AML7870 (2025-2026-11): Mid-term exam solutions
Department of Applied Mechanics, IIT Delhi

Course coordinator: Prof. Prateek Gupta

February 20, 2026
Maximum score is 60, time limit is 120 minutes. There are 5 problems in total. Clearly write all
your assumptions and steps. No marks will be given for correct answers without any steps.

1. Derive the form of the equality constraint f(x,y) = 0 so that it is convex. Both z,y € R. (5)
Answer:- Let r = (z,y). For convexity of an inequality constraint,

FOury + Aary) < A f(ry) + Aaf(r). (1)

If the constraint f(r) = 0 is convex, then the constraints f < 0 and —f < 0 should both be
convex. Note that we are not talking about convexity of the function here, but convexity of the
set of r which satisfy the constraint. Hence, both,

fury + Aarg) < Aif(ry) + Ao f(ro) (2)
and
FOury + Aarg) > A f(ry) + Aaf(rs) (3)
hold simultaneously. Note that this is possible only if
Fury +Xory) = Mif (1)) + X f (1)) = f(r) =c'r, (4)

for some constant c.

2. Consider a three-bar truss member as shown. Derive the equilibrium equation for the truss in the
form of K u = F where u consists of all the displacement degrees of freedom and I’ contains
the force components along those degrees of freedom. (10)

Answer:- As covered in class, for a truss member with angle 6 from the horizontal and ¢é a unit
vector from node 1 to node 2 of the member, the following relations hold,

e Displacement vector : u = [u!,ul] where u, and u, are displacements of nodes 1 and 2.

e Elongation : § = Bu where B = [—é", ¢"].
EA
e Force : i:gTTo:ngg,:ﬁg
e For each bar, we can write u = CU, where U is the global degrees of freedom vector.

For the specific problem, the overall displacement degrees of freedom are
U= [U»:m U3y U/ly]tl‘- (5)
Hence, for each bar, we can write u = g U,
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with the unit vectors
éq = [cos 0, —sind]", ¢, = [0,1]", e, = [1,0]" (7)
Assemble éj = Q;ngj for j = a,b,c. And then compute

—=j=j=J

K = CTk C (8)
and K = Zé/ Full points for computing all results.
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Problem 2 Problem 3

3. The volume of the four-bar truss needs to be minimized under the constraint that the elongation
of bar 1, 6 < 9g. The external force P is positive. All the bars have length ¢ and Young's
modulus E. Also, the cross-sectional areas satisfy the relations A3 = A; and Ay = A;. The
design variables are the cross-sectional areas A; and A,. Define Ay = P¢/(1060F). The bounds
on areas are 0.24; < A; < 2.5A,. Formulate the optimization problem. Clearly write the
objective function and constraints in terms of A; and A,. (15)

Answer:- Let 15 = Ay 2/Ap. Let s; be the forces in each member (positive sign implies tensile
force). Let é; be unit vectors from support points to point under load. By force balance,

S1 S1
\/5/2 N PPN S9 - 59

P |: 1/2 — [61 €9 €3 €4 Sg = g Sg (9)
S4 S4

Similarly, extensions d1, d2, 03, d4 in the bars can be related to displacement of the point as

(51 (A’,{

(52 _ (A’I Ug _ B’j' Uy (10)
d3 és Uy = | uy

(5,1 (A’z

S1 01
2 | — Zdiag [Ar, As, Ag, Ag] | 22 | = Zdiag[Ay, Ay, Ay, Ay BT { e } . (11)
53 14 03 14 = | Uy
S4 54
Thus, we obtain
/3 3A; + Ay 0
E_. / | us | 3/2 1 _E| T o Uy
?édlag [A1, A, A3, Ay] B { Uy } - { 1/2 } 0 0 A1+ 34 Uy
2
(12)
which yields,
V3
Uy Pr A 134,
T - 1+ SA‘
[ . } = | AsA ) (13)

3A; + A



The constraint § < ¢y yields,

or

2 2

6' p—
! 2(A; +345)  2(3A; + A,

Vau, u, Pl < 3 1 )) <5 (14)

3 1
. <0.1 15
2(x1 +3x2) 23wy +w2) T )

The objective function is simply z; + x5 with above constraint and the box constraints 0.2 <
£1,2 S 2.5

4. Consider the truss compliance minimization problem as covered in class.

(a)

(b)

Compute the derivative of the compliance C(z) w.r.t. z;, the cross-sectional area of the
4™ member of the truss. (5)

- O0u . 0K
Y AT )
Ox; Oz, — = Oz,
be computed using the relation derived in class,

K=Y 2K (16)
J

Answer:-

u. The derivative of the stiffness matrix can

Hence, — = —u’ K? u. In terms of displacement vector of jth truss member nodes, uj,
€T —
J
we get,
oC T 10
— = —u; k u,. 17
(9:1,’]- 22 2 ( )

Using the Lagrangian £ of the compliance minimization problem under the volume constraint
in&- < V4, and the box constraints :v?‘i“ < z; < 2", derive the bounds on stress of

bars. (5)
Answer:- The Lagrangian is given by

c_FTu+A<ZJ;iei—%>, (18)

i

where A > 0. Differentiating the Lagrangian, we obtain

oL oC o2l;
T T ;

max
7

Given box constraints z;"" < z; < 27", and assuming xj that minimizes L,

A* 4
O'JQ» < 5 if 27 = 2™, (20)
. A" . )
aj =5 if 27" <ot < a2 (21)
5 A . ‘
af» > ok if Ij = xfjn“x. (22)

In the above, A* maximizes the dual function ¢(\) obtained by minimizing L.



(c) Use the MMA approximation for the compliance. Formulate the approximate Lagrangian
using the volume constraint. Derive the dual function ¢(\) for A > 0. (5)
Answer:- The MMA approximation of the compliance is
, L’“)
Mk \ _ k —IVET 10 o T 10
CM4(@) = C(a") = Y (af — L & +Z_ xJ_Lk, Bl (29

J
using which, we get the approximate Lagrangian as,

L8z, \) = CMF(z)+) (Ze T — VD> = rO—I—Z ( ka

2

7k’,T E(; /LL? + )\&’L}) —)\‘/0

(24)
The dual function is obtained by
d(N) =18k — NV, + Z min L? -~ Lﬁ)ZuI?’T KO ub + N (25)
) 0L ak<ay<amax \  x;— LK 0= Y

(d) Show that —¢(\) is a convex function. (10)
Answer:- The minimizer z* of the function in parenthesis has components, either one of the
two box constraints or,

T = (26)
It is sufficient to prove that for each 7, the function
(zf — LE)? 4o
BN =, ( pomy s AR 1)

is convex. For z; = "™ or x™

J
For z; = :c' the functlon is

$;(A) = 24/ b\ + ALY, (28)

The linear part of ¢; can be again easily shown to be convex. Let g(\) = —mA/\ for some
m > 0. For g(\) to be convex,

gladi + (1 — a)Xo) = —my/ar + (1 — a)da < ag(h) + (1 —a)g(X2),  (29)

, the function is linear in A and easily shown is convex.

where 0 < a < 1. Consider the inequality

av/ A+ (1= a)vV A < Var + (1 — a)rs. (30)

Since z; > x5 = a7 > x5 for all real x; and x5, hence,

a?A; + (1 —a)* Xy + 2a(1 — a)v/ A < adp + (1 —a))y (31)
ala — DA 4+ (1 —a)(—a)a +2a(1 —a)\/ A A2 < 0. (32)

Since 0 < a < 1, a(a — 1) < 0, we obtain,
MAF X =2V >0 = (VA — V)2 >0 (33)

which always holds. Hence g(\) is a convex function. Hence ¢;(\) is a concave function
implying ¢(\) is concave.
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5. For a quadratic function f(z) = —QTQ — bTx + ¢, derive the value of the optimum step size

oy at step k — k + 1 defined using,
" =2+ agd,

where d" is the steepest descent direction at z*. (5)

a k+1
Answer:- Choose «ay, such that M = 0. Hence
aOék
, Oxktl
Vi) ——=0 34
FE - S (34

Substituting the function derivative (assuming symmetric . For general H, replace H by
H+H"

2
[H (z" + ard®) = b] - d" =0 = oad"" Hd"+d"" H 2" =d""p, (35)
from which we get (using d* = V f(z") = H 2* — ),
TR -H) Vi (36)
QR = dk g dk o dk;7T é d/\



