
AML2020/APL107/APL106 (2026-2027-I): Quiz-1 solutions

Department of Applied Mechanics, IIT Delhi

August 12, 2026

Maximum score is 40. There are 4 questions in total. Time limit is 60 minutes. Clearly write all your assumptions
and steps. No marks will be given for correct answers without any steps.

1. Simplify the following. Assume smooth and differentiable field v. (15)

(a) δijδij (1)

(b) ϵijkϵijk (2)

(c) ∇ ·
(
∇r5

)
for r =

√
xixi (4)

(d) ∇ · (∇× v) (4)

(e) v · (∇× v) (4)

Answer:-

(a) δijδij = δii = 3

(b) ϵijkϵijk = δjjδkk − δjkδkj = 3 · 3− 3 = 6

(c)
∇ ·

(
∇r5

)
= 5∇ ·

(
r4∇r

)
= 5

(
4r3∇r · ∇r + r4∇ · ∇r

)
= 5

(
4r3|∇r|2 + r4∇ · ∇r

)
Substituting (this has to be shown in your solution)

∇r =
r

r

∇ · ∇r = ∇ · r
r
=

∇ · r
r

− r · ∇r

r2
=

3

r
− 1

r
=

2

r
we obtain

5

(
4r3

r2

r2
+ r4

2

r

)
= 30r3

(d)

∇ · (∇× v) = êi
∂

∂xi

(
êj

∂

∂xj
× êkvk

)
=

∂2vk
∂xi∂xj

êi · êj × êk = ϵijk
∂2vk

∂xi∂xj

Swapping dummy indices and then using definitions

ϵijk
∂2vk

∂xi∂xj
= ϵjik

∂2vk
∂xj∂xi

= −ϵijk
∂2vk

∂xi∂xj
= 0

(e)

v · (∇× v) = êivi ·
(
êj

∂

∂xj
× êkvk

)
= vi

∂vk
∂xj

ϵijk

Since vi
∂vk
∂xj

̸= vk
∂vi
∂xj

, the above expression is not necessarily symmetric. Hence there is no further

simplification possible. ∇ × v is not necessarily normal to v in 3D. For v being the velocity field,
v · (∇× v) is a quantity called helicity of the flow. 3 marks cut if you performed incorrect forced
simplification to get 0.

2. In a 2-D flow field, the velocity field is given by, (8)

v(t) =4̂i, 0 ≤ t < 4 s

4̂i+ 4ĵ, 4 ≤ t < 8 s

4ĵ, 8 ≤ t < 12 s.

Qualitatively sketch the following showing the origin (0, 0) on each graph.
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(a) Streamline passing through (0, 0) at t = 2 s. (1)

(b) Pathline of a particle which was at (0, 0) at t = 0, observed at t = 2 s. (1)

(c) Streamline passing through the origin at t = 10 s. (2)

(d) Pathline of the particle in part 2b observed at t = 10 s. (2)

(e) Streakline of particles released from origin from t = 0 onwards, observed at t = 10 s. (2)

Answer:-

Figure 1: Problem 1 solution.

Figure 2: Fluid element ABCD.

3. Velocity field in a steady 2-D flow is given by (13),

u = x, v = −y .

(a) Find the equation of streamlines. Sketch the streamlines of the flow in the region −∞ < x < ∞, y > 0.
Show atleast three curves in each quadrant. (2)

(b) Consider a square shaped fluid element of side length δa centered at (1, 1) at time t, as shown in figure 2.
Tabulate the velocities of points ABCD. (4)

(c) Calculate the acceleration of an infinitesimal fluid element when it is at (1, 1). (2)

(d) Compute the velocity gradient tensor and decompose in symmetric and anti-symmetric parts. What is
the rate of bulk strain in this flow? (3)

(e) Sketch the qualitative shape of the fluid element in part 3b at time t+ δt. Assume small δa. (2)
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Answer:-

(a) Equation of streamlines,
dy

dx
=

v

u
, =⇒ xy = const.

Figure 3: Streamlines

(b) uA = 1− δa

2
, vA = −1 +

δa

2

uB = 1− δa

2
, vB = −1− δa

2

uC = 1 +
δa

2
, vC = −1− δa

2

uD = 1 +
δa

2
, vD = −1 +

δa

2

(c) Acceleration is given by,
dv

dt
=

∂v

∂t
+ v · ∇v,

which yields,
du

dt
= x

and
dv

dt
= y.

(d) For 2D, velocity gradient tensor is

∇v =

∂u

∂x

∂v

∂x
∂u

∂y

∂v

∂y

 =

[
1 0
0 −1

]

The tensor is symmetric so antisymmetric part is 0.

(e) While for small δa it is ok to reason that the fluid particle retains the shape. Reasonings such as ∇·v = 0
so there is no deformation are wrong. For any δa, D moves slightly more to right than A. B moves slightly

Figure 4: Deformed shape
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more downward than A. C moves as downward as B and as rightward as D. The new shape is rectangular,
elongated in x and compressed in y. This is clear from the strain rate components also. ∂u/∂x = 1
means longitudinal stretching and ∂v/∂y = −1 means longitudinal compression.

4. If Sij is the symmetric part of velocity gradient tensor ∂vi/∂xj , show that Sij

(
Sij −

1

3
∇ · vδij

)
≥ 0. (4)

Answer:-

SijSij −
1

3
∇ · vδijSij = SijSij +

1

3
∇ · vδijSij −

2

3
∇ · vδijSij

Since ∇ · v = Sijδij and δijδij = 3, we can write the above

SijSij +
(∇ · v)2δijδij

9
− 2

3
Sij∇ · vδij =

(
Sij −

∇ · vδij
3

)2

≥ 0
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