Chapter 9

High Re flows (boundary layers/in-

ner solution)

In Section 7.3, we saw that after rescaling the y coordinate to €£, the second
order derivative term in the ODE was retained. The solution obtained was used
to satisty the no-slip condition at y = 0 and then asymptotically matched to the
outer solution. To solve this inner solution, we need to zoom in close to the solid
surfaces. Close to these solid surfaces, a thin layer called the Boundary Layer
develops in which viscous effects are not negligible. Figure 9.1 illustrates this

boundary layer close to a flat wall as the flow grazes past it.

[z] < [y] [z] ~ [y]

Ideal flow (outer solution)

XQ
S
2

A

Y

(2] > [y]

Boundary layer (inner solution)

Figure 9.1: Schematic illustrating different regimes of flow which can be separated
based on disparity in length scales in two directions x and y.
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9.1 Rescaling of normal coordinate :- Laminar

boundary layer equations

The ideal flow theory was derived with the asymptotic assumption that Re, > 1.
In boundary layer theory, we distinguish the Reynolds number based on stream-
wise coordinate and the wall normal coordinate. This is due to the fact that
the characteristic scales in these two directions are very different. Considering

figure 9.1, we denote
[z] =4, [y] =4. (9.1.1)

This new length scale for wall normal coordinate § can be thought of as an
approximate boundary layer thickness. Note that it is a scale and hence should
not be confused with boundary layer thickness function §(z) in figure 9.1. Using

this length scale, and velocity scales
[u] = Us, [v] =V, (9.1.2)

we obtain the dimensionless continuity equation as

ou* Ve ou*

=t oy (9.1.3)

Similar to the lubrication approximation, we note that the y direction velocity

4]
scale V' ~ UOOZ’ i.e., any y direction velocity is due to changing boundary layer

thickness downstream. This yields the dimensionless continuity equation as,

ou* n ov*
or*  Oy*

0. (9.1.4)

Given we are interested in “zooming-in” closer to the solid surface, it is natural
that the boundary layer approximation is g < 1. This inequality can be derived,
as we discuss below after non-dimensionalization of the momentum equations.
Before we non-dimensionalize the momentum equations, we need to choose a
pressure scale. Now, within lubrication approximation, we argued that pressure
changes are due to viscous stresses only, given the inertial is negligible. While,
at the outset, the boundary layer approximation has one major feature of the
lubrication approximation, i.e. - < 1. However, inertia is not negligible in
boundary layers. The primary difference between boundary layers and lubrication
approximation is of the driving mechanism of the flow. In lubrication problems,

flows within thin gaps are driven by pressure gradient or moving boundaries. In
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boundary layers, which are also thin, flow is driven by its own inertial in the
free-stream. Hence, a suitable scale for pressure is [p] = pUZ2 in the boundary

layers. Non-dimensionalizing the ¥ momentum equation, assuming steady flow

and € = 7 we obtain,
ov* ov* op* 1 [0 o*v*
2 (o * = — 2 . 9.1.5
‘ (U oy* o ax*> oy* * Rey <ay*2 e ox*? ( )

Further, non-dimensionalization of x momentum equation yields,

* * * 2, % 2, %
du du dp 1 <6u 28u>_ (9.1.6)

= + + €
ox* dy* dx*  €?Rey \ dy*? Ox*?

At this moment, a physical relation between § and ¢ will help us in establishing
that indeed (2 < 1. Note that our discussion pertains to high Reynolds number
flows, so Re; > 1 applies. As we think about the boundary layer development, it
is helpful to think about a fluid element which is traveling with the free stream
velocity Us. It travels the distance equal‘to [z] = £ in time 7 = ——. The no-slip
condition at the wall results in a diffusion of the momentum deﬁogit at the wall
upwards. This diffusion is not countered by any geometrical effects for flat plate

boundary layers, hence, it can be compared as free diffusion from a boundary. The

| vl
length till which this momentum deficit diffuses in time 7 is 6 = /v7 = 5—,

which yields the relation,
) 1

l \/Reg.

It is interesting to note that § o V€. This will be brought out more clearly in

(9.1.7)

Blasius self-similarity solution for flat plates with and without zero pressure gra-
dient. In other analysis (for example jets) where boundary layer approximation is
still applicable, we notice that 6 oc % where 3 is usually decided by the conditions
outside the boundary layer. For instance, in jets, the boundary layer growth is

augmented by entrainment of surrounding fluid, which results in g > 1/2.

Equation (9.1.7) is the boundary layer approximation. Substituting this, we ob-
tain the following boundary layer equations, which are the leading order equations
obtained from Eqs (9.1.5) and (9.1.6),

ou* ou* op*  0%u*

* * =— 1.
Lo +v o pe + ek (9.1.8)
op*

=0. 1.
oy 0 (9.1.9)
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Since the pressure is constant in y direction at the leading order, the final system

of boundary layer equations (equations for inner solution) are,

ou* n ov*
or*  Oy*
ou* ou* dp*  O*u*

* * = — . 9.1.11
u pye +v oy d + oy ( )

—0, (9.1.10)

Pressure being constant inside the boundary layer in the wall-normal direction
implies that pressure variation in z can be obtained from the outer solution.
Given the outer equations correspond to the ideal flow, we note that

o,
p +

= const. (9.1.12)

There is a y direction velocity outside the boundary layer (as we shall see below
in the solution). Intuitively, this is the wall-normal flow velocity which takes
place due to the displacement of the flow by the flat plate. However, this y
direction velocity is approximately S times the x direction velocity, similar
VRe,

to boundary layer. Hence,

1
P (422 + 022) = const., (9.1.13)

where the subscript () denotes values for y* — co. At leading order, we obtain,

dp* du
= —uF 0 9.1.14
dz* Yoo g ( )

which yields the complete boundary layer system of equations,

ou*  Ov*
=0 9.1.15
ox* + Oy* ’ ( )
a * a * d * 82 *
w T T gy Wee O (9.1.16)

ox* oy “dxr  Oy*?

The unknowns are u* and v*. There are two equations (one of them is nonlinear)

for two variables. The boundary conditions required are,

u(y"=0)=0,0"(y" =0) =0,u"(y" = 00) = ul,u(z" = 0) =ul,. (9.1.17)
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9.2 Zero pressure gradient flat plate boundary

layers

When the pressure gradient in the potential flow region outside the boundary
layer is zero, the momentum equation reduces to
ou* ou*  O%u*

* * = . 9.2.1
Y ox* v dy*  Oy*? ( )

We note that the boundary layer thickness is a scale determined by the flow itself.
Or, there is no externally imposed length scale in the problem. Hence, we expect
a self-similar solution to be valid. Dropping the ()* notation for dimensionless

variables, we take the similarity ansatz as,

Y

v is obtained using continuity as,
ov Ovl y do do
D = — — . 2.
oy ons Ysdr VT dr <779 / g (")d") (9:2:3)
Let [ g(n)dn = f(), then,
us ) o= — ). (924
Further terms are,
ou y o Ld6 Ou o, 1dé  *u  f”
Uafx——ff 775£7 U@—f (nf —f)g%, @_ﬁ (9.2.5)

Substituting in the momentum equation, we obtain ,
do
"+ (5@:) ff'=0 (9.2.6)

For the above equation to be an ODE, the term 535 should be a constant.
x

Assuming constant C
do
=0 = §=Valr, (9.2.7)

and the ODE is
f"+Cff" =0. (9.2.8)
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Figure 9.2: Self-similar solution of the Blasius equation obtained using C' = 1.

This equation is known as the Blasius equation. It is'a nonlinear third order ODE.
To determine the required three boundary conditions, we note that n — oo for
both y — oo as well as  — 0. Hence, we obtain the required 3 boundary

conditions

flln=10)=0, f(n -o00) =1, f(n=0)=0. (9.2.9)

The third order ODE is usually solved using the shooting method, where a value
of f” is assumed at n = 0 and marched till large values of  and then adjusted
based on the error in 7 = oo boundary condition. It is also important to note
that f(n), f'(n),--- will change with C' but u(z, y) remains fixed given how § also
changes with C.

9.3 Faulkner-Skan boundary layers

For boundary layers under a flow with varying streamwise velocity, we use a
similarity ansatz
u(@,y) = uco(z) f'(n). (9.3.1)

Note that we are using dimensionless variables. The similarity variable n = Y

Both us(z) and §(z) are undetermined. As we will see, only under ceigi)n
functional forms of these, self-similar solutions are valid. This means that only
under certain type of ideal flows, boundary layers are self-similar in nature. Even
though we are evaluating u.(x) as part of this self-similar exercise, it is important
to think about this result as a constraint on u.(x). In actual analysis, us ()

must be evaluated using the leading order outer layer equations, which are the
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inviscid flow equations. Using the continuity equation, we find,

d(ueod)
dx

v = nuoof’% — f (9.3.2)

Substituting this in the boundary layer equation, we obtain,

d()

AUeo

" 52
o+ Ir

(1) + s ppr . (9:3.3)

= and (5d(u°°5)

d
This equation is an ODE in 1 only if 6 Z; are constants. Let,

x x
du d(uso0)
=8, 0———rt = 3.4
Then,
d(uZ,0)  odus d(Uso)  odUuss)
I =0 . +2(6 o -0 I =20 —f, (9.3.5)
which yields,
Q00 —
5o JCe= BB e s (9.3.6)
Uoo

The above equations show that d(z) is not increasing as v/z for boundary layers

with freestream velocity u., varying as power law of x.

In section 8.3.1, we learned that for ideal flows inside wedges of angle 7/m, the

flow potential is given by,

¢ = CoAr™ cos(mb) == at, = CoAmr™ " cos(mb), ug = —CoAmr™ ! sin(m#).
(9.3.7)

From these, we obtain,
u = upr™ ' cos((m — 1)), v = —uer™ *sin((m — 1)0). (9.3.8)

For § =0 or 0 = T walls, we note that ug = 0 and only tangential velocity is

m
present. The asymptotic matching condition dictates that

uinviscid|wall _ g Poundary layer|e dger (9.3.9)

where “edge” denotes the boundary layer edge or the inner layer edge, which is
only achieved asymptotically with the appropriately scaled coordinate y* — oo.
For m = 2, we see that the potential flow is in a 90° corner. For 1 < m < 2, the

flow can be used to model boundary layer past a edge where the flow turns an
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§ = const.

T

l<m<?2 m=2

Figure 9.3: Faulkner-Skan boundary layers for flows with streamwise velocity
varying as power law.

m—1)m
! For u., increasing with x, we note that  grows slower than v/,

angle
and for decreasing u..,  increases faster than \/z. For increasing .., streamwise
pressure gradient is negative. At the wall, due to no-slip and hard-wall conditions,

in general body attached coordinates, we can write,

dp 0%u
—— = i at-wall. (9.3.10)
ds n
dp 2
As — < 0, we have +—5 < 0. If we define shear stress as
ds on
ou
T= i, (9.3.11)
on
Bell mouth
Honeycomb
flow straightener Inlet contraction
Diffuser duct
Test section
Favourable pressure: -— : — ,éﬁﬁxlfﬂfaﬂ
1

imdiem/

Figure 9.4: Schematic of a typical suction-tunnel (a type of an open circuit tunnel)
used for aerodynamic testing at low to moderate speeds. The driven end may
consist of an axial fan or a suction end of a centrifugal pump. The honeycomb
flow straighteners are usually optional in a low speed rotating suction fan tunnels.
The role of wire-mesh screens will become clear in subsequent chapters. The inlet
contraction induces a favourable pressure gradient which supresses boundary layer
growth for maximum possible uniform flow in the test-section.

Wire mesh
for grid turbulence
generation
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Figure 9.5: Adverse pressure gradient boundary layer profiles. The shear stress
can become negative for sufficiently large adverse pressure gradient.

then g; < 0 at wall. Since 7 — 0 at the edge of the boundary layer, the
shear stress increases monotically as we approach wall from the boundary layer
edge (decreasing n). Hence, the velocity profile monotonically approaches the
free-stream velocity at the boundary layer edge, i.e., it is concave upwards when
drawn as shown in figure 9.6. In such regions, boundary layer thickness may grow
slower than \/z or even decrease with x. Contraction zones of wind-tunnels are
perfect examples of application of this concept. The increasing velocity upstream
of the test-section results in a decrease of boundary layer, ensuring more zone
within the test-section experiences uniform (close to) flow.

2

d; 0°u
On the other hand, if the pressure gradient is positive, i.e. d—p > 0, then 92 >0
S Y

at the wall. This means that g:; > 0 at the wall. Hence, as we move away
from the wall, the shear stress increases. However, shear stress must decay as we
move closer to the boundary layer edge. Hence, there is a maximum of the shear
stress which must exist in the boundary layer. Such a non-monotonic behaviour
of 7 results in an inflection point of velocity inside the boundary layer. If the
pressure gradient continues to increase further, the non-monotonic behaviour of
T can result in 7 < 0 at the wall. At this point, velocity has reversed in the
flow, and the flow is called to have separated from the body. Flow separation
or boundary layer separation is a very important phenomenon which is relevant
in aerodynamic designs. A separated boundary layer may reattach to the body
due to further decrease in pressure, or it may continue downstream generating
swirling flow behind bluff bodies. At even higher Reynolds numbers, this swirling
flow gives way to unsteady vortex shedding in the wake. Such vortex shedding
can be observed even in cases of streamlined bodies as airfoils at sufficiently high
Reynolds numbers. Due to such reasons, a streamwise increasing pressure called
an adverse pressure gradient and a streamwise decreasing pressure is called a

favourable pressure gradient.
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Flow separation

Vortex shedding

E

’
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Figure 9.6: Variation of the velocity profile as the flow passes from a favourable
pressure gradient to a region with adverse pressure gradient.

9.4 Application of boundary layer theory

From flat plate boundary layer theory, we notice that the streamwise velocity in

dimensional form is given by (for zero pressure gradient boundary layers)

u(z,y) = Usf (y\/g) = U f(n)- (9.4.1)

The practical quantity of interest in boundary layer theory is obviously the skin-

friction drag. Shear stress at y = 0 is

= uUs \/>f pUZ S0 ), (9.4.2)

y_
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which yields the skin-friction coefficient defined as,

Tw  2f(0)
Cy = T3 = )
5PUS, Re,

(9.4.3)

The above expression shows that determination of f(n) (or a good approxima-
tion) is all that is required for evaluating the practical quantity of interest —
shear stress on the plate. Instead of solving the differential equation, there is an-
other approximate way of evaluating f(n) called the Von-Karmann - Pohlhausen
method. While the method may be found in Panton [2024], two interesting quan-
tities which emerge in the method are namely the displacement thickness 6* and

the momentum thickness ©* defined as,

e c_fu
5_0/<1 Uoo)dy,@ O/Uoo (1 Uoo)dy. (9.4.4)

A simple rearrangement of the §* formula yields,
Us0" = /(UOO = u)dy. (9.4.5)
0

If §(z) is the boundary layer-thickness, then by definition u = Uy, for y > ¢.
Technically, u always approaches U, asymptotically. Hence, a practical value of
0 is chosen by selecting the point where u ~ 0.99U,,. A boundary layer thickness
defined this way is called dg9. Using this, we obtain,

099 099
U, 0* ~ / (Uno — ) dy = UnsGg — / udy, (9.4.6)
0 0
or
099
/udy = Us (99 — 67) . (9.4.7)

0
The above expression shows that the flux through a control volume ending at 0*
above the flat plate in a uniform flow of Uy, is the same as flux though the control

volume extending to the plate with a flat plate boundary layer on it.

9.4.1 2D jets

Besides the practical calculations possible, the boundary layer theory is also ap-

plicable in several other non-intuitive flows. Free jets are good examples of such

145



Advanced Fluid Mechanics by Prateek Gupta

flows. As long as the boundary layer theory assumptions

1
O Rey> 1, 9.4.8
0= VRe e (548)

hold, the Navier-Stokes equations can be reduced to the boundary layer equations
to the so-called boundary layer equations. For 2D, planar incompressible flows,

these equations are,

ou  Ov

—+—=0 9.4.9
ou  Ou 1dp 0*u
e . ey 4.1

“ax+”ay pdz+yay2 (9.4.10)

In free-jets, the atmospheric pressure exists outside the jets. Within the limits

1
of boundary layer theory approximation - = < 1, i.e., when we are

¢ Re

sufficiently far away from the jet outlet, pressure is constant in y. Since pressure

outside is atmospheric and constant in x as well, pressure is constant within the

jet and we can write the momentum equation as,

Ui + Vo == (9.4.11)
X

Integration of the continuity equation over the highlighted control volume in red

Atmospheric pressure

i{//////////umw
— U,

h > 4

Figure 9.7: 2D planar jet
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in figure 9.7 yields,

H/2 T
/ udy — Ugh + Q/U(x,y = H)dz =0, (9.4.12)
—H/2 0

where we have used the symmetry of the flow (v(z,y) = —v(z, —y)). The above

equation shows us

H/2

/ udy = Uph — 2/U(x, y=H)dx (9.4.13)
—H/2 0

The quantity / v(z,y = H)dz, increases for large values of x. In the limit of
0

H — o0, the above equation yields,

/ udy = Uph — 2/1}(:10, y — 00)d. (9.4.14)
—00 0

While the y direction velocity, however small, results in a net entrainment of the

flow as a result of which the mass flux is-actually varying in x. Below we will

u
derive this variation exactly. Assuming u = 0 and — = 0 for y — 0o, we obtain,

dy
/ u’dy = Ulh = const.. (9.4.15)

With this, we proceed by checking if a self-similar solution exists. We assume the

guess,

b= AaPf(), n= g5, (9.4.16)

where ¢ is the streamfunction. The v and v velocity are obtained as,

A
u= Exp_qf’, v=Ax""" (qf'n —pf). (9.4.17)

Substituting in the boundary layer equation, we obtain,

ABgpta-1
=2 (-2 —prs). (9.4.18)

v

For a self-similar solution to exist, p + ¢ = 1 should hold. The other relation be-

tween p and ¢ is through the momentum integral, which is constant. Substituting
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the expression for v in the momentum integral, we obtain,

A? T
§x2p_q / f"dn = const. (9.4.19)

For the above to hold 2p = ¢ must hold. Hence, a self-similar solution exists if
p=1/3 and q = 2/3. Before we start solving for f, we need boundary conditions.
We use the following three boundary conditions

1.u=0fory — o0 = f'(n— o0) =0 due to far-field

2. gu =0fory=0 = f"(n=0) =0 due to symmetry
Y

3.v=0fory=0 = f(n=0) =0 due to symmetry.

Substituting p and ¢, we obtain,

" AB / " n AB AV 1 AB /
f (P =0 = M ) =0 = = G
v 3v 3v
AB
— [+ —f*=Cin+C. (9.4.20)

6v

For n — oo, f'(n — oo) has tobe finite, so C; = 0. Hence,

f'=Cy—Cf? (9.4.21)

AB /
where C' = ——. Solving the above, let g = f g,
6v Cy

1 dg
vV CCQ 1— g2 N

where K = In K’ is some constant. Since f = 0 for n = 0, we get K =1 and

f= \/? tanh ( 0027;) . (9.4.23)

From here, we obtain f’ = Chsech? ( C’an) from which we obtain

1
/dn + K = 1+g = Ke2voeam (9.4.22)
-9

u = g(acl/zs(/ﬁsech2 ( CCw) ) (9.4.24)

A

For n = 0, we obtain umax = Exfl/ 3C, which shows the decay of maximum
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velocity in x. Substituting in the momentum integral, we obtain,

/ uidy = Bx2/3§x—2/3022 / sech? < C’an) dn = UZh. (9.4.25)

— 00 —0o0

Vi 4
Upon substitution and calculating / sech?(&)d¢ = 3 we obtain

—00

3/2
?;\/67 (A?) = U2h. (9.4.26)

We note that the solution ¢ (z,y) can be written as,

6vAC AC
_ 1/3 _ .1/3 2 2 Y
Sy) = A2 ) = o E tanh (,/@Bﬁ/g). (0.4.27)

AC
Hence, individual values of A, B, C5 do not matter, only the value of ?2 matters,

which can be obtained from the momentum integral. Using this solution, we can
oo

also calculate the mass flow rate and show that / udy ~ z'/* which shows that
—o0

the mass flow rate increases as z'/3.

Boundary layer theory can’be further applied to other examples as well, such as far
wake region of a bluff body, shear layers (mixing layers), and boundary layers over
bodies of revolution. It is important to note that the boundary layer equations are
approximation of Navier-Stokes but still nonlinear. So the self-similar solutions
that we have found, are only one of the solutions of these equations. There may
be many more solutions. The question of which one do we observe in practice
and how often? depends on the ability of these solutions to “resist” external
perturbations, i.e., stability of these solutions. If we obtain a so-called linearly
stable solution, then we can be certain of observing the actual solution in a lab
(for example a lighter fluid resting on top of a heavier fluid, both with no velocity).
In the next chapter, we look at this concept of linear stability and how it is used

to determine stability of a flow (and its unstable modes).
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