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Maximum score is 40. There are 3 questions in total. Time limit is 60 minutes. Clearly write all
your assumptions and steps. No marks will be given for correct answers without any steps.

1. Evaluate/Prove using index notation (no points for expanding individual summation terms and
calculating/brute force), (14)

(a) δijδij Answer:- δijδij = δii = 3 (1)

(b) ϵijkϵijk Answer:- ϵijkϵijk = δjjδkk − δjkδjk = 3× 3− 3 = 6 (2)

(c) u · ∇u = ∇
(
|u|2

2

)
− u× ω where ω = ∇× u

Answer:- u× ω = ϵijkϵklmuj
∂um

∂xl

êi = (δilδjm − δimδjl)uj
∂um

∂xl

êi =

uj
∂uj

∂xi

êi − uj
∂ui

∂xj

êi = ∇
(
|u|2

2

)
− u · ∇u (3)

(d) Determinant of a second order tensor T and components of it’s inverse can be written as,

det(T ) =
1

6
ϵijkϵlmnTliTmjTnk, and

[
T−1

]
ij
=

1

2det(T )
ϵjpqϵiklTpkTql.

Show that
∂(det(T ))

∂Tij

= det(T )
[
T−1

]
ji
. (4)

Answer:-
∂(det(T ))

∂Tij

=
1

6
ϵpqrϵlmn (TmqTnrδliδpj + TlpTnrδimδqj + TlpTmqδinδrj)

=
1

6
(ϵjqrϵimnTmqTnr + ϵpjrϵlinTlpTnr + ϵpqjϵlmiTlpTmq)

=
1

6
(ϵjqrϵimnTmqTnr + ϵjrpϵinlTlpTnr + ϵjpqϵilmTlpTmq)

=
1

6
(ϵjqrϵimnTmqTnr + ϵjqrϵimnTnrTmq + ϵjqrϵimnTmqTnr) =

1

2
ϵimnϵjqrTmqTnr

(e) Let r = riêi = xiêi be the position vector of a point, with magnitude r. Simplify,
∇2 (rp). (4)

Answer:- ∇2rp = ∇ · (∇rp) = p∇ ·
(
rp−1∇r

)
= p∇ ·

(
rp−1 r

r

)
= p∇ ·

(
rp−2r

)
= p

(
(p− 2)rp−3r · ∇r + rp−2∇ · r

)
= p

(
(p− 2)rp−3 r

2

r
+ 3rp−2

)
= p(p+ 1)rp−2

2. Electrohydrodynamics is the study of electric field driven fluid flow of a dielectric fluid (fluid with
bulk charge density). For a steady electric field E on a dielectric fluid of permittivity ε, the

Coulumbic force per unit volume is given by F e = E∇ · (εE) − 1

2
|E|2∇ϵ. Steady electric field

implies ∇× E = 0. Show that the force F e can be written as,

Fei =
∂Tij

∂xj

.

Determine Tij tensor. (Hint:- Start by simplifying εE × (∇× E)). (12)

Answer:- Consider εE × (∇× E) = ϵijkϵklmεEj
∂Em

∂xl

êi = εEj
∂Ej

∂xi

êi − εEj
∂Ei

∂xj

êi

1



0 = ε∇
(
|E|2

2

)
− εE · ∇E = ε∇

(
|E|2

2

)
−∇ · (εE ⊗ E) + E∇ · (εE)

E∇ · (εE) = ∇ · (εE ⊗ E)− ε∇
(
|E|2

2

)
Hence, E∇ · (εE)− 1

2
|E|2∇ε = ∇ · (εE ⊗ E)−∇

(
ε
|E|2

2

)
= ∇ ·

(
εE ⊗ E − ε|E|2

2
I

)
. We

obtain the expression,

Tij = εEiEj −
ε|E|2

2
δij.

3. The rate of deformation work done is given by ϕ = Tij
∂ui

∂xj

, where T is the stress tensor and u

is velocity (10).

(a) Show that ϕ = TijSij (S is the strain rate tensor) (2).

Answer:- ϕ = Tij
∂ui

∂xj

= Tij (Sij + Ωij). Ωij is anti-symmetric. TijΩij = TjiΩji =

−TijΩij = 0.

(b) For a particular fluid, the stress tensor is given by Tij = −pδij + 2µSij −
2

3
µ (∇ · u) δij,

where p is a field and µ can be taken as constant. Show that ϕ+ p∇ · u ≥ 0.(Hint:- Think
of type of quantities which are always ≥ 0) (12)

Answer:- ϕ = TijSij = −pδijSij + 2µSijSij −
2µ

3

∂uk

∂xk

δijSij.

ϕ+p∇·u = 2µSijSij−
2µ

3
(∇·u)2 = 2µ

(
S2
ij +

1

3
(∇ · u)2 − 2

3
(∇ · u)2

)
. Since ∇·u = Sii,

ϕ+ p∇ · u = 2µ

(
S2
ij + (∇ · u)2 δijδij

32
− 2

3
Sij∇ · uδij

)
= 2µ

(
Sij −

1

3
∇ · uδij

)2

≥ 0

2


