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Figure 2: Start-up of shear flow between two plates.

3. Let us consider the start-up of the flow of fluid of viscosity 1 between two walls separated
by distance d and caused by a sudden impulsive movement of the bottom wall in the shown
figure. The top wall is fixed and the fluid is initially at rest. The bottom wall velocity U(t) is
such that U(t) = 0 for ¢ < 0 and U(t) = Up for t > 0. (25)

(2) State all the boundary and initial conditions. (3)

(b) Using suitable assumptions derive the PDE governing this unsteady flow in the dimen-
sionless form. Clearly state the all the scales used for dimensionless variables. (12)

(c) Solve the above equation using variable separation. (7)

(d) Derive the later-time t — 0o fimit of the solution.

Compare it to the steady state
Couette-flow solution. (3)
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For 2D flows, if vorticity field is given w, the velocity field is given by,

u(e) = 5V x (‘R/ Infz — yle(y)dy | (1

where y and z are coordinate vectors in 2D space R? and V denotes gradient w.r.t z. Simplify
the above expression using index notation. (5)

Answer:- o ., )
1 €ijk 1, 1 €ijkT
U; = ~— e (\L -y = 5 5 wrdy
21 Jg2 |z — y| Ox; = - 27 Jgo 1 =
where r = x — y and r = |r|. In the vector notation,
1 [ rxw
u=— dy.
/" MZ

A dye in a flow can be modeled as a passive scalar with concentration field ¢(z,t) (intensive
quantity). For a passive scalar with diffusivity coefficient D, the governing equation is given by,

B
a—j +u-Ve= DV 2)

Consider a dye being injected very slowly at x = 0 in a uniform, steady, parallel, and 2D flow as
shown below. The dye concentration is ¢q within —h <y < h at x = 0 at all times. As the dye
gets convected downstream in x, it spreads in y as shown. The value of concentration within
—h <y < h also changes.

Dze
Injectiof h

Problem 2 Problem 3

(a) For steady state conditions in the uniform parallel flow as shown, simplify the passive scalar

2 82
equation. Ignore — term compared to — (2
q gnore - p 5z (2)
Answer:- For steady state and ignoring the x diffusion term,
oc d?c
Uso oo :

or 0y?



(b) Clearly specify all the boundary conditions on c. (3)
Answer:- ¢(z,y — +o00) = 0 and ¢(x — 0,y) = ¢ for |y| < h and ¢(x — 0,y) = 0 for
ly| > h.

(c) Solve the simplified PDE from part 2a. Consider Fourier-transform in y such that,
1 o) ) 00 )
cthoa) =5 [ ety My, clya) = [ etk opea )
T J - —o0

Using this, derive a simple first order PDE for ¢(k,y) from the simplified PDE. Solve it to
obtain the solution ¢(z,y). (15)
Answer:- Taking the Fourier transform,

oc D R Dk2%z

a? — _Uiook'QC - é(kﬁb’) = g(l{) Uso |,
Since ¢(y,x — 0) is known, we can explicitly evaluate g(k). To simplify calculation, we
use, ,
> Daxk
cly,x) = / g(k)exp — (}r +iky dk.
Using
1 [ :
g(k)=¢(k,z —0) = 2/ c(z,x — 0)e”**dz,
m — 00
we get,

1 [~ [~ - Daxk?
= 27T/—oo /_OO c(z,x — 0)e " *drexp — J +ky dk,

o0

which can be simplified as,

I o Daxk?
c(y,r) = / c(z,x — 0)/ exp — +ik(y — 2) dkdz

2r J_ - Uso

2
1 [ Uso(y — 2)? D z Uy
S . c(z,z — 0)exp _EM eXp ( \/ T _ Y 4\/ Da:) dkdz,
1 [~ Uso(y — 2)? Uy
= — c(z,x — 0)exp — Elny ) D;dz,

| Uy —2)?
- WDT/ o oz =

Alternatively, one can explicitly calculate,

1 [ 1 [ , , ,
g(k) =¢(k,z —0) = 2/ c(y,r — 0)e"Mdy = 2/ coe” M dy = o (e7"h — eh

T J oo i 2mik
_ cosin (kh)
Tk
Substituting to obtain the concentration,
o [ sin(kh Dxk?
cly,z) = (0/ sin )exp ! +iky dk. (4)
T ) . Kk U



3. An infinitely long cylinder of radius R is immersed in a Newtonian fluid. The fluid is motionless.
The cylinder begins to rotate about its axis at ¢ = 0 with angular velocity Qé,.

Figure 2: Infinitely long rotating cylinder

(a) Assuming axi-symmetric flow, calculate the velocity distribution at steady state by simpli-
fying the Navier-Stokes equations in cylindrical coordinates. (15)
Answer:- For axi-symmetric flow u, and uy do not vary in #. From continuity equation and
u-(R) =0,
10(ru,)
r Oor
From 6 momentum equation (at steady state),

=0 = u, =0. (13)

Pug 1 du
Dt Ty, (14)

dr? r dr 72

. , : o C
Taking ug = 1", we get n = 1, —1. For r — o0, flow velocity must be finite = wuy = —.
r
OR? .
At r = R, up = QR, we get ug = — From r momentum equation,
u? 10p

_ =L (15)



(b)

Consider the start-up flow at initial times due to cylinder rotation. In the small radius limit

r
R — 0 and QR* — — (a constant), simplify the governing equations and the boundary
conditions. (15)

r
Answer:- Since, for QR* — o as R — 0, we get the boundary conditions as,
T

lim Rug(r = R — 0,t) = —, ug(r — oo, t) = 0. Boundary conditions for u, remain the
R—0 2m

same. For p(r — 00,t) = ps. The continuity equation still yields u, = 0. The r equation
also remains same. For § momentum equation, we obtain,

01 0?u 1 01 1
Qo ) Tty 100t (16)
ot or?2 ror r?
Using a similarity variable n = Lt solve the simplified equations obtained in part 3b to
v

obtain the unsteady velocity field. Confirm that for ¢ — oo this field approaches the solution
in part 3a. (15)

r
Answer:- Looking at the steady state solution, we take uy = Q—f(n) as the dependent
r

variable. Substituting in equation 16, we obtain,

- 1 f /" V7 B i f

=v - T i 17
2t\/vt roryut ot vt 2wt o 2wt 03 (17)
which vyields,
o gl g/ >/ *l! >/
/ . S :L_.fﬁ_ (18)
2t/ vt rvt  r2\/ut rt r2\/t
Usi !
sin =
gn ﬁyt
f'm . f
_L _ L 19
2-r-L (19)

with 7 = R — 0 boundary condition yielding f(n — 0) = 1. Both r — co and t = 0
conditions yield f(n — oo) = 0. Solving the above equations,

2 2 2
In f' + % —Inn=InC, = f'=Cime /" = f=-20e""+0C,. (20)

From boundary conditions, we obtain Cy = 0 and C} = —1/2. wuy(r,t) is obtained as,

I f
ugp(r,t) = —QWTG’TZM’”. (21)
. I : —r?/4vt I
Clearly, the above solution uy(r,t — c0) = — lim e = ——, same as the steady
2T t—oo 2mr

state solution.



