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ARTICLE INFO ABSTRACT
Keywords: A vertex cover of a graph is a set of vertices of the graph such that every edge has at least one
Weighted vertex cover endpoint in it. In this work, we study WEIGHTED VERTEX COVER with solution size as a parameter.

Parameterized algorithms
Approximation algorithms
Parameterized approximation

Formally, in the (k, W)-VERTEX COVER problem, given a graph G, an integer k, a positive rational
W, and a weight function w : V(G) — Q*, the question is whether G has a vertex cover of size
at most k of weight at most W, with k being the parameter. An (a, b)-bi-criteria approximation
algorithm for (k, W)-VERTEX COVER either produces a vertex cover .S such that |S| < ak and
w(S) < bW, or decides that there is no vertex cover of size at most k of weight at most W. We
obtain the following results.

« A simple (2,2)-bi-criteria approximation algorithm for (k, W)-VERTEX COVER in polynomial
time by modifying the standard LP-rounding algorithm.

A simple exact parameterized algorithm for (k, W)-VERTEX COVER running in O*(1.4656)
time!.

A (1 + €, 2)-approximation algorithm for (k, W)-VERTEX COVER running in O*(1.4656(-9k)
time.

A (1.5, 1.5)-approximation algorithm for (k, W)-VERTEX COVER running in O*(1.414%) time.
A (2 - 6,2 — 6)-approximation algorithm for (k,W)-VERTEX COVER running in
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approximation algorithms, we get running times of (9*(1.272%) and 9*(1.151%) respectively.

Our algorithms (expectedly) do not improve upon the running times of the existing algorithms
for the unweighted version of VERTEX COVER. When compared to algorithms for the weighted
version, our algorithms are the first ones to the best of our knowledge which work with arbitrary
weights, and they perform well when the solution size is much smaller than the total weight of
the desired solution.
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1. Introduction

In the VERTEX COVER problem, we are given a graph G, and are asked to find a smallest set S C V' (G) of vertices such that every
edge in the graph has at least one endpoint in .S. This problem is known to be NP-complete and is in fact one of the 21 NP-complete
problems listed by Karp [1]. This makes it unlikely that a polynomial time algorithm exists for the problem, and hence it has been
studied extensively in the fields of approximation algorithms and parameterized algorithms.

For VERTEX COVER, there are several polynomial time 2-approximation algorithms [2]. On the other hand, it is known that VERTEX
COVER is APX-complete, and hence cannot have a Polynomial Time Approximation Scheme (PTAS) unless P=NP [3]. In fact, under
the assumption that P#NP, there cannot be a (\/E — €)-approximation algorithm for VERTEX COVER [4]. Further, assuming the Unique
Games Conjecture, there cannot be a (2 — ¢)-approximation algorithm for VERTEX COVER [5]. This result basically shows that we
cannot do better than the known approximation algorithms in polynomial time, unless the Unique Games Conjecture is false.

VERTEX COVER is also one of the most well-studied problems in parameterized algorithms, with the size of the vertex cover
being the parameter. Formally, given a graph G and an integer k, it asks whether G has a vertex cover of size at most k. A branching
algorithm for VERTEX COVER runs in time (9*(2¥), and there have been several results improving the running time to (9*(1.25284%) [6].

There is another emerging field, parameterized approximation algorithms, that combines the fields of approximation algorithms
and parameterized algorithms to get better approximations for problems in FPT time, than what is achievable in polynomial time.
Naturally, the running time of a parameterized approximation algorithm, if one exists, is smaller than the running time of the exact
FPT algorithm for the same problem. For VERTEX COVER, a parameterized (1 + ¢)-approximation algorithm is known to run in
O*(c1=9k) time [7,8], where the constant ¢ is the base of the exponent of the best known FPT algorithm for vertex cover, running in
time ©*(c*). The running time was further improved by Brankovic and Fernau [9] for any ¢ € (0,0.5], and in particular, they gave
a 1.5-approximation algorithm running in time (9*(1.0883%). Recently, Kulik and Shachnai [10] introduced randomized branching
as a tool for parameterized approximation and develop the mathematical machinery for its analysis. Using this they obtained the
best known running times of parameterized approximation algorithms for VERTEX COVER and 3-HITTING SET for a wide range of
approximation ratios. We refer to the survey [11] for other developments in the field of parameterized approximation algorithms.

While parameterized approximation algorithms for the unweighted version of VERTEX COVER have been extensively studied,
the same cannot be said about the weighted version of the problem. In the weighted version of the VERTEX COVER problem, we
are asked to find a vertex cover of minimum weight in the graph. In the decision version of the problem, we are given a graph
G, weight function w : V(G) —» Q%, and a positive rational W; and the question is whether G has a vertex cover of weight at
most W. We can get a 2-approximation algorithm for the weighted vertex cover problem by doing a simple LP-rounding, and the
negative results for approximation of the unweighted version carry over to weighted version of the problem as well. From the point
of view of parameterized complexity, the weighted version is less studied than the unweighted version, but still a number of results
have progressively brought the running time down to (9*(1.347%), when parameterized by the weight W [12-14]. Shachnai and
Zehavi [14] also designed an algorithm, that as an input to WEIGHTED VERTEX COVER, takes a vertex weighted graph with all vertex
weights being at least 1, and a rational number W . The algorithm either returns a vertex cover of weight at most W or returns that
there is no vertex cover of weight at most W. The running time of this algorithm is ©O*(1.363%), where s is the minimum size of a
Vertex Cover of weight at most W. If no such Vertex Cover exists, s = min{W,m}, where m is the maximum size of a Vertex Cover
(for the unweighted version). One issue with all these algorithms is that they require all the vertex weights to be at least 1, because it
can be seen through a simple reduction that otherwise the problem is not likely to be FPT when parameterized by W. Also, all these
algorithms do not give any guarantee on the number of vertices in the solution, which can be at most W, but can be much smaller, since
all the weights are at least 1.

This gives rise to the natural question of finding parameterized (approximation) algorithms for WEIGHTED VERTEX COVER, where
we do not want too many vertices in the solution, with the size of the solution being the parameter. Formally, given a graph G,
weight function w : V(G) — Q%, integer k and positive rational W, the question is whether G has a vertex cover of size at most
k and weight at most W. We call the problem (k, W)-VERTEX COVER, where the parameter is k. In [14], the authors define this
problem, and show that it is NP-complete even on bipartite graphs.

Such a parameterization was considered in [15], where the authors gave exact parameterized algorithm for WEIGHTED FEED-
BACK VERTEX SET parameterized by the solution size. Later, Saurabh [16] asked a similar question for the weighted version of
DIRECTED FEEDBACK VERTEX SET, which was resolved by Kim et al. [17] recently using the technique of flow-augmentation. There
is some other recent work being done with similar parameterizations for cut problems [18,19], but somehow no work has been done
on the WEIGHTED VERTEX COVER problem with this parameterization to the best of our knowledge. We fill this gap by studying
(k, W)-VERTEX COVER from the perspective of parameterized (approximation) algorithms.

1.1. Our problem, results and methods

We investigate (k, W)-VERTEX COVER from the point of view of approximation algorithms, parameterized algorithms, and pa-
rameterized approximation algorithms, with the size of the vertex cover k being the parameter for the latter two. This parameter is
arguably better than the parameter W, since parameterization by W requires the weights to be at least 1 for the problem to be FPT,
and in those cases the value of k is at most W, but it can be much smaller.

For approximation, we look at the notion of bi-criteria approximation, where we approximate both the size and weight of the
vertex cover, within some factors a and b respectively. More formally, given an instance (G, w, k, W) of (k, W)-VERTEX COVER, an
(a, b)-approximation algorithm either correctly determines that there is no vertex cover of size at most k and weight at most W or
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outputs a vertex cover S of G, such that |.S| < ak and w(S) < bW. It is easy to see that the (2 — ¢) hardness for VERTEX COVER
rules out any (c¢,2 — ¢)- and (2 — ¢, c)-approximation algorithms running in polynomial time for any constants c,e > 0. In particular,
it rules out (2 — €,2 — €)-approximation algorithms running in polynomial time. We complement this negative result by observing
a simple (2,2)-approximation algorithm. This is done by modifying the known factor 2-approximation LP-rounding algorithm for
VERTEX COVER. After this we move to parameterized algorithms and give the following results.

« A simple exact parameterized algorithm for (k, W)-VERTEX COVER running in 0*(1.4656%) time.
+ A (1 4 ¢,2)-approximation algorithm for (k, W)-VERTEX COVER running in ©*(1.4656(!=) time.
« A (1.5, 1.5)-approximation algorithm for (k, W)-VERTEX COVER in O*(1.414F) time.
8k(1-26) .
+ A general (28,2 — §)-approximation algorithm for (k, W)-VERTEX COVER in O* (Z ;,f“fz 5 (5;_1(2 ) > time for any 6 < 0.5. For
=T 1-25
example, for (1.75,1.75) and (1.9, 1.9)-approximation algorithms, the running times are *(1.272%) and O*(1.151%) respectively.

The exact parameterized algorithm does a simple two-way branching on a vertex of degree at least 3, and solves (k, W)-VERTEX
COVER in polynomial time on graphs of maximum degree at most 2 in the base case using dynamic programming. The result can
also be obtained by observing fact that such graphs have treewidth at most 2, and giving a fixed parameter tractable algorithm for
(k, W)-VERTEX COVER on graphs of bounded treewidth. We include the direct approach by dynamic programming in the main body
of the paper and defer the treewidth algorithm to the appendix. Unlike VERTEX COVER, we do not have any clever branching rule
that can avoid branching on vertices of degree higher than 2. In the VERTEX COVER problem, one only needs to care about the
solution’s size (weight in case of WEIGHTED VERTEX COVER). To get to better running times, faster algorithms for VERTEX COVER
and WEIGHTED VERTEX COVER avoid branching on small degree vertices by exploiting the fact that we only need to bound either the
size or the weight of the solution. In the case of (k, W)-VERTEX COVER, we need to take care of both the parameters simultaneously.
This makes it difficult to design reduction rules to avoid branching even on a degree 3 vertex and match the running time of improved
algorithms for VERTEX COVER.

Then we use polynomial time (2,2)-approximation algorithm along with a simple branching to get a (1 + ¢,2)-approximation
algorithm running in time 0*(1.4656(1=%), This algorithm follows along the ideas of [7] and [8].

Then we turn our attention to bringing both the approximation factors below 2. This is the main technical contribution of the
paper. The main idea behind our algorithm is that if we do the branching on the vertices of large weight initially, applying the
(2,2)-approximation algorithm on the remaining instance cannot make the solution much worse. Branching on a maximum weight
vertex first till the budget has dropped sufficiently, and then combining that with (2, 2)-approximation algorithm gives us a (1.5, 1.5)-

k

approximation algorithm running in time ©O*(22).

8k(1-26) .
Finally, we generalize this algorithm and give a (2 — §,2 — §)-approximation algorithm running in O* (Z ;f(l_zé) ( 5 kak;(; )) time
= I

for any 6 < 0.5. This generalization requires different stopping criteria and a more involved analysis as compared to the previous
algorithm to achieve the desired approximation factor. For any fixed &, notice that in the running time, there are only polynomially
many (in k) terms inside the summand and each of them is of the form (’2) which can be at most 24. Here maximum value of A will

k
be % corresponding to i = %gw). So the maximum term inside the summand will always be bounded by 22 and since there are
3k(1-25) ) k
only polynomially many (in k) terms inside the summand, O* (2 20 ( ‘”‘255 )) will be at most ©O*(22) which is of the form

. 0k(1-25 —=2
=t T

O*(c*) for ¢ = 1.414 > 1. We do a finer analysis to compute this constant ¢ for each & < 0.5, where c is strictly smaller than 1.414.
For example, putting the value of 6 to be 0.25 and 0.1, that is, for (1.75,1.75) and (1.9, 1.9)-approximation algorithms the value of ¢
turns out to be 1.272 and 1.151 respectively. Details of how this ¢ has been computed can be seen in the Section 7.1 (see Fig. 1 for a
graph of running times for different values of 6).

Unlike the existing FPT algorithms for weighted version of the problem parameterized by W, which work for the weights of
vertices being at least one, our algorithms work for all positive rational weights.

2. Preliminaries

In this section, we give the notations and definitions, along with preliminaries and some known results which are used in the
paper.

For a graph G = (V, E), we denote the set of vertices of the graph by V' (G) and the set of edges of the graph by E(G). We denote
|V (G)| by n, where the graph is clear from the context. For a set S C V' (G), the subgraph of G induced by S is denoted by G[.S] and
it is defined as the subgraph of G with vertex set .S and edge set {{u,v} € E(G) : u,v € S}. We denote the subgraph G[V (G) \ S1,
obtained after deleting .S’ (and the edges incident to the vertices in .S) as G — S. For ease of notation, we will use uv to denote an edge
of a graph instead of {u, v} where u and v are the endpoints of the edge. For any graph G =(V,E) and v € V, a vertex u € V' is said
to be a neighbor of v if vu € E(G). The open neighborhood of v is denoted by N (v) and it is defined as N(v) = {u €V : vu € E(G)}.
We denote degree of a vertex v by d(v) where d(v) = |N(v)|. The closed neighborhood of a vertex v is N[v] = N(v) U {v}. By A(G),
we denote the maximum degree of a vertex in G. We denote a polynomial function of n as poly(n).

We need to define the notion of a branching tree for the analysis of our algorithms. An algorithm or a procedure .4 on an instance
I of a problem is called a branching algorithm if .4 can potentially recursively call itself on instances I}, I,, ..., I, for t > 2 such that

3
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Fig. 1. Running time of (2 — 6,2 — §)-approximation algorithm for different values of 6.

output of .A depends on the output of the recursive calls. A run of the algorithm on an instance 7 is said to have executed a branching
step, if it recursively calls itself on at least two instances. If the algorithm applies a reduction rule and makes a call to itself on only
one instance, then we say that branching step is not executed.

A branching tree associated with an algorithm .4 and an input instance I is a tree where the root node of the tree is associated
with the instance I. Further, if the algorithm on input I makes a recursive call to instance I’ (which itself can be during a recursive
call) without executing a branching step, then I’ is associated with the same node in the branching tree as the instance I is. Thus
whenever a reduction rule is applied to an instance, both the original and reduced instances are associated with the same node. If on
an instance /, branching step is executed and recursive call is made on the instances I;, I,, ..., I;, then the node associated with I in
the branching tree would have 7 children, each associated with one of the instances on which the recursive call was made. If there
is no branching step executed on any of the instances associated with a node in the branching tree, then that node would be a leaf
node in the branching tree. We also use the concept of layers in the branching tree, where layer O consists of the root node of the
branching tree and layer i consists of the nodes which are at distance i from the root in the branching tree.

We define the branching tree in this way because application of a reduction rule will only take polynomial time in our case, and
associating the instances obtained after applying a reduction rule with the same node in the branching tree will make the analysis
easier. If there are multiple instances I, I,, ..., I, associated with a node in a branching tree, then we use the term first instance
associated with that node for the first instance that was associated with the node while executing the algorithm. In other words, first
instance [ associated with a node in a branching tree is such that all the other instances are obtained by making successive recursive
calls starting from /. We also define the last instance associated with a node in the branching tree to be an instance I such that either
no recursive call is made on I, or a branching step is executed when the algorithm is run on 1.

For analyzing the running time of a branching algorithm, we associate a parameter y(/) with each input instance I of the algorithm.
If a branching step is executed on instance I, and there are / possible recursive calls and the parameter drops by a; for the instance
in the i"* recursive call, then the vector (a 1,43, ...,a;) is called the branching vector for the branching step. The branching number of a
branching vector (ay, a, ...,a;) is the unique positive root of the equation 2?:1 x~% —1=0. If c is the largest branching number for
all possible branching vectors in the branching algorithm and the measure always remains non-negative, then the number of nodes
in that branching tree is at most (9(c¥) where k is the initial parameter. Also, if the algorithm takes only polynomial time on every
node of the branching tree, then the total running time of the algorithm will be (9*(c¥). For a more in-depth introduction to branching
algorithms, one can see chapter 3 of [20].

For a (k, W)-VERTEX COVER instance (G, w, k, W), we say that the instance is a Yes instance if there is a vertex cover S of G of
size at most k and weight at most W, otherwise, we say that it is a No instance. Let (G’, w, k', W') be the instance after applying a
reduction rule to an instance (G, w, k, W) of (k, W)-VERTEX COVER, then we say that the reduction rule is correct when (G, w, k, W)
is a Yes instance if and only if (G, w, k', W') is a Yes instance. Now, we define (a, b)-approximate solution and (a, b)-approximation
algorithm for (k, W)-VERTEX COVER.

Definition 1. For an instance (G, w, k, W) of (k, W)-VERTEX COVER a vertex cover S of G is said to be an (a, b)-approximate solution
if the size of .S is at most ak and the weight of S, i.e. ), ¢ w(v), is at most bW . For a given instance, (G, w, k, W) of (k, W)-VERTEX
COVER an algorithm is called (a, b)-approximation algorithm for (k, W)-VERTEX COVER if the algorithm either returns an (a, b)-
approximate solution or decides that (G, w, k, W) is a No instance.

We now state and prove a general lemma which will be used later.
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Lemma 2. If v is a vertex of a graph G with d(v) > 1, then an instance (G, w, k, W) of (k, W)-VERTEX COVER is a No instance if and only
if both (G — v,w,k — 1, W — w(v)) and (G — N[v],w,k — |N(v)|, W — w(N(v))) are No instances.

Proof. Let v be a vertex of a graph G with d(v) > 1. First, let (G, w, k, W) be a No instance of (k, W)-VERTEX COVER. We claim both
(G -v,w,k—1,W —w()) and (G — N[v],w,k — |N )|, W — w(N(v))) are No instances. If (G — v,w,k — 1, W — w(v)) is not a No
instance, then there exists a vertex cover .S’ of G — v such that size of .S’ is at most k — 1 and weight of .S is at most W — w(v). Then
just by adding v into S’, we can make S = S’ U {v}, a vertex cover of G of size at most k with weight at most W. This contradicts
that (G, w, k, W) is a No instance. Similarly, if (G — N[v], w, k — | N (v)|, W — w(N (v))) is not a No instance, then there exists a vertex
cover S” of G — N[v] such that size of S” is at most k — | N (v)| and weight at most W — w(N (v)). Now, since S = S” U N (v) will
be a vertex cover of G of size at most k and weight at most W, we get a similar contradiction to (G, w, k, W) being a No instance.

Conversely, let both (G — v,w,k — 1,W — w(v)) and (G — N[v],w,k — |[N(v)|, W — w(N(v))) be No instances. We know that
for any vertex cover S of G, either v € § or N(v) € S. Now, if (G,w, k, W) is a Yes instance then let .S be one such vertex cover
of size at most k and weight at most W. So, either S\ {v} is a vertex cover for G — v of size at most k — 1 and weight at most
W —w(v), or S\ N(v) is a vertex cover for G — N[v] of size at most k — | N(v)| and weight at most W — w(N (v)). This implies
that either (G — v,w,k — 1,W — w(v)) or (G — N[v],w,k — |[N(v)|,W — w(N(v))) is a Yes instance which contradicts that both
(G —-v,w,k—1,W —w(v)) and (G — N[v],w,k — |N(v)|, W — w(N (v))) are No instances. Thus, we can say that (G, w, k, W) is a No
instance. []

3. A (2,2)-approximation algorithm for (k, W)-VERTEX COVER

In this section, we will show a (2,2)-approximation algorithm for (k, W')-VERTEX COVER.
Theorem 3. There exists a polynomial-time (2, 2)-approximation algorithm for (k, W)-VERTEX COVER.

Proof. Let us look at the standard Integer Linear Program for the weighted vertex cover problem.

n
minimize 2 w;x; 1)
j=1
subject to  x; +x; > 1 V(v;.v;) € E(G) 2
x; €{0,1} vj ®

Since the above constraints do not take into account the size of the vertex cover obtained, we add the following constraint.

n
x; <k 4
j=1

We refer to the above integer linear program as ILP. It is easy to see that ILP is feasible if and only if the graph has a vertex cover
of size at most k and the optimum value of ILP corresponds to the minimum weight of a vertex cover of size at most k. We relax the
ILP in a standard way by replacing constraint (3) by 0 <x; <1 for all j. We call this linear program LP, and we denote the value of
an optimum solution for LP by OPT(LP).

Now, we do the standard rounding of an optimal solution of LP. Let us name this rounding algorithm as ‘Polyapprx_algo’. In this
algorithm, for a given input (G, w, k, W) and an optimum solution {x;}, ey (g, for its LP, we construct a solution {x} }Ujey((;) for ILP
as x; =0if x; <1/2 and x;f =1if x; > 1/2. Then we construct a set S C V(G) as S = {v; | x} = 1}. This basically means that v; € S
if and only if x; > 1/2. If the LP is not feasible or OPT(LP) = Z;;] w;x; > W, then we return No. Otherwise, we claim that .S is a
vertex cover of G of size at most 2k and weight at most 21/

If LP is infeasible, then clearly there is no vertex cover of size at most k, and the algorithm returns No correctly. Also, if OPT(LP) >
W, we can correctly conclude that there is no vertex cover of G of size at most k and weight at most W'. In the case that the algorithm
returns a set .S, it is easy to see that .S is a vertex cover for G, as for every edge in G, at least one of the endpoints will have to be in
S, otherwise constraint (2) corresponding to that edge will be violated in LP for the solution {x; }u,-eV(G)~ Also, we have that

w(S) = Z 1-w, < Z 2. x,w; <20PT(LP) <2W.
v;ES v;ES

The last inequality is true because the algorithm returns a solution only if OPT(LP) < W, and the second inequality follows from the
fact that for all v; €., 2x; > 1. For the size of .S, we have

n
ISI= ), xi< Y 2x, <2 ) x; <2k,
v;ES v;ES Jj=1

Here, the last inequality follows from constraint (4) of LP, and the second inequality follows from the fact that x;‘ < 2x; for all
v; € V(G). Since an optimum solution of LP can be obtained in polynomial time, this finishes the proof of the theorem. []

5
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4. Parameterized algorithm for (k, W)-VERTEX COVER

In this section, we will show a parameterized algorithm for (k, W)-VERTEX COVER running in O*(1.4656%) time. For that, we first
show that we can solve (k, W)-VERTEX COVER in poly(n) time for any graph G with A(G) <2. We know that such a graph G is only
a disjoint collection of paths and cycles. By utilizing this observation and a simple dynamic programming algorithms, we obtain a
polynomial time algorithm for (k, W)-VERTEX COVER on such graphs. We deferred this algorithm and the proof of Theorem 4 to the
appendix (Appendix A).

Theorem 4. (k, W)-VERTEX COVER can be solved in poly(n) time for every graph G with A(G) < 2.

Algorithm 1: Parameterized algorithm “Param_kwvc” for (k, W)-VERTEX COVER.

Input : An instance (G, w, k, W) of (k, W)-VERTEX COVER.
Output: A vertex cover .S of size at most k with weight at most W if exists, No otherwise.
1 Algorithm Param_kwvc (G,w,k, W)

2 if min{k, W} <0 then
3 | return No;
4 end
5 if E(G)=¢ then
6 | return g;
7 end
8 if A(G) <2 then
9 | return Deg2exact_algo(G. w. k. W);
10 else
11 Let u be a vertex of G such that d(u) > 3;
12 // branching step
13 if Param_kwve (G —u,w,k — 1,W — w(u)) returns S then
14 | return S'U {u};
15 else if Param_kwvc (G — N[ul,w,k — |Nu)|,W — w(N(u))) returns S then
16 | return S U N (u);
17 else
18 | return No ;
19 end
20 end

Now, we describe the algorithm for (k, W)-VERTEX COVER. Given an instance (G, w, k, W) of (k, W)-VERTEX COVER, we first see if
A(G) <£2.1f so, we solve (k, W)-VERTEX COVER in polynomial time using Theorem 4. Otherwise, we pick a vertex v of degree at least 3
from G and branch on including it or its neighbors in the solution. That is, we recursively solve the problems (G —v, w,k— 1, W —w(v))
and (G — N[v],w,k—|N ()|, W —w(N (v))), and return Yes if and only if at least one of the recursive calls returns Yes. A constructive
version of this algorithm is presented in the form of pseudo-code in Algorithm 1.

Theorem 5. (k, W)-VERTEX COVER can be solved in time 0*(1.4656F).

Proof. We use the above described algorithm to solve an instance (G, w, k, W) of (k, W)-VERTEX COVER. The correctness of the
algorithm follows from the correctness of the algorithm Deg2exact_algo of Theorem 4 and from Lemma 2 that at least one of the
recursive calls return Yes if and only if the original instance was a Yes instance. Since we are branching on a vertex of degree at least
3 and all the leaf nodes of the algorithm take polynomial time, this gives a branching vector of (1,d), where d > 3, which results in
running time being O*(1.4656) as desired. []

5. A simple (1 + ¢,2)-approximation algorithm

In this section, we give a (1 + ¢, 2)-approximation algorithm for (k, W)-VERTEX COVER by combining Polyapprx_algo of Theorem 3
and Algorithm 1. As a result, the running time of the algorithm scales between the running times of Polyapprx_algo and Algorithm 1
with the value of e. The algorithm either outputs No, which means that there is no vertex cover of size at most k with weight at most
W, or outputs a vertex cover of size at most (1 + ¢)k and weight at most 2.

Now we describe the algorithm. The algorithm checks at every step if the graph has maximum degree at most two, and if so,
finds a vertex cover of weight at most W and size at most k, if exists, in polynomial time using Deg2exact_algo. Otherwise, the
algorithm does a (1, d)-branching with d > 3 by picking a vertex v of degree at least 3, and picking either v or N (v) into the solution,
same as Algorithm 1, while the size-budget is at least ek (the algorithm starts with a size-budget k and decreases it by i whenever
it picks i vertices in the solution). When the size-budget drops below ¢k, the algorithm uses Polyapprx_algo of Theorem 3 to get a
(2,2)-approximate solution of the remaining instance in polynomial time and combines the solution with the vertices picked in the
branching steps to get a vertex cover of G. The algorithm returns No if every recursive call returns No. We describe the pseudo-code
of the algorithm in Algorithm 2.
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Algorithm 2: A (1 + ¢,2)-approximation algorithm “Sizeapprx_kwvc” for (k, W)-VERTEX COVER.

Input : An instance (G, w, k, W) of (k, W)-VERTEX COVER.
Output: A vertex cover S of size at most (1 + €)k with weight at most 2W or returns No.
Algorithm Sizeapprx_kwve (G, w,k, W)

Fix x = ek as a global variable, the value of which never changes;

1

2

3 return Sizeapprx_kwvc_proc (G,w,k,W);
4 Procedure Sizeapprx_kwvc_proc (G, w,k,W)
5 if min{k, W} <0 then
6
7
8
9

| return No;
end
if E(G) =0 then
| return @;
10 end
11 if A(G) <2 then
12 | return Deg2exact_algo(G. w. k. W);
13 else if k < x then
14 | return Polyapprx_algo(G. w, k, W);
15 else
16 Let u be a vertex of G such that d(u) > 3;
17 if sizeapprx_kwvc_proc (G —u,w,k —1,W —w(u)) returns S then
18 | return S'U {u};
19 else if Sizeapprx_kwvc_proc (G — Nul,w,k — |N@)|,W — w(N (u))) returns S then
20 | return S U N (u);
21 else
22 | return No ;
23 end
24 end

Now we argue the correctness and running time of this algorithm. Observe that if no recursive calls are made by the algorithm,
either we solve the instance exactly in polynomial time using Theorem 4 or we apply Polyapprx_algo that runs in polynomial time
(Theorem 3).

Theorem 6. For any ¢ > 0, there exists a (1 + ¢, 2)-approximation algorithm for (k, W')-VERTEX COVER with running time O*(1.4656(1-6)%k),

Proof. Let the input instance be (G, w, k, W) of (k, W)-VERTEX COVER, Algorithm 2 returns what Sizeapprx_kwvc_proc returns on
(G,w,k,W). We first argue the correctness. We first show that if the algorithm returns No for the instance I = (G,w, k, W), then
I is indeed a No instance of (k, W)-VERTEX COVER. When k < 0 or W < 0, Sizeapprx_kwvc_proc correctly returns No in line 6.
If Sizeapprx_kwvc_proc does not make any recursive calls, then it returns No in line 12 or line 14 of Algorithm 2 after calling
Deg2exact_algo or Polyapprx_algo respectively, and the statements Theorem 4 and Theorem 3 imply that the instance [ is indeed a
No instance. For the case when Sizeapprx_kwvc_proc does make a recursive call (reaches line 16), we apply induction on k. For the
base case k =0, let recursive calls are made to the instances I} :=(G —u,w,k—1,W —w(u)) and I, = (G — N[u],w,k— |[Nw)|, W —
w(N (u))). Here both I, and I, are No instances from line 6 as both k — 1 and k — | N (u)| are negative and thus by Lemma 2, I is a No
instance. The induction hypothesis here is that for k¥’ < k, if the algorithm returns No for the instance I’ = (G’,w, k', W), then I’ is
indeed a No instance of (k, W)-VERTEX COVER. Now, the algorithm returns No for the instance (G, w, k, W) only if both the recursive
calls on instances 1| :=(G —u,w,k—1,W —w(u)) and I, = (G — Nlul],w,k — |N )|, W — w(N (u))) return No. Applying induction
hypothesis, both I; and I, are No instances in such a case. Hence, due to Lemma 2, we know that / is a No instance as well.

To argue the correctness of the algorithm in the case it returns a set .S, we first show that the set .S is a vertex cover of G. On
an input instance I = (G,w, k, W), observe that while the algorithm might call Polyapprx_algo and Deg2exact_algo on multiple
instances due to branching, if it returns a set .S as a solution, then the set .S is constructed starting from output of at most one of the
calls to Polyapprx_algo and Deg2exact_algo (in particular, to any one of them), and then after the recursive calls adding vertices
on which the branching step was performed. To show that .S is indeed a vertex cover, let S =S| v .S,, where .S; corresponds to the
vertices included in the solution after the recursive calls (either u or N(u) in lines 18 and 20), and S, C S is the set returned by a
call to Polyapprx_algo or Deg2exact_algo on the instance (G’,w, k’,W') as described above if such a call is made. If no such calls
are made while constructing set .S, then we take S, = and G’ to be the empty graph. Clearly, .S, is a vertex cover of G’, and for
every edge uv not incident on .S,, it must be the case that either u or v was picked in the solution by one of the branching steps in
the path, and hence either u € S| or v € .5,. This shows that .S is a vertex cover of G. To argue the size of .S, we have that

IS| =S|+ 1S, <k =K +2k' =k +k <k+ek=(1+ek.
Also, for the weight of .S, we have
w(S)=w(S)+w(S) W —W'+2W' =W + W' <2W.

To see the running time, observe that if no recursive calls are made, then the algorithm takes polynomial time. If the input instance
for the algorithm is (G, w, k, W), then we define a measure u([I) for an instance I = (G',w, k', W') as u(I) = k' — ek. Initially, the
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measure is (1 — e)k, and for each branching step, when the call is made to (G —u, w, k — 1, W — w(u)), it drops by 1, and when the call
is made to (G — N[u],w,k — |N(u)|, W — w(N (u))), it drops by d, where d > 3 is the degree of the vertex on which the branching is
done. When the measure drops to zero, i.e., k' = ek, then we do not do any further branching and the algorithm takes only polynomial
time. This gives a branching vector of (1,d) with d > 3, and the branching number of the branching vector (1,3) is 1.4656. Since the
measure is initially (1 — )k, this bounds the total number of nodes in the branching tree by 9(1.4656(!=9%) and gives ©0*(1.4656(1-))
as the running time for the algorithm. []

6. A (1.5,1.5)-approximation algorithm for (k, W)-VERTEX COVER

k
In this section, we give a (1.5, 1.5)-approximation algorithm for (k, W)-VERTEX COVER running in time (*(22). For that, we first
make use of the following reduction rule.

Reduction Rule 1. For any instance (G, w, k, W) of (k, W)-VERTEX COVER, if u is a maximum weight vertex of G and d(u) < 1, then
delete N[u]. The new instance will be (G — N [u],w,k — |[N@)|, W — w(N (w))).

Lemma 7. Reduction Rule 1 is correct.

Proof. To prove Lemma 7, we have to show that for any instance (G, w, k, W) of (k, W)-VERTEX COVER, if u is a maximum weight
vertex of G and d(u) < 1, then (G, w, k, W) has a vertex cover of size at most k and weight at most W if and only if (G — N[u], w, k —
|N(u)|, W — w(N (u))) has a vertex cover of size at most k — | N (u)| and weight at most W — w(N (u)).

Let u be a maximum weight vertex in G and d(u) = 1. So, |[N(u)| =1 and let N(u) = {v}. Also, for any vertex cover .S, we must
have S N {u,v} # . Now we want show that (G, w, k, W) has a vertex cover .S of size at most k and weight at most W if and only if
(G- N[ul,w,k—1,W —w(N(u))) has a vertex cover S’ of size at most k — 1 and weight at most W — w(N (u)).

Let us assume, (G, w, k, W) has a vertex cover .S of size at most k and weight at most W. As said earlier, at least one of u and v
must be in S. If v € S, then .S" = S\ {v} will be a vertex cover for (G — N[u],w,k — 1, W — w(N (u))) where size of S’ is at most
k —1 and weight of S’ is at most W — w(N (u)). Now, if u € S, then S| = (S \ {u}) U {v} will also be a vertex cover of G as uv is the
only edge adjacent to u, and is covered by v € S|. The size of S| is the same as the size of S and w(S;) = w(S) — wu) + w) < w(S)
as u is a maximum weight vertex. Thus, .S, is a vertex cover for (G, w, k, W) of size at most k, weight at most W, and v € .S;. Then
again we can say S’ =S \ {v} is a vertex cover for (G — N[ul,w,k —1,W — w(N (u))) where size of S’ is at most k — 1 with weight
at most W — w(N (u)). Conversely, if S’ is a vertex cover (G — N [u], w,k — 1, W — w(N (u))) of size at most k — 1 with weight at most
W — w(N(u)), then S = S’ U {v} is a vertex cover of G as v was adjacent to all the edges of G which were not in G — N[u]. Also, we
have that | S| =14 |S'| <1+ (k—=1)=k and w(S)=w(S")+w) < W.

Now, if any maximum weight vertex is of degree zero, then the lemma follows from the fact that no minimal vertex cover contains
isolated vertices. []

Now we describe the algorithm for (1.5, 1.5)-approximation.
Given an instance (G, w, k, W), the algorithm first applies Reduction Rule 1 exhaustively, so that in the resulting graph, the degree
of every maximum weight vertex is at least 2. Then the algorithm does branching on a maximum weight vertex till the depth '% in

the branching tree. That is, branching is done on a node of the branching tree only if its distance from the root is less than % Note
that here we assume every internal node of the branching tree to have exactly two children, i.e., we assume that recursive call to
the reduction rule is done at the same node of the branching tree in polynomial time. Any call to the algorithm returns No only if
both the child nodes in the branching tree return No. At depth %, if the instance is I = (G’,w, k', W), then the algorithm applies the
Polyapprx_algo of Theorem 3 to get a (2,2)-approximate solution for I, combines it with the vertices picked in the solution while
applying the reduction rule and branching, and outputs that as the solution.

We describe the pseudo-code of the algorithm in Algorithm 3. To keep track of the depth of the branching tree at which we are
working and for analysis, we pass the algorithm additional parameters a, f. We also introduce a global variable x and fix its value
% if (G, w, k, W) was the original instance. For the branching steps, we increase « in the branch where the maximum weight vertex
is taken into the solution, and g is increased in the branch when its neighborhood is taken into the solution. Observe that when the
reduction rule is applied, @ and f remain unchanged, and we remain at the same node of the branching tree. Hence, if a + f =7,
then the instance is associated with a node at level ¢ of the branching tree. We stop branching when a + f = x = X and use the
Polyapprx_algo of Theorem 3. In the remainder of this section, we prove the correctness of Algorithm 3 and do the running time
analysis.

Lemma 8. If Algorithm 3 returns No for the instance (G, w, k, W), then (G, w, k, W) is indeed a No instance.

Proof. Given an instance I = (G, w, k, W) of (k, W)-VERTEX COVER, Algorithm 3 returns what Approx1.5_kwvc_proc returns on
(G,w,k,W,a, ) where a = f = 0. Here we show that if the algorithm returns No for the instance I = (G,w, k, W), then I is
indeed a No instance of (k,W)-VERTEX COVER. When k <0 or W < 0, Approx1.5_kwvc_proc correctly returns No in line 8. If
Approx1.5_kwvc_proc does not make any recursive calls, then it returns No in line 14 of Algorithm 3 after calling Polyapprx_algo of

8
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Algorithm 3: (1.5, 1.5)-approximation algorithm “Apprx1.5_kwvc” for (k, W)-VERTEX COVER.

Input : An instance (G, w, k, W) of (k, W)-VERTEX COVER.
Output: A vertex cover S of size at most 1.5k with weight at most 1.5W or returns No.

1 Algorithm Approxl.5_kwve (G, w,k, W)
2 Fix x = % as a global variable, the value of which never changes;
3 Initialize, « < 0 and f < 0O;
4 return Approxl.5_kwvc_proc (G,w,k,W,a,p);
5 /* We pass the parameters «,f to the procedure with the instance (G,w,k,W) */
6 Procedure Approxl.5_kwvc_proc (G,w,k,W,a,f)
7 if min{k, W} <0 then
8 | return No;
9 end
10 if E(G)=0 then
11 | return g;
12 end
13 if @ + f = x then
14 | return Polyapprx_algo(G. w. k, W);
15 end
16 Let u be a maximum weight vertex in G;
17 if d(u) <1 then
18 // reduction rule
19 if Approx1.5_kwvc_proc (G — N[ul,w,k — |Nw)|, W —w(N (u)),a,f) returns S then
20 | return N(u)U S;
21 else
22 | return No;
23 end
24 else
25 // branching step
26 if Approx1.5_kwvc_proc (G —u,w,k—1,W —w(u),a + 1, f) returns S then
27 | return S'U {u};
28 else if Approx1.5_kwvc_proc (G — N[ul,w,k — |N@)|,W — w(N (u)),a,p + 1) returns S then
29 | return S U N (u);
30 else
31 | return No ;
32 end
33 end

Theorem 3, and the correctness of Polyapprx_algo implies that the instance I is indeed a No instance. When Approx1.5_kwvc_proc
makes a recursive call (when it reaches line 18 or line 25), we apply induction on k. For the base case k = 0, recursive call (in line 19)
can be made to instance I’ = (G — N[u],w,k — |[N )|, W — w(N (u)),a, f) or recursive calls (in lines 26 and 28) can be made to the
instances I} :=(G—u,w,k—1,W —w(u),a+1,p)and I, = (G— Nul,w,k—|Nw)|, W —w(N (u)),a, f+1). If recursive call is made to
I' =(G— N[ul,w,k—|N@)|,W —w(N (w)),a, p), then I’ is a No instance due to line 8 as k — | N ()| is negative and by the correctness
of Reduction Rule 1, [ is indeed a No instance. If recursive calls are made to the instances /| :=(G—u,w,k—1,W —w(u),a+1, f) and
I, =(G—N[ul,w,k—|Nw)|,W —w(N (u)),a, f+ 1), then both I, and I, are No instances from line 8 as both k —1 and k — | N ()| are
negative and thus by Lemma 2, I is a No instance. The induction hypothesis here is that for k’ < k, if the algorithm returns No for the
instance I’ = (G',w, k', W',a’, f"), then I is indeed a No instance of (k, W )-VERTEX COVER. If the algorithm returns No due to line
22, then the recursive call to the instance I’ = (G — N[u], w, k — |N(u)|, W — w(N (u)), a, f) returns No. Then from induction hypoth-
esis and the correctness of Reduction Rule 1, we can say [/ is indeed a No instance. Else, if Approx1.5_kwvc_proc returns No from the
recursive call when it reaches line 25, it returns No if both the recursive calls on instances I; :=(G —u,w,k — 1, W —w(u),a + 1, p)
and I, =(G— Nlul,w,k—|Nw)|,W —w(N (u)),a, f + 1) return No. Applying induction hypothesis, both I; and I, are No instances
in such a case. Hence, due to Lemma 2, we know that I is a No instance as well. []

Lemma 9. If Algorithm 3 does not return No on an instance (G, w, k, W) of (k, W)-VERTEX COVER, then it returns a vertex cover .S of G.

Proof. To show that Algorithm 3 returns a vertex cover of G, it suffices to show that Approx1.5_kwvc_proc returns a vertex cover
of G on (G, w,k, W ,a, ). Similar to as described in the proof of Theorem 6, let .S =S| & .S,, where .S; corresponds to the vertices
included in the solution after the recursive calls (either u or N(u) in lines 26 and 28 and N (u) in line 19), and .S}, is the set returned
by the call to Polyapprx_algo on the instance (G, w, k', W') if such a call is made. If no such calls are made while constructing .S,
then we take S, = and G’ to be the empty graph. Clearly, .S, is a vertex cover of G’, and for every edge uv not incident on S, it
must be the case that either u or v was picked in the solution by one of the branching steps in the path, and hence either u € S, or
v € S;. This shows that .S is a vertex cover of G. []

Next, we move to the following lemma, which says that at the leaf nodes of the branching tree, where we apply the Polyapprx_algo
of Theorem 3, the value of the parameter is bounded.
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Lemma 10. If Approx1.5_kwvc_proc, on an instance (G',w, k', W', a, ), calls Polyapprx_algo of Theorem 3 on the instance (G’, w, k',
W') in line 13 (without making any recursive call), then k' < a.

Proof. Let (G',w,k’,W') be an instance on which we apply Polyapprx_algo of Theorem 3. Then values of « and f corresponding to
(G',w, k', W'") must satisfy a + f = x = % Also, whenever values of a increase by one in the branching step, the size-budget drops by
one and when the value of § increases by one in the branching step, the size-budget drops by at least two. Since k' is the remaining
size-budget, we have that k' <k — (a +2p) =k — g —p=a. O

Now, before we show the size and weight bounds on the vertex set returned by the algorithm, we define some notions that will
help us with the analysis. We classify the instances on which we call the Polyapprx_algo in line 13 into two types.

Let (G, w, k, W) be the original instance passed to Approx1.5_kwvc_proc. We say that an instance (G’, w, k', W) on which Polyap-
prx_algo is called in line 13 is Type-1, if W’ < W /2 and is Type-II otherwise. We also partition the set .S returned by Algorithm 3 into
two parts. Let S| be the set of vertices in the returned vertex cover picked during the branching or the application of the reduction
rule and let S, = .5\ ;. It can happen that .S, = @ when the algorithm does not call Polyapprx_algo while constructing S. Otherwise,
S, comes from the Polyapprx_algo of Theorem 3. The next two lemmas give the size and weight bounds of the returned solution.

Lemma 11. Let Algorithm 3 return a set S = S| W S, for an input instance (G, w, k, W), where S| and S, are as defined above. If S, is
obtained after calling Polyapprx_algo on a Type-I instance (G,, w, ko, W,) in line 13, then |S| < 1.5k and w(S) < 1.5W.

Proof. Since for every vertex included in the solution we decrease the size-budget by one, we have that |.S|| = k — k,, and by the
Theorem 3, we have that |.S,| < 2k,. Also, since @ and § remain non-negative throughout and a + f < %, we have that a < % Again,
from Lemma 10, we have k, < &, which gives us

S| =[S+ 1S, Sk —ky+2ky=k+ky<k+a<k+05k=15k.

Similarly, for the weight we have that w(S,) =W — W,, and w(S,) <2W,. This gives us
w(S)=w(S)+w(S) W —W,+2W, =W + W, <1.5W.

Here, the last inequality is due to W, < % as (G,, w, k,, W,) is a Type-I instance. []

Lemma 12. Let Algorithm 3 return a set S = S| W S, for an input instance (G, w, k, W), where S| and S, are as defined above. If S, is
obtained after calling Polyapprx_algo on a Type-II instance (G5, w, k3, W5) in line 13, then | S| < 1.5k and w(S) < 1.5W.

Proof. For a Type-II instance (G5, w, k3, W3), we have k; < a due to Lemma 10 and Wj; > % Also, whenever we increase a by one
in the branching, we include a maximum weight vertex available at that time in the set .S;. We also have that w(S,)=W —W; < %
So, the average weight of those a high-weight vertices is less than % Since we branch on a maximum weight vertex available at that

time, there should not be any v € .S, such that w(v) > % So we must have w(v) < % for all v € S,. Since S, is the (2,2)-approximate
solution for (G5, w, k3, W3), we have

|S,| <2k3 <2a,
and

w w
S5) < |8, | — L2a— =W
WSy <| 2|2a_ a2a
as w(v) < %,for all v € S,. From here, we can say
|S|:|SI|+ISzlsk—k3+2k3:k+k3Sk+ask+g:I.Sk.
Also,
w(S)=w(S)) +w(S) W —-W3+ W =2W - W3 < 1.5W.

The last inequality holds because (G5, w, k3, W3) is a Type-II instance and hence W; > % O
k
Theorem 13. There exists a (1.5, 1.5)-approximation algorithm for (k, W)-VERTEX COVER with running time O*(22).
Proof. Given an instance (G, w, k, W) of (k, W)-VERTEX COVER we call Algorithm 3 on it. In Lemmas 8-12, we have already ar-

gued that if the algorithm returns No, then (G, w, k, W) is indeed a No instance, and if the algorithm returns a set S after calling
Polyapprx_algo, then S is a vertex cover of G with |.S| < 1.5k and w(S) < 1.5W. If the algorithm does not call Polyapprx_algo while

10
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constructing set .S, then it should come due to line 11 of Algorithm 3 for some instance (G', w, k', W') with E(G') =@ and both k/,
W' are non-negative. In this case, all the vertices of the set .S will be picked from the branching step only. We can easily observe that
S is a vertex cover as if there is any edge left to cover then E(G’) must be non-empty. Again, since both k€’ and W' are non-negative
when E(G’) becomes empty, we will have |S| =k — k' <k and w(S)=W - W' <W.

k

So all we need to show is that Algorithm 3 takes time (9*(22) on an instance (G, w, k, W). Our algorithm branches till depth % in

k
the branching tree, so the branching tree has (9(22) nodes, and on each of the nodes we spend at most polynomial time. Hence the
running time follows. []

7. A (2 — 8,2 — 8)-approximation algorithm for 6 < 0.5

In this section, we will present a (2 — §,2 — §)-approximation algorithm for (k, W)-VERTEX COVER for any 6 < 0.5. We first give a
description of this algorithm, which we call Algorithm 4.

Given an instance (G, w, k, W) of (k, W)-VERTEX COVER to Algorithm 4, it introduces two global variable x and Y. Algorithm fixes
x:=k—6kand Y :=W — 6W. We also initialize « =0, f =0 and pass these additional parameters with the input instance. Then
the algorithm calls Approxgen_kwvc_proc on instance (G, w, k, W ,a, #) and returns the solution returned by Approxgen_kwvc_proc
(x and Y are never changed by Approxgen_kwvc_proc). Approxgen_kwvc_proc first applies Reduction Rule 1 exhaustively, so that
in the resulting graph, every maximum weight vertex has degree at least 2. Then it branches on a maximum weight vertex u, calling
itself on (G —u,k — 1, W — wu),a + 1,p) and (G — N[ul,k — |[NW)|,W — w(N (u)),a, f + 1) recursively. Approxgen_kwvc_proc is
very similar to Approx1.5_kwvc_proc. For the branching steps, we increase « in the branch where the maximum weight vertex is
taken into the solution, and f is increased in the branch when its neighborhood is taken into the solution. The main difference
between Approx1.5_kwvc_proc and Approxgen_kwvc_proc is their stopping criteria. Approxgen_kwvc_proc stops branching on an
instance (G, w,k’,W',a’, ') in the branching tree when either i) G’ becomes empty, or ii) k' < x and either W’ <Y or there is no
vertex of weight % in G’. Note that here we assume every internal node of the branching tree to have exactly two children, i.e.,
we assume that the recursive call after the reduction rule is applied is made at the same node of the branching tree in polynomial
time. Any recursive call to Approxgen_kwvc_proc returns No only if both the child nodes in the branching tree return No. If we stop
branching on an instance (G', w, k', W’,a’, ') and G’ is empty, then Approxgen_kwvc_proc returns the vertices picked in the solution
during branching and while applying Reduction Rule 1 to obtain (G', w,k’,W’,da’, f’). Otherwise, Approxgen_kwvc_proc applies the
Polyapprx_algo of Theorem 3 (that is, (2,2)-approximation algorithm) to the instance (G’,w,k’,W’) to get a (2,2)-approximate
solution for (G', w, k’,W') and combines it with the vertices added to the solution while applying the reduction rule and branching,
and outputs that as a solution. The pseudo-code in Algorithm 4 describes this algorithm more formally.

The following two lemmas give the correctness of Algorithm 4.

Lemma 14. If Algorithm 4 returns No for the instance (G, w, k, W), then (G, w, k, W) is indeed a No instance.

Proof. Given an instance I = (G,w, k, W) of (k, W)-VERTEX COVER, Algorithm 4 returns what Approxgen_kwvc_proc returns on
(G, w,k,W ,a,p), on a = =0. If the algorithm returns No for the instance I = (G, w, k, W), then we argue that I is indeed a No in-
stance of (k, W)-VERTEX COVER. When k < 0 or W < 0, Approxgen_kwvc_proc correctly returns No in line 8. If Approxgen_kwvc_proc
does not make any recursive calls, then it returns No in line 11 and line 17 of Algorithm 3 after calling Polyapprx_algo of Theorem 3,
and the correctness of Polyapprx_algo implies that the instance I is indeed a No instance. In the case, when Approxgen_kwvc_proc
does make a recursive call (when it reaches line 21 or line 28), we apply induction on k. For the base case k = 0, recursive call (in line
22) can be made to instance I’ = (G — N[u],w,k —|N )|, W —w(N (1)), &, p) or recursive calls (in line 29 and 31) can be made to the
instances I} :=(G—u,w,k—1,W —w(u),a+1,p)and I, = (G— Nul,w,k—|Nw)|, W —w(N (u)),a, f+1). If recursive call is made to
I' =(G— Nlul,w,k—|N@)|, W —w(N(u)),a, f), then I is a No instance due to line 8 as k — | N (u)| is negative and by the correctness
of Reduction Rule 1, I is indeed a No instance. If recursive calls are made to the instances I :=(G —u,w,k— 1, W —w(u),a + 1, )
and I, =(G— Nul,w,k—|Nu)|,W —w(N (u)),a, f+ 1), then both I, and I, are No instances from line 8 as both k —1 and k — | N (u)|
are negative and thus by Lemma 2, I is a No instance. The induction hypothesis here is that for k¥’ < k, if the algorithm returns No
for the instance I’ = (G',w, k', W',a’, p’), then I' is indeed a No instance of (k, W)-VERTEX COVER. If the algorithm returns No due
to line 25, then the recursive call to the instance I’ = (G — N[u],w,k — |N )|, W — w(N (u)), a, f) returns No. Then from induction
hypothesis and the correctness of Reduction Rule 1, we can say [ is indeed a No instance. Else, if Algorithm 3 returns No from the
recursive call when it reaches line 28, it returns No if both the recursive calls on instances I; :=(G —u,w,k— 1, W —w),a + 1, )
and I, =(G — N[ul,w,k — |Nw)|,W —w(N(u)),a, f + 1) return No. Applying induction hypothesis, both I; and I, are No instances
in such a case. Hence, due to Lemma 2, we know that I is a No instance as well. []

Lemma 15. If Algorithm 4 does not return No on an instance (G, w, k, W) of (k, W)-VERTEX COVER, then it returns a vertex cover S of G
such that | S| £ (2 - 6)k and w(S) <2 -6)W.

Proof. To show that Algorithm 4 returns a vertex cover of G, it suffices to show that Approxgen_kwvc_proc returns a vertex cover
of G on (G,w,k,W,a,p). Let S =5, & .S,, where .S, corresponds to the vertices included in the solution after the recursive calls
(either u or N (u) in lines 30 and 32 and N (u) in line 23), and .S, C S is the set returned by the call to Polyapprx_algo on the instance

11



S. Mandal, P. Misra, A. Rai et al. Theoretical Computer Science 1021 (2024) 114870

Algorithm 4: (2 — 6,2 — §)-approximation algorithm “Apprxgen_kwvc” for (k, W)-VERTEX COVER.

Input : An instance (G,w,k, W) of (k, W)-VERTEX COVER and 0 < § <0.5.
Output: A vertex cover S of G such that |.S| < (2 — 6)k and w(S) < (2 — §)W or returns No.
Algorithm Approxgen_kwve (G, w, k, W)

1
2 Fix x=(1-68)k and Y = (1 — 5)W as global variables, the value of which never changes;
3 Initialize, @ < 0 and f < 0;
4 /* We pass parameters a,f to the procedure with the instance (G,w,k,W) */
5 return Approxgen_kwvc_proc (G,w,k, W,a,p);
6 Procedure Approxgen_kwvc_proc (G,w,k,W,a,f)
7 if min{W,k} <0 then
8 | return No;
9 end
10 if W <Y and k < x then
11 | return Polyapprx_algo(G. w, k, W);
12 end
13 if E(G)=( then
14 | return g;
15 end
16 if w(v) < £ Yo € V(G) and k < x then
17 | return Polyapprx_algo(G. w, k, W);
18 end
19 Let u be a maximum weight vertex in G;
20 if d(u) <1 then
21 // reduction rule
22 if Approxgen_kwve_proc (G — N[u],w,k — |[Nw)|,W — w(N (), a, p) returns S then
23 | return N(u) U S;
24 else
25 | return No;
26 end
27 else
28 // branching step
29 if Approxgen_kwvec_proc (G —u,w,k — 1,W —w(u),a + 1, §) returns S then
30 | return S'U {u};
31 else if Approxgen_kwvc_proc (G — Nlu],w,k — |[Nw)|,W —w(N (u)),a,f + 1) returns .S then
32 | return S U N (u);
33 else
34 | return No ;
35 end
36 end

(G',w, k', W) if such a call is made. If no such calls are made, then we take S, =@ and G’ to be the empty graph. Clearly, S, is a
vertex cover of G', and for every edge uv not incident on S,, it must be the case that either u or v was picked in the solution by one
of the branching steps in the path, and hence either u € S| or v € S|. This shows that S is a vertex cover of G.

Now, if Algorithm 4 returns a vertex cover .S of G on (G, w, k, W), we show |S| < (2 —6)k and w(S) < (2 — §)W. Like before, we
partition the set .S returned by Algorithm 4 into two parts. Let S} be the set of vertices in the returned vertex cover that were picked
during the branching or during the application of the reduction rule and let S, = .S\ .S,. It can happen that .S, = @ when the algorithm
does not call Polyapprx_algo while constructing .S and then the solution should come due to line 14 of Algorithm 4 for some instance
(G',w, k', W'")with E(G') =¥ and both k’, W' are non-negative. Since both k' and W’ are non-negative when E(G’) becomes empty,
we will have | S| =k —k’ <k and w(S)=W — W’ < W. If algorithm calls Polyapprx_algo while constructing .S, then S, comes from
the Polyapprx_algo of Theorem 3 (lines 11 and 17) for some instance (G’ = G[V \ S;l,w. k' =k — |S||,W' =W — w(S))).

If .S, comes from line 17, then k' <x=(1 -8k, W' >Y =(1 - §)W and w(z) < %, Vz € V(G'). As S, is a (2,2)-approximate

solution for (G, w, k', W), |.S,| < 2k" and w(S,) < 2k’% =2Y =2(1 — §)W. Now we have

IS| =S|+ S| <k =k +2K =k +k <k+k-56k=(2-d)k,

and

w(S) =w(S)) + w(S) W — W' +2(1 =)W <W +2(1 =)W =2 - 5)W.

If S, comes from line 11, then ¥’ <x=(1 — )k and W' <Y =(1 - §)W. As S, is a (2,2)-approximate solution for (G’,w, k', W'),
|S,] <2k" and w(S,) <2W'. Now,

IS| =S|+ S| <k—k +2K =k +k <k+k-56k=(Q2-8)k

and
W) =w( S+ WS W —W' +2W =W+ W' < W +(1 -5W =Q2-6W.

12
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Hence the proof of the lemma. []

Now, before we argue the running time of the algorithm, we first define some notations and prove some lemmas about the types
of instances that can be generated during the course of the algorithm.

Due to Reduction Rule 1, the branching we are doing in Approxgen_kwvc_proc is a (1, d)-branching (where d > 2) but here we
have additional stopping criteria for any instance (G',w, k', W’,a’, ") with E(G’) # §. The criteria are i) W' <Y together with
k' < x, or ii) there is no vertex in G’ of weight % together with k’ < x. Here our main goal is to get a good upper bound on the
number of nodes in the branching tree.

For any instance (G’,w, k', W', da’, B’) of Approxgen_kwvc_proc, we call it one of Type-1, Type-II, Type-III, and Type-IV depending
on values of k' and W'. In the case E(G') =@, Approxgen_kwvc_proc correctly returns a vertex cover of size at most k with weight
at most W in polynomial time, so we assume that E(G’) # §J. Now, let us define above mentioned four different types of instances.
Type-L: (G, w, ki, W},ay, p) is a Type-I instance if k; <x and W <Y.

Type-IL: (G,, w, ky, W), @y, f5) is a Type-II instance if k, < x, W, > Y, and there is no vertex of weight :’—2 in G,.

Type-IIL: (G5, w, k3, W5, a3, f3) is a Type-IIl instance if ky < x, W3 > Y, and there exists at least one vertex of weight at least Z—z in Gs.
Type-IV: All other instances (G4, w, k4, Wy, ay, ) such that k, > x). A

A node in the branching tree of Approxgen_kwvc_proc is said to be of Type-I, Type-II, Type-III, or Type-IV if the first instance
associated with that node is a Type-I, Type-II, Type-III, or Type-IV instance respectively.

If any instance is of Type-I or Type-II, then Approxgen_kwvc_proc immediately applies the Polyapprx_algo of Theorem 3 to those
instances. So, we continue branching on an instance when the instance is of Type-III or Type-IV. Also, note that the Type-IV nodes
can be in the first 6k layers of the branching tree only. Otherwise, after 6k layers, the size-budget (k) will decrease by at least 6k,
and thus the node cannot be of Type-IV anymore. For this reason, the total number of Type-IV nodes is bounded by 2%%. Let us assign
two values a and f to every node of the branching tree of Approxgen_kwvc_proc where «, # come from instance (G, w, k, W ,a, f)
associated to that node. Note that values of «, f of every associated instance on a node will be the same because any associated
instance (except the first associated instance) on a node is obtained by applying Reduction Rule 1 to some instance associated on the
same node and when Reduction Rule 1 is applied, «, # remain unchanged. Now let us prove the following lemma.

Lemma 16. If (G',w, k', W', a, p) is an instance of Type-III, then « corresponding to the instance (G',w, k', W', a, p) is at most k’(%).

Proof. For the sake of contradiction, assume that (G, w,k’,W’,a, ) is an instance of Type-III and « is more than k’(%). Since

(G',w, k', W', a,p) is an instance of Type-III, we have, W’ > W — §W and there exists a vertex of weight at least W_?W in G'. Since

every time we branch on a maximum weight vertex available, all the vertices on which we have already branched on to obtain the

instance (G',w, k', W', a, B) are of weight at least W 7 W Also, note that at least a vertices of weight at least W ka are picked in
the solution. So, here we have

Wew (a0 WY (B W W

k! 1-6 k'
which is a contradiction to (G', w, k', W', a, B) being an instance of Type-IIl. []

)gw-aw:y,

Next we want to compute the number of Type-III nodes at each layer of the branching tree. It is clear that upto 6k layers, there
can be a total of ©(2°%) Type-III or Type-IV nodes. Also, note that for any node at any layer j, we have a + f = j corresponding to
that node. Now we prove the following lemmas which determine the number of Type-III nodes at layers beyond the first 6k layers.

Lemma 17. There are no Type-III nodes at layer %

Proof. Let (G',w,k’,W', a,p) be the first instance associated to a node at layer % Here, k' <k — (a +2p) = % -
layer %,a +p= %). Thus, k' <a < % < (1 - &)k, V6 <0.5. Now, if (G',w,k’,W',a,p) is a Type-IIl instance, then we must have
W'>Y = (1 — 8§)W and there is at least one vertex with weight 5 > % (asY=(1-8W > % V6 < 0.5 and kK’ < @) in G'. So, all
the vertices we have branched on to obtain the instance (G, w, k', W', a, f) are of weight at least ;V—a, and there are « such vertices.
This implies, W/ < W — a% = % <(1-86)W =Y, Vs <0.5, which contradicts that (G’,w,k’, W', a, p) is a Type-III instance. []

p=a (as at

We have already seen that there are no Type-IV nodes at layer %, and the number of Type-IV nodes is bounded by 2%%. Also,
since no branching is done for Type-I or Type-II instances, the branching tree does not have any nodes beyond layer % Observe that

Sk +i=% for i =%*U=29 44 hence we only need to bound the number of Type-III nodes for layers 6k + i where i < %gza). This
is what we do in the following lemma.

Lemma 18. At layer 6k + i, the number of Type-IIl nodes can be at most 2°**" when 0 <i < % and bounded by O* (6:_"&) when
Sk(1=26)  ; o Sk(1=26) 2
1425 ='= T

13
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Proof. For any Type-IIl node at layer 5k + i, we must have a + # = 6k +i. So, for any Type-III instance (G’, w, k', W', a, ) associated
to a node at layer 6k + i, we have that

K <k—(a+2f)=k—(a+p)—p=k—206k+i)+a.

Since (G’,w, k', W, a, f) is an instance of Type-III, we have that W' > W — 6W and there exists a vertex of weight at least 2= 5W
in G’. Now, by Lemma 16,
a<k'%=>0(<(k 2(6k+t)+a) 5
= (1-08)a—d6a<(1—-26)6k —2i6
= (1-28)a<(1-26)6k—2i6 = a<k— %
From here we can say that the number of nodes at layer 6k + i with a < 6k — becomes an upper bound on the number of

Type-III nodes at that layer.

Notice that for any node 7 of the branching tree at layer /, the root to ¢ path in the branching tree can be expressed as a unique
sequence of L and R, where jth place of the sequence will be L or R depending on « or f increases on the recursion to reach the
node at jth layer in the root to ¢ path from its parent node in the branching tree respectively. Also, the length of the sequence will
be exactly / which is the sum of the number of L and R in that particular sequence. So, the number of nodes with @ =i at any layer
I can be at most the number of sequences of L and R of length / having exactly i number of L. Thus the number of nodes with & =i
at any layer / can be at most (1)

We know that at layer 6k + i, a + f is exactly 6k + i. Thus the number of nodes with a =1 at layer 6k + i can be at most (5k+'),

the number of nodes with @ =2 at layer 6k + i can be at most (6k+’) and so on. Hence, the number of nodes with a = 6k — 2';35 at
layer 6k + i can be at most (6:1{% )

1-26
The number of nodes at layer 6k + i with a < 6k —

ok +i ok +i ok+i
+ ot ).
() () e ()

1-26

216

(and hence the number of Type-III nodes in that layer) is at most

Ati= % the last term in the above summation becomes ((fm,) So, for 5"1(;?5) <i< 51‘(12;25), the last term is the largest, and
2
there are at most g such terms, hence the summation is bounded by O* (( 5 k“l)). Also, it is easy to see that the summation is
1-26

bounded by 2%%* when 0 <i < 9k1-29) "since each term in the summation can be thought of as the number of subsets of a certain
size, of a set containing (6k + i) elements. Hence the proof of the lemma. []

Now we are ready to prove the lemma about the running time of Algorithm 4.

Sk(1-26) )
Lemma 19. Algorithm 4 runs in time O* <2 seram (5 okt ))
=S T
8k(1-26) ki
Proof. We need to show that the total number of nodes in the branching tree is bounded by O*(I"), where I" := <Z az,f(l 25 ( 5k 25 ) > .
= SKU1=26)

For that, first observe that the number of Type-I and Type-II nodes can be at most twice the number of Type-III and Type IV nodes
in the branching tree, as the parent of every Type-I and Type-II node is either a Type-III node or a Type-IV node and the branching
tree is a binary tree. So all we need to do is to bound the number of Type-III and Type-IV nodes by O*().

. . . . Sk+i . 1-2
The first term in the expression of I is (5k bis ) fori= 5k1(+2 55)
12

which turns out to be ( ‘*2" ) We know that the central binomial
l+2d

coefficient, ( /2) >2"/(n+ 1). This gives us
26k 2k
105 1+26
(1+25 > 205
sk 2wk
1426 1426

This implies that

-~ 26k
2t =@ [ % ) = 0" D).

ok

1+26

14
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Since the number of Type-III and Type-IV nodes in the fist 6k layers is bounded by 2°%, which is (9(2%) for 6 < 0.5, we get that
the number of Type-III and Type-IV nodes in the first 6k layers is bounded by O*(I'). We have already seen that there are no Type-IV
nodes beyond the first 5k layers, so this bounds the total number of Type-IV nodes by O*(I").

Number of Type-III nodes at layers 6k + i, where Sk1=20) < < 5k(;25), is already bounded by O*(I') due to Lemma 18. So all

1+26
we are left to bound now is the number of Type-III nodes at layers 6k + i, where 0 <i < %. From Lemma 18, each such layer
. 20k — .
contains at most 2°¥*' nodes of Type-IIL. This attains the maximum value of 27+ at j = w, which we have already seen to be

bounded by O*(I'). Since there are at most £ such layers, the total number of Type-III nodes, and hence the total number of nodes in
the branching tree is bounded by O*(I').
It is also clear from the algorithm that we are either spending only polynomial time at every node of the branching tree

or applying Polyapprx_algo which also runs in polynomial time. Hence the total time taken by the algorithm will be at most
5k(1-26)

o* (2 23 ( Skt )) This completes the proof of the Lemma 19. []

_ 8k(1-26) \gp— 28
=53 1-25

The proof of the following theorem follows from Lemma 14, Lemma 15 and Lemma 19.

Sk(1=25) o
Theorem 20. There exists a (2— 8,2 — 6)-approximation algorithm for (k, W)-VERTEX COVER with running time (0 <Z i ( s kOkJEfa )) .
=T B

7.1. Computation of the running time

Let us consider a function, fj : [5(11;22:), 6(12_526)] — R, such that

6-282-2x5 .
(1-26+0\(FE2) (1 -20)6 .+ (75)
fs0)=|| —=——= (L= 200+ X)
6 —26%2—2x6 x

6(1-26) 6(1-26)
1425 > 26

and M; = max {fg(x) X €E [ ] } We claim that the running time of (2 — 6,2 — §)-approximation will be (9*((M5)k).

Sk(1-26)
2%
i 8k(1=28)
1+25

Sk+i

In Theorem 20, we have seen the running time of (2 — 6,2 — §)-approximation is O* <Z ( Sl 28 ) ) Here each term inside
1-26

. Sk+i’ - .
the summand is of the form (ék by dA=200k it <

1426 — =

6(1-26)k

1426
(1=26)k L s(1-26)k _s(1-26) 5(1-26)
it25) S0 We can write I = =50 + 5 = (3 1426

, we have % <t< %525). Thus, ¢t belongs to the domain of fs; and hence, My > f5(¢). This implies,

. i’ can also be viewed as

) for some integer i’ such that w

25 +s
12

for some integer s such that 0 < s <

. (1-26)k
Since, 0 < s < 2T+29)

S = = S
+ E)k =tk where t = +

252~

5 ‘2r5) o
Mz > (% )( 1 . (u—z&rw )( = ) . Again, by Stirling’s approximation,

5262215
5-252-215 ( ' ) (6+0k
( 6k+i: )_ ( Sk+tk ) < ((1—25)(5+r)) 1=26)(6+1) ((1—25)(5+:)) 1=26)(6+1
2i's ) — 2tks ) = A2 s b U e—
k=155 k=155 6-26%-216 t
(572527215) (;) ,
_ | { a=28)6+0 =25 ) (1=28)6+) \\T-% ) | _ P k
- (5—252—215> ( . ) = (fs(D)" < (My)".
5k(1-26) .
Since there are only poly(k) many terms inside the summand, <Z 2 ( 6;]‘35 )> < poly(k)(My)*. This implies,
== T1-28

5k(1-28) ki
5 1
o (21':‘52;“_25) (ﬁk—%>> =0*((M5)k)-
1+26 -
So, our new goal is to find M, for a given 6 with 0 <6 < 0.5. We write a computer program which, given &, goes through all

6(1-26) 6(1-26)
14256 > 25

possible x € [ in steps of dx =0.00000001, computes the value of {f;(x)} on all these possible values of x and returns

5(1-26) 5(1-28)
1425 > 26
we observe that M ,5 = 1.272, M, ;, = 1.151, etc. Please refer to Table 1 for a table of running times for different values of 5. We

have added a MATLAB code in Fig. C.2 that finds M in the appendix.

the maximum. This way, the program gives us M5 = max {f s(x) 1 x € [ }, for any given 6 € (0,0.5). From the program,

8. Conclusion

In this paper, we considered the WEIGHTED VERTEX COVER problem parameterized by the solution size. We gave an exact al-
gorithm running in time O*(1.4656%) and (2 — 6,2 — 6)-approximation algorithms for & € [0,0.5] which run faster than the exact

15
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Table 1

Table of running times for different values of 5.
No. é approximation factor M Run Time
1 0.05  (1.95,1.95) 1.0943 1.0943%
2 0.10  (1.90,1.90) 11510  1.1510%
3 0.15  (1.85,1.85) 1.1968 1.1968*
4 020  (1.80,1.80) 1.2365 1.2365%
5 025  (1.75,1.75) 1.2720  1.2720%
6 030  (1.70,1.70) 1.3045 1.3045*
7 035  (1.65,1.65) 1.3345 1.3345%
8 0.40  (1.60,1.60) 1.3626  1.3626F
9 045  (1.55,1.55) 1.3891 1.3891%

algorithm. It will be interesting to obtain a parameterized approximation scheme for (k, W)-VERTEX COVER which works for every
6 € (0, 1) where the running time scales between the running time of (2, 2)-approximation algorithm and the running time of the exact
algorithm.
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Appendix A. Poly time algorithm for (k, W)-VERTEX COVER on graphs of maximum degree 2

Graphs with maximum degree 2 are disjoint collections of paths and cycles only. To solve (k, W)-VERTEX COVER on graphs
with maximum degree 2, we first solve (k, W)-VERTEX COVER on paths and cycles using simple dynamic programming approach.
Then using these solutions, we design another dynamic programming that solves (k, W)-VERTEX COVER problem for graphs whose
connected components are either a path or a cycle, that is, graphs with maximum degree 2.

Lemma 21. (k, W)-VERTEX COVER can be solved in poly(n) time on a path.
Proof. Let (P,w,k, W) be an input instance to (k, W)-VERTEX COVER where P = (v, v,,...,0,) is a path on n vertices. We take a

simple dynamic programming approach to solve (k, W)-VERTEX COVER on P. Throughout this proof, we denote P[{v,...,v;}] by
P,. Let us define the following.

Al K] {weight of a minimum weight vertex cover of size exactly kK’ containing v; for P; if one exists
i k'l=

otherwise.

Bl K] weight of a minimum weight vertex cover of size exactly k’ for P, if one exists
i,k'l=
00 otherwise.
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First, we compute A[i,k’] and B[i, k'] for every i € {0,...,n} and k' € {0,...,k} and then we compare the value of
mingr <, Bln, k'] with W. We return Yes if ming, < Bln, k'] is at most W and return No otherwise. Notice that B[n, k] is the
weight of a minimum weight vertex cover of size exactly k for P.

Now we will see how A[i, k'] and Bl[i,k'] can be computed. We initialize, A[i,k’] = co, B[i,k'] = oo for k' < 0; A[0,k'] = oo,
B[0,k'] = o for k' >0 and A[0,0] =0, B[0,0] =0. Then for every i € {0, ...,n} and k' € {0,...,k}, we update A[i,k’] and Bl[i, k'] in
the following way.

Ali, k"= Bli— 1,k = 1]+ w(v,).

Bli, k' =min{A[i — 1,k'], A[i,k']}.

While updating A[i, k'] = B[i — 1,k’ — 1]+ w(v;), we use the convention oo + x = oo for any x € R. We will show the correctness of
the recurrence using induction on i. When i = 0, the only vertex cover of P, is @, and thus A[0,0] =0, B[0,0] = 0. Since for P,, we can
not have any vertex cover of any positive or negative size, so we must have A[0,k’] = oo, B[0,k’] = oo for k' <0 and A[0,k'] = o,
B[0, k'] = o for k' > 0. Hence, the base case (the case when i = 0) is true by the initial assumptions. Now, for the induction step, let
us assume that for some i’ <i— 1 we have computed A[i — 1,k’] and B[i — 1, k'] correctly for every k’.

First, we will show that A[i, k'] or B[i,k’] are not finite if and only if there is no vertex cover for the path P, of size exactly k’
containing the vertex v; or there is no vertex cover of size k’ respectively.

Let Ali, k'] = co. We want to show that there is no vertex cover for the path P, of size k’ containing the vertex v;. For the sake of
contradiction, let S be one such vertex cover for P, of size k’ such that v; € S. Then S \ {v;} is a vertex cover for P,_; of size k' — 1.
Thus by induction hypothesis, B[i — 1, k" — 1] should be finite and hence A[i, k'] = B[i—1, k" — 1]+ w(v;) is finite. We get a contradiction
that A[i, k'] = co. On the other hand, let us consider that there is no vertex cover for the path P, of size k’ containing the vertex v;.
Then there will be no vertex cover for P,_; of size k' — 1, otherwise, that vertex cover together with v; would be a vertex cover for the
path P, of size k’ containing the vertex v;. So, we have B[i — 1,k’ — 1] = co which implies that A[i, k'] = B[i — 1,k — 1]+ w(v;) = co.

Now, when B[i, k'] = co, we will show that there is no vertex cover for P, of size k’. If S is a vertex cover for P, of size k, then
at least one of v; or v;,_; must be there in S as v;v;,_; € E(P,). This implies that at least one of A[i — 1,k’] or A[i,k’] must be finite
contradicting that B[i, k'] = min{ A[i — 1,k’], A[i,k']} = co. On the other hand, let there be no vertex cover for P, of size k’. Then
both A[i — 1,k’] and A[i, k'] must be infinite. Otherwise, the vertex cover corresponding to A[i — 1,k’] or A[i, k'] would be a vertex
cover for P; of size k'.

Now, let us come to the case when A[i, k'] and Bli, k'] are finite. Let S be a vertex cover for P, of size k" such that v; € .S and
w(S) = A[i, k']. Also, let S’ be a vertex cover for P,_; of size k' — 1 such that w(S’) = B[i — 1,k’ — 1]. We can see that S’ U {v,} isa
vertex cover of P, of size k’ and it also contains v;. Thus by the definition of A[i, k'], w(S) = Ali, k'] < w(S’' Uv;) = w(S") + w(v;) =
Bli—1,k—1]4+w(v;). On the other hand, S\ {v;} is a vertex cover for P,_; of size kK’ — 1 and thus B[i— 1,k' = 1]1=w(S") S w(S\ {v;}).
It implies B[i — 1,k" — 1]+ w(v;) = w(S") + w(v;) < w(S\ {v;}) + w(v;) = w(S) = Ali, k']. Hence, Ali, k'] = B[i — 1,k' — 1]+ w(v,).

The above paragraph shows that we computed A[i, k'] correctly before computing Bl[i, k']. Here both A[i — 1,k'] and A[i, k']
correspond to the weight of a vertex cover of size k' of P,. Thus by the definition of B[i, k'], B[i,k'] <min{A[i — 1,k"], A[i,k']}. Let
S be a vertex cover corresponding to B[i, k']. Since v;_jv; € E(P,), at least one of v;_;,v; must belong to S. If v;_; €.5, then we
have A[i — 1,k'] < B[i, k'] and if v; € S then we have A[i, k'] < B[i,k']. Thus, we get B[i, k'] > min{A[i — 1,k’], A[i,k’]} and hence,
Bli,k'1=min{A[i — 1,k'], A[i,k']}.

Now, notice that each table A[.,.] and table B[.,.] has nk entries and each entry can be computed in constant time. So in total,
we need O(nk) time which is O(n?) as k <n. [

Corollary 22. (k, W)-VERTEX COVER can be solved in poly(n) time on cycles.

Proof. Let (C,w, k, W) be an input instance to (k, W)-VERTEX COVER where C is a cycle. Also let uv € E(C). We know that both
C —uand C —v are paths of n— 1 vertices. Let B,[n—1,k— 1] and B,[n— 1,k — 1] be the weight of a minimum weight vertex cover of
size at most k — 1 for C —u and C — v respectively. We know that at least one of u, v must be there in every vertex cover of C. Now, to
find the weight of a minimum weight vertex cover for C containing u of size at most k, we need to first find the weight of a minimum
weight vertex cover for the path C — u of size at most k — 1 and then add the weight of u with it. Similarly, to find the weight of a
minimum weight vertex cover for C containing v of size at most k, we need to first find the weight of a minimum weight vertex cover
for the path C — v of size at most k — 1 and then add the weight of v with it. Since every vertex cover of C contains at least one of u or
v, the weight of a minimum weight vertex cover of size at most k for C will be min{w(u) + B,[n— 1,k — 1], w(v) + B,[n— 1,k —1]}.
Let this value be wt,(C). We compare wt,(C) with W and return Yes or No, depending on wt,(C) < W or wt,(C) > W respectively.
Since B,[n—1,k—1] and B, [n— 1,k — 1] can be computed in poly(n) time due to Lemma 21, the weight of a minimum weight vertex
cover for C of size at most k can also be computed in poly(n) time. []

A.1. Proof of Theorem 4

Proof. Let (G,w,k, W) be an input instance to (k, W)-VERTEX COVER where A(G) < 2. Every component of G is either a path or a
cycle. Let us first describe our simple dynamic programming algorithm and then we will see the proof of correctness. We name this
algorithm as ‘Deg2exact_algo’. First, we order the components of G arbitrarily. Let Cy,C,,...,C, be the ordering where each C; is
either a path or a cycle. Let us denote the weight of a minimum weight vertex cover of size exactly j of C; by B;[j]. Throughout this
proof, we denote G[C; UC, U -+- U C,] by G,. Now, we define A[s, k'] in the following way.
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Als. K] {weight of a minimum weight vertex cover of size exactly kK’ of G, if one exists
s, k'] =

otherwise.

We compute A[s, k'] for every s € {1,...,t} and kK’ € {0, ..., k} and finally compare the value miny;/; A[f,k’] with W. We return
Yes if mingy < Alt, k'] < W and No otherwise. Now, we will see how A[s, k'] can be computed. We initialize, A[1,k’] = B[k'] and
for s € {2,...,1} we have

Als, k'] = ming; o [B[j1+ Als - 1, kK —jl.

Now we will show the proof of correctness, that is, we will show that each A[s, k'] is computed correctly. The base case A[1,k'] =
B, [k'] is true because of Lemma 21 and Corollary 22. Whenever we compute A[s, k'] for some 2 < s <, by induction hypothesis we
will assume that A[s’, k'] has been computed correctly for every s’ < s.

First, we will show that A[s,k’] = oo if and only if G, does not have a vertex cover of size k’. Let A[s,k’] = co, which means
that for every j € {0,...,k'}, at least one of B,[j] or A[s — 1,k — j] will not be finite. For the sake of contradiction, if there is a
vertex cover S of size k' for G;. Let us take |.S N G[C,]| = . Clearly, 0 < j’ < k’. Also, S \ G[C,] is a vertex cover for G,_, of size
k — j’. This implies that B,[;’] is finite (by Lemma 21 and Corollary 22) and A[s — 1,k’ — j] is finite by induction hypothesis. Thus
B,[j'1+ Al[s — 1,k — j] is finite, contradicting that A[s, k'] = co. For the converse, let us assume that G, does not have a vertex cover
of size k’. This means for every j such that 0 < j < k’, at least one of G[C,] and G,_, does not have a vertex cover of size j and k' — j
respectively. Thus for every j, at least one of B[j] (by Lemma 21 and Corollary 22), A[s — 1,k” — j] (induction hypothesis) is not
finite.

Now, let us assume that there exists a vertex cover of G, of size k’. Let minimum of B,[j]+ A[s — 1,k’ — j] be obtained for
some j = j’. Now, let S| be minimum weight vertex cover of C, of size j’ and §, be minimum weight vertex cover of G,_; of size
k' — j'. Clearly, S| U.S, is a vertex cover of G, of size k" and thus A[s, k'] < w(S, U S,) = w(S))+ w(S,) = B,[j'1+ Als — 1,k' — j’1=
ming; < [By[j1+ Als — 1,k = j]I.

On the other hand, let S be a minimum weight vertex cover of G, of size k’. Let SNC; = S, (0<|.S|| <k’)and S\ S| = S,. Clearly,
S is a vertex cover for C, and .S, is a vertex cover for G,_;. Thus, A[s, k'] = w(S) = w(S;) + w(S,) > B,[|S| |1+ Als — 1,k' - |.S|]]1 >
mingg; < [By[j]+ Als — 1k —jll.

Now we are only left to argue the running time. Notice that table of A[.,.] has 7k entries and each B[] can be computed in On?)
time. So, each entry of table A[.,.] can be computed in O(k’n?) time which is at most O(kn?) as we need to compute B[] for all
0 <j <k'. Thus, in total, we need O(tk%n?) time which is poly(n) only. [

Appendix B. Treewidth algorithm for (k, W)-VERTEX COVER

Here we present an FPT algorithm for (k, W)-VERTEX COVER parameterized by the treewidth of the input graph. First let us see
the definitions of tree-decompositions and treewidth.

Definition 23 ([20]). A tree-decomposition of a graph G is a pair 7 = (T, {X ,} , EVm)
assigned a vertex subset X; C V(G), called a bag, such that the following three conditions hold:

(TD) UteV(T) X, =V (G). In other words, every vertex of G is in at least one bag.

(T2) For every uv € E(G), there exists a node ¢ of T' such that bag X, contains both « and v.

(T3) For every u € V(G), the set T, = {t eV({T):ue X,}, i.e., the set of nodes whose corresponding bags contain u, induces a
connected sub-tree of T'.

, where T is a tree where every node ¢ is

The width of tree-decomposition 7 = (T, {X ,} ey (T)>
The treewidth of a graph G, denoted by tw(G), is the minimum possible width of a tree-decomposition of G.

For proving Theorem 25, we use the standard dynamic programming for weighted vertex cover on bounded treewidth graph,
where for each bag X, of the tree-decomposition, each k’ < k, and each subset .S C X, of vertices of the bag, we store the weight of
a minimum vertex cover of graph induced by the bags below X, the size exactly k’ such that its intersection with X, is exactly S.
Finally, looking at some entry corresponding to the root bag will give us the answer. Before going into recurrences of this dynamic
programming, let us look at the definition of a nice tree-decomposition.

A rooted tree-decomposition (T, {X ,}

equals max,cy ) | X;| — 1, that is, the maximum size of its bag minus 1.

. eV(T)> is nice if the following conditions are satisfied:
* X, =@ and X, =0 for every leaf ¢ of T. In other words, all the leaves as well as the root contain empty bags.
« Every non-leaf node of T is of one of the following three types:
1. Introduce node: a node ¢ with exactly one child ¢’ such that X, = X,, U{v} for some vertex v € X,/; we say that v is introduced
atr.
2. Forget node: a node ¢ with exactly one child 7 such that X, = X,,\{w} for some vertex w € X, ; we say that w is forgotten at
t.
3. Join node: a node 1 with two children #,,7, such that X; = X, =X, .
Now, we will state a lemma that says that if we have a tree-decomposition of width at most d for a graph G, then we can always
compute a nice tree-decomposition G of width at most d in polynomial time.
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Lemma 24 ([20]). If a graph G admits a tree-decomposition of width at most d, then it also admits a nice tree-decomposition of width at
most d. Moreover, given a tree-decomposition T = (T, { X, hevr)) of G of width at most d, one can in time O@d? - max(|V(T)|, |V (G)])
compute a nice tree-decomposition of G of width at most d that has at most O(d|V (G)|) nodes.

So, we always assume tree-decomposition of a graph G as a nice tree-decomposition whose internal nodes are of three types
only. For a node ¢ of T, let V; be the union of all the bags present in the subtree of T rooted at 7, including X,. Clearly, we can see
V. =V (G). Now for a given instance (G, w, k, W) of (k, W)-VERTEX COVER with A(G) <2, we can compute a nice tree-decomposition
T =T, {X;}ev(r)) of G. For every node 7, every S C X, and every i < k, we define the following value:

c[i,t,.S]=minimum possible weight of a vertex cover S for G[V;] of size exactly i

such that SCSCV,and SN X, =S.
If no such .S exists, we put c[i,?, 5] = co. This can happen when § is not a vertex cover for G[.X,] or there is no vertex cover S of size
i for G[V;] with Sn X, = S.
Now, we give the recurrence formula to compute c[.,.,.].
Leaf node. If ¢ is a leaf node, then
. 0 if i=0;
cli.t.01= { o if i >0.

Since the bag corresponds to a leaf node of a nice tree decomposition is empty, the only vertex cover of the graph induced on
subtree rooted at a leaf node will be an empty set. Thus c[i,?,#] = 0 corresponding to the empty vertex cover, and c[i,?, ] = co when
i > 0 as it can’t have a vertex cover of bigger than 0.

Introduce node. Let 7 be a introduce node with only child ¢’ such that X, = X, U {v} for some v & X, . Let S be any subset of
X,. If S is not a vertex cover for G[X,] or i < |.S|, then c[i,?, S] = oo. Otherwise,

. _ cli,t', S] if vgS;
cli-t, 1= { cli— 1,7, S\ {v})]+w) if veS.

We will prove this formula in two cases depending on v & S and v € S. When v ¢ S, the families of sets S considered in the
definition of c[i,t,S] and c[i,?,.S] are equal which implies that c[i,?, S] = c[i,t,S].

Now the case when v € .5, let S be a set for which the minimum is attained in the definition of c[i,7,S]. Then it follows that
S\ {v} is one of the sets considered in the definition of ¢[i — 1,#,S \ {v}], which implies that c[i — 1,7,.5 \ {v}] < w(S \ {v}) =
w(S) — w(v) = cli,t, S — w(v). This implies c[i — 1,7, S\ {v}]+ w() < cli,t,S].

On the other hand, let .S’ be a set for which the minimum is attained in the definition of c[i — 1,#,.S \ {v}]. So, S’ is a vertex
cover for G[V/'] of size exactly i — 1. The only edges G[V/], S’ might not cover are the edges whose one end is v. Thus S’ U {v} is a
vertex cover for G[V;] of size exactly i. Also, the intersection of S’'u {v} with X, is exactly .S and S is a vertex cover for G[X,]. Thus
it is considered in the definition of c[i,7, ST and we get c[i,?, S] < w(f’ uf{v}= w(f’) +w@)=cli—1,,8\ {v}] + w().

Forget node. Suppose / is a forget node with child ¢ such that X, = X, \ {w} for some w € X,. Let S be any subset of X,. Again
if, S is not a vertex cover for G[X,] or i < |S| then c[i,?, S] = 0. Otherwise,

cli,t, S1=min {c[i,/, S]cli./,SU{w}]}.

To prove this formula, let us consider the S’ for which minimum is attained in the definition of cli,t,S]. If w ¢ S’ then S’ is
one of the set considered in the definition of c[i,#',S] and thus c[i,?,S] < c[i,t, S]. Now, if w € S’ then S’ U {w} is one of the set
considered in the definition of c[i,#,.S], which implies c[i,#,S U {w}] < c[i, 7, S]. As exactly one of these alternatives happens, we
can say:

c[i,t, 812 min {c[i,’, S, c[i,/', S U {w}]}.
On the other hand, each set is considered for the definition of c[i,#,.S] or c[i,#,S U {w}] is also considered for c[i,¢,S]. This
implies:
c[i,t,81 <min {c[i,’, S, cli,',S U {w}]}.
Join node. Now for join node, ¢, with children #,,7, such that X, = )(,l = sz' Let .S be any subset of X,. Again if, .S is not a

vertex cover for G[X,] or i < |S| then c[i,?, S] = co. Otherwise,

i1, 8]= i i1t ST+ clin, 15, 81— w(S)}.
eli, 1= min o {clir.1y, S1+cliz, 1y, 81— w(S)}

Let S| and S, be two sets consider for min; 4 —iy|s| {c[i,,t, , S+ clis, 15, 81— w(S)} corresponding to c[iy,?;,.S] and c[i,, t,,.S]
respectively. Thus, we have, |S,| =i, |S,| =i, and i; + i, = i +|S|. Let us consider $ = S, U S,. Since S, N X = S, N X, =S,
SN X, =5 and S will be a vertex cover for G[X,] as S is a vertex cover for both X, 1, and X, . Also, S will be a vertex cover for G[V,]

as both endpoints of edges having one end at V; and another at ¥, , must be in X,. Hence the set S is one of the sets considered in
the definition of ¢[i,?,.S]. Thus,
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cli, 1,81 < w(S) = w(S)) + w(S,) — w(S) = +mm+|S| {cliy.1), 1+ cliz. 1, S1— w(S)} .
ip+ip=i

Second equality is due to the fact $; n S, = S.
On the other hand, let the set S’ is considered for cli,t,S]. Thus, |§'| =iand X, N S’/ =S. Let V,1 NS’ = S{ and V,2 NS’ = Sé.

Also, let us consider |.§i| =i, and |.§{| =i,. Now,
i+ iy =S+ 1S5 = ST USH +1SI NS =18 +|S| =i +]S].

Again, 5‘{ is a vertex cover for G[V;,] and S‘; is a vertex cover for G[V,,]. Also, S‘{ NnX, =S and f; N X,, = S. Thus, f{ is

considered in the definition of c[i{,#;, 5] and .§£ is considered in the definition of c[i,,?,,.S]. Hence we get,

cli 1, ST=w(S") = w(S!) + w(Sh) = w(S) > cliy. t;. 51+ cliz. 1, ST w(S) > min {cliy 11,81+ cliz, 13, 81— w(S)} .
iy +ip=i

Theorem 25. Given an instance I = (G,w, k,W’) and a tree-decomposition of G of width tw, (k, W)-VERTEX COVER can be solved in
O*(2™) time on I.

Proof. We first compute a nice tree-decomposition 7 = (T, {X,},ep () of G of width rw, which can be done given a tree-
decomposition of G of width fw in linear time. Then by the recursion describe above, we compute c[i,,.S] for every node ¢ of
T and for every i < k. Here c[i,t,S] gives the minimum possible weight of a vertex cover of size i for G[V;]. We first start at leaf
nodes and then gradually we go upwards in the tree T'. If r is the root of T, then we know V, = V(G) and we also know that X, = f.
So, c[i, r,#] will be the minimum possible weight of a vertex cover of size i. Now, if ¢[i,r,@#] > W for all i < k, then we say (G, w, k, W)
is a No instance. If (G, w, k, W) is not a No instance, there is a i < k for which ¢[i,r,#] < W. Then by backtracking in the recursions
for the entry c[i,r, @], we can compute a vertex cover .S of size at most k with weight at most W'.

At every node ¢, we compute c[i,?, 5] for every S C X, and i < k. Also, to compute each entry, we take only constant time (except
at join nodes). So, other than join node, we take k - 21%i| at each node ¢ of T. If ¢ is a join node then we need O(k3 - 2!X/l) time.
Since there can be at most O(fw - n) nodes in the nice tree-decomposition 7 = (T, { X, },ey(r)) of G, the total time we need for this
algorithm is O(k3 - 2 - tw - n), which is O*(2™). [

Appendix C. MATLAB code for My

cle
clear

dx=0.00000001;
prompt = "Enter the value of delta “;
d = input(prompt)

x=((d*(1-(2*d)))/ (1+(2%d)) Ludx: ((1-(2*d))/2);

for i=1:length(x)
y(3)=((((1-(2*d))*(((d)+((i-1)*dx))/((d)-(2*((d)*2))-(2*(i-1)*dx*d))))~(((d)-

(2%((d)2))-(2*(i-1)*dx*d) )/ ((1-2*d)*((d)+((1-1)*dx)))))*((1-(2*d))*((d)+((i-

1):dX))/((i-1)*dX))A(((i'l)*dX)/((l'(Z*d))*((d)+((i-1)*dX)))))A((d)+((i'1)*dX));

en

M_delta=max(y);

display(M_delta)

Fig. C.2. MATLAB code for M.
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