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Bellman Equation



Value Function

Given an MDP ℳ = 𝑆, 𝐴, 𝑃, 𝑟, 𝛾 , how to find 𝜋∗:  𝑆 → 𝐴

𝜃∗ = arg max
𝜃

𝐸𝜏∼𝑝𝜃 𝜏 ෍

𝑡

𝑟 𝑠𝑡 , 𝑎𝑡

Value function 𝑉𝜋 𝑠  =  𝐸 ෍

𝑡=0

∞

𝛾𝑡 𝑟 𝑠𝑡 , 𝑎𝑡 ∣ 𝑠𝑜 = 𝑠, 𝑎𝑡 = 𝜋 𝑠𝑡 , 𝑠𝑡+1 ∼ 𝑃 ⋅ 𝑠𝑡 , 𝑎𝑡

Q function Q𝜋 𝑠, a  =  𝐸 ෍

𝑡=0

∞

𝛾𝑡 𝑟 𝑠𝑡 , 𝑎𝑡 ∣ (𝑠𝑜, 𝑎_𝑜) = (𝑠, 𝑎), 𝑎𝑡 = 𝜋 𝑠𝑡 , 𝑠𝑡+1 ∼ 𝑃 ⋅ 𝑠𝑡 , 𝑎𝑡



Bellman Equation for Value Function

Value function 𝑉𝜋 𝑠  =  𝐸 ෍

𝑡=0

∞

𝛾𝑡 𝑟 𝑠𝑡 , 𝑎𝑡 ∣ 𝑠𝑜 = 𝑠, 𝑎𝑡 = 𝜋 𝑠𝑡 , 𝑠𝑡+1 ∼ 𝑃 ⋅ 𝑠𝑡 , 𝑎𝑡

Q function Q𝜋 𝑠, a  =  𝐸 ෍

𝑡=0

∞

𝛾𝑡 𝑟 𝑠𝑡 , 𝑎𝑡 ∣ (𝑠𝑜, 𝑎_𝑜) = (𝑠, 𝑎), 𝑎𝑡 = 𝜋 𝑠𝑡 , 𝑠𝑡+1 ∼ 𝑃 ⋅ 𝑠𝑡 , 𝑎𝑡

Why is this true?𝑉𝜋 𝑠 = 𝑟 𝑠, 𝜋 𝑠 + 𝛾𝐸
𝑠′∼𝑃 ⋅ 𝑠, 𝜋 𝑠 𝑉𝜋 𝑠′

What is the Bellman equation for the Q function?



2 Questions

How do we bring Q in the RHS of the Bellman equation for Q?

What more is needed if we have stochastic policies?  And why do we not worry about stoch policies?

𝑉𝜋 𝑠 = 𝑄𝜋 𝑠, 𝜋 𝑠  

For infinite horizon discounted MDPs, there always exists a deterministic optimal policy

𝜋∗: 𝑆 → 𝐴, 𝑠. 𝑡. , 𝑉𝜋∗
𝑠 ≥ 𝑉𝜋 𝑠 , ∀𝑠, 𝜋 



Preview: Policy Iteration



Policy Iteration

Given an MDP ℳ = 𝑆, 𝐴, 𝑃, 𝑟, 𝛾 , how to find 𝜋∗:  𝑆 → 𝐴

𝜃∗ = arg max
𝜃

𝐸𝜏∼𝑝𝜃 𝜏 ෍

𝑡

𝑟 𝑠𝑡 , 𝑎𝑡

Policy Evaluation: 𝑄𝜋𝑡
𝑠, 𝑎 , ∀ 𝑠, 𝑎

Policy Improvement: 𝜋𝑡+1 𝑠 ≔ arg max
𝑎

 𝑄𝜋𝑡
𝑠, 𝑎 , ∀ 𝑠

Known as Policy Iteration

Introduction to Reinforcement Learning, Sutton & Barto



Policy Evaluation: Fixed Point

Policy Evaluation: 𝑄𝜋𝑡
𝑠, 𝑎 , ∀ 𝑠, 𝑎

∀𝑠, 𝑉𝜋 𝑠 = 𝑟 𝑠, 𝜋 𝑠 + 𝛾𝐸𝑠∼𝑃 𝑠,𝜋 𝑠 𝑉𝜋 𝑠′  

𝑉𝜋 = 𝑅 + 𝛾𝑃𝑉𝜋

Consider 𝑥∗ = 𝑓 𝑥∗ , how do we find this?

Approach to find fixed point:

               Initialise 𝑥0 ∈ 𝑎, 𝑏 , repeat: 𝑥𝑡+1 = 𝑓 𝑥𝑡

If 𝑓 is a contraction mapping, 

i.e., ∀ 𝑥, 𝑥′, 𝑓 𝑥 − 𝑓 𝑥′ ≤ 𝛾 𝑥 − 𝑥′ , for some 𝛾 ∈ 0,1 , then:

𝑥𝑡 → 𝑥∗, as 𝑡 → ∞
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