli’s equation,

p

ρ
+ |u|2

2 = p∞

ρ
+ U2

∞
2 , (8.3.29)

which yields
p = p∞ + ϵρU2

∞αℓ sin(αx) + O(ϵ2), (8.3.30)

at the wall y = 0. We note that the integration of −pn̂ yields 0 at leading order,
highlighting that there is no drag on the wavy wall due to inviscid flow. In reality,
we obviously expect drag on even a flat wall. This drag can be obtained only
once we consider the boundary layers (the inner solution).

8.3.3 Orthogonality of potential contours

In 2D ideal flows, the contour lines of ϕ and the stream function ψ are orthogonal.
This can be shown as follows. Along a contour of ϕ = const.,

dϕ = ∂ϕ

∂x
dx+ ∂ϕ

∂y
dy = 0 =⇒ dy

dx
= −∂ϕ/∂x

∂ϕ/∂y
= −u

v
. (8.3.31)

Similarly, along a contour of ψ = const.,

dψ = ∂ψ

∂x
dx+ ∂ψ

∂y
dy = 0 =⇒ dy

dx
= −∂ψ/∂x

∂ψ/∂x
= v

u
. (8.3.32)

Since the product of slopes is always −1, the contours intersect at 90◦. For an
ideal flow of speed U0 past a cylinder of radius r0, the complex potential is given
by

F (z) = U0z + U0r
2
0

z
, (8.3.33)

where z = x + iy. Figure 8.6b shows the contours of ψ and ϕ for flow past a
cylinder and Joukowski airfoil (with values r0 = 1 and U0 = 1).
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(a) Iso-contours of ψ (black) and ϕ (red)
for an ideal flow past a cylinder.
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(b) Iso-contours of ψ (black) and ϕ (red)
for an ideal flow past a Joukowski airfoil
(ϵ = 0.01, δ = 3π

4 , c = 0.25).

8.3.4 Joukowski airfoils

Joukowski airfoils constitute a special class of airfoils in which a circle is mapped
on an airfoil type shape. The transformation is given by

z = ζ + c2

ζ
. (8.3.34)

In such a case, a circle with center slightly offset from origin is mapped on an
airfoil like shape. Figure 8.7 shows the Joukowski transform. For ϵ ≪ 1, an
approximate equation of the airfoil can be derived. Let the circle be defined by
ζ = beiγ. From geometry, we see,

b2 + (ϵc)2 − 2ϵcb cos(δ − γ) = c2 + (ϵc)2 − 2ϵc2 cos δ, (8.3.35)

which yields,
b2 − 2ϵbc cos(δ − γ) + 2ϵc2 cos δ − c2 = 0 (8.3.36)

From the above, we obtain

b = c
(
1 + ϵ(cos(δ − γ) − cos(δ)) + O(ϵ2)

)
. (8.3.37)

Using this, we can solve for approximate x, y of the airfoil shape as,

x = 2c cos(γ), y = 2cϵ sin(γ)(cos(δ − γ) − cos(δ)) (8.3.38)
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Figure 8.7: Illustration of Joukowski transform which maps a cylinder to an
airfoil-like shape.

The flow past this airfoil can be solved by replacing ζ − ζ0 in the uniform flow
past cylinder potential (which itself is a combination of a doublet and uniform
flow),

F (z) = U0(ζ(z) − ζ0) + U0r
2
0

ζ(z) − ζ0
. (8.3.39)

Once the flow is solved, pressure distribution can also be evaluated. Using
this pressure distribution, total lift can be obtained (see Panton [2024], Milne-
Thomson [1996]).

8.4 Irrotational flows in 3D

For axisymmetric irrotational flows in 3D, we can solve the streamfunction and
velocity potential for a few cases. For instance, a point source/sink can be solved
assuming purely radial flow. Hence uθ = 0 if we consider spherical coordinates.
Using,

ur = 1
r2 sin θ

∂ψ

∂θ
, uθ = − 1

r sin θ
∂ψ

∂r
, (8.4.1)

we get,
∂ψ

∂r
= 0. (8.4.2)

Also, from axisymmetry, we know ur = ur(r) only. Hence,

∂ur

∂θ
= ∂

∂θ

(
1

sin θ
dψ

dθ

)
= 0 =⇒ ψ = −C2 cos θ + C1. (8.4.3)
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Figure 8.8: 3D doublet

Let θ = 0 be the reference axis, where we set ψ = 0 =⇒ C1 = C2. To ensure
flow rate Q,

Q = 2π
π∫

0

urr
2 sin θdθ = 2π

π∫
0

dψ

dθ
dθ = 2π (ψ(π) − ψ(0)) = 4πC1, (8.4.4)

yielding
ψ = Q

4π (1 − cos θ) (8.4.5)

For uniform flow of speed U0, we can write in spherical coordinates u = U0 cos θêr−
U0 sin θêθ which yields,

ψ = U0r
2 sin2 θ

2 . (8.4.6)

Consider a doublet, which is similar to the usual 2D case, but in 3D. A point
source at x = −ϵ and a point sink of the same flow rate (strength) at x = ϵ. The
superposed ψ is given by,

ψ = Q

4π (cos θ2 − cos θ1) = Q

4π

(
x− ϵ

r2
− x+ ϵ

r1

)
= Q

4πr1r2
(x(r1 − r2) − ϵ(r1 + r2)) .

(8.4.7)
Using law of sines and geometry, it can be shown that,

Q(r1 − r2) =
2ϵQ cos

(
θ1+θ2

2

)
cos

(
θ2−θ1

2

) . (8.4.8)

In the limit ϵ → 0 and Qϵ = µ, we obtain the doublet streamfunction as,

ψ = µx cos θ
4πr2 − µ

4πr = − µ

4πr sin2 θ. (8.4.9)

Similar to 2D, ideal uniform flow past a 3D sphere is modeled using the super-
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position of uniform flow stream function and the doublet streamfunction,

ψ = U0r
2 sin2 θ

2 − µ

4πr sin2 θ + C, (8.4.10)

where C is some arbitrary constant. The radial velocity is given by

ur = 1
r2 sin θ

∂ψ

∂θ
= U0 cos θ − µ

2πr3 cos θ. (8.4.11)

At θ = π, the flow is purely radial and hits a stagnation point on the spehere
where ur = 0. The radius of the sphere is hence related to the strenght of the
double and free stream speed as,

r0 =
(

µ

2πU0

)1/3
=⇒ µ = 2πU0r

3
0. (8.4.12)

Hence, ψ becomes,

ψ = 1
2U0r

2
0 sin2 θ

((
r

r0

)2
−
(
r

r0

)−1
)

+ C. (8.4.13)

We take C = 0 so that ψ = 0 at r = r0. It is instructive to compare this with
the Stokes stream function found for very small Reynolds number flows past a
sphere.

Ideal flow theory can also be used to describe flow due to water waves. The surface
of the water is exposed to atmosphere (constant pressure). Slight perturbations in
the water surface result in flow patters underneath. To leading order, these flow
patterns can be explained by ideal flow theory, i.e., ignoring the viscous effects. In
the chapter below, we finally look at the inner solution and the so-called boundary
layer theory.
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