Lecture 2: Hidden Markov Models

Instructor: Raunak Bhattacharyya




Why HMMSs?

Uncertainty: Zone of probabilistic reasoning

Foundational material towards MDPs

Constructs: Sequences of states, a.k.a. trajectories

Algorithms: Iterative approaches

Using observed data to make inferences



Markov Chain

[ Weather }

Source: SLP, Dan Jurafsky



https://web.stanford.edu/~jurafsky/slp3/A.pdf

Markov Chain

S ={s1,89,...,8n} A setof N states

bPi1 P12 ... PIN
P21 P22 ... DP2N . . )
= ) . ‘ . A transition probability matrix
PNi PNz :-- PNN [ Markov Chain

p=A{p(s1),p(s2),...,p(sn)} Initial state distribution

p(si=a|s1,89,...,8.1)=p(si=a| s_1) [ Markov Property




Exercise

-=> Compute the probability of the sequences

4 Cold, Cold, Cold, Cold
4 Cold, Hot, Cold, Hot

| Initial State Distribution |




82{81,82,...,8N}

Hidden Markov Model

P P12 ... PIN
P21 P22 ... P2N
0= {017 02y« >0M} A set of M possible observations Pni PN2 --- PNN

p = {p(81),P(32)a <o ap(sN)}

buu b1z ... biu
bor b2 ... bom

B=1 . _ : Observation probability matrix, where b;; = p(o; | ;)
byt b2 ... byu

DLk | 815 sagSimas s § 973 0155 5 1 305 500 507) = PlO; | 9) [ Output Independence ]




Hidden Markov Model

02{01,02,...,0T}

|

Input to the HMM: A sequence
of T observations

|

8:{81,82,...,SN}

Pii P12 ... DIN
P21 P22 ... D2N
PN1 PN2 ... DNN

p=A{p(s1),p(s2),...,p(sn)}

02{01)02,'”701\1}

bll b12 s bl.M

byy b ... Doy
B=1| . .

byi by2 ... bym




Where are HMMs used?

Speech Recognition

Activity Recognition

Music Transcription

Finance

[ Acoustic Signal ]

[ Sensor Readings ]

[ Audio features ]

[ Financial indicators ]

[ Phenomes: Pat/Bat ]

[ Activity: walking ]

[ Musical notes ]

[ Bull, Bear, Stable ]




HMM: Three Fundamental Problems

Problem 1 (Likelihood):
Given an HMM A\ = (7, B) and an observation sequence O, determine the likelihood P(O | A).

Problem 2 (Decoding):
Given an observation sequence O and an HMM X = (T, B), discover the best hidden state

sequence.

Problem 3 (Learning):

Given an observation sequence O and the set of states in the HMM, learn the HMM parameters T

and BB.



Running Example: Weather and Ice Cream

=> Given a sequence of observations O (each an integer representing the
number of ice creams eaten on a given day) find the ‘hidden’ sequence of
weather states (H or C)

[

B4

P(1] COLD)
P2 | coLD)| =
P(3| COLD)

|

?’]

[

B,

P(1] HOT) 2
P2|HoT) | = |4
P(3| HOT) 4

Example from SLP, Dan Jurafsky



Problem 1: Likelihood Computation



Likelihood Computation -

B1 B,

p¢1jcop)] [5 P(1] HOT) 2
p2|cop)| = | 4 P2|HoT) | = |4
p@E|coD)| |1 P(3 | HOT) 4

=> Given the ice-cream eating HMM, what is the probability

of the sequence of ice creams eaten being 3, 1, 37
€ 3icecreamsonday 1, 1onday 2, and 3 onday 3

T 7
-0 O

p(3,1,3)?



Marginalise over Hidden State Seq. (? (P (‘?

S1 e S9 — S3

p(O) :p(olaOQa---aoT) p(S) :p(sl,SQ ..... ST)

p(0) = EP(O, S)



Known Hidden State Seq. C? CP C:{)

B —00—(c

p(3,1,3 | H, H,C) :
p(O | S) :Hp o; | 8;)
=1

=p(oy =3,00=1,03=3| sy =H,s, =H,s3=C)
=ploy =3|s1=H,s9=H,s3=C)ploo=1,03=3|0,=3,51=H,s9 =H,s3=C)

=plo=3|s;=H) ploo=1,03=3|01=3,51 =H,sy =H,s3 =C)

p(3,1,3| H,H,C)=p@3 | H)-p(1| H)-p3|C)



PT
B —00—(c

Marginalise via Enumeration

p(0) = > p(0,5)
S
r(3,1,3) =p(3,1,3,C,C,C) +p(3,1,3,C,C,H) +p(3,1,3,C,H,H) + ...

=p3,1,3|C,C,C)-p(C,C,C)+p(3,1,3 | C,C,H)-p(C,C,H) +...

p(3,1,3|C,C,C)=p(3|C)-p(1|C)-p(3|C)

p(C,C,C) =p(s; =C)-p(C | C)-p(C|C)



Brute Force Enumeration

Algorithm 1 Brute Force Likelihood

Enumerate all possible hidden state sequences (N7 of them)
for each hidden state sequence do
Compute p(o1.7 | s1.7)p(s1.7)
end for
Add up all the above obtained p(o;.7, s1.7) to marginalize over all possible
hidden state sequences

A




Forward Algorithm

1. Initialization:

a1(j) =p(s1 =j)-plo1 | s1=7) 1<j<N
2. Recursion:

Zatl p(si=7|si1=1)-plog|st=35) 1<j<N,1<t<T

3. Termination:

N N
= Z OéT(i) Zp(ol’ ., 07,87 = z) Marginalise over final
i1 . state




Forward Algo: Rationale a;(5) = p(o1,09, . ..,0¢ 8 = j)

N
— E p(01>027 ce ey 0t—1,8t—1 = 1,0, 8¢ = .7)

1=1
N
= Zp(olzt—la St = Z) : p(0t7 Sy = .7 | O1:t—1,St—1 — Z)
1=1
N
= plone-1,801=1) p(st =j | 041,81 =1) (0 | 0141, 81-1 = 1,8 = J)
1=1

a(j) =) ar1(d) - p(si =3 | 81 =1) plos | st =j)

=1



Brute Force vs. Forward Algorithm & O ©

01 T Z p 0173 51: T p(ol:T) — Z@Z\il p(OI:Ta 87 = Si)
V{Sl T}
N :
= Y .1 p(ovT, sT = 1)
= Z p(Ol:T\SLT) 'p(81:T)
V{s1.7} [ Notation alert }

= ) (ﬁp(% ED 'p(SlzT))

V{SLT} 7=



Forward Algorithm

1. Initialization:

a1(j) =p(s1=j) plor | s1=3) 1<j<N
2. Recursion:

N
() = ou1(i) plsy =37 |se1=1)-plog| s =34) 1<jSNI<t<T
=1

3. Termination:

N
p(0) = Z ar(i)



Forward Algo: Pseudocode a;(j) = p(01,09,...,04 8t = )

function FORWARD(observations of len T, state-graph of len N) returns forward-prob

create a probability matrix forward[N,T]

for each state s from 1 to N do al(j) = p(Sl = j) 'P(Ol \ §1 = j)
forward[s,1]+mg * bs(oy)
for each time step from2to Tdo (5 —Zat 1(9) - p(se =3 | 81 =1) - plog | 8 = )
for each state s from 1 to N dg

forward|s,t] <+ Z forward[s’,t —1] * as s * bgs(or)

s =1

N N
forwardprob Z forward[s,T| p(0) = Z ar(1)

=1
return forwardprob

Source: SLP, Dan Jurafsky



https://web.stanford.edu/~jurafsky/slp3/A.pdf

Forward Trellis @

B, B,

p(jcop)| |5 P(1|HOT) 2
P(2|CcOLD)| = | P@2[HOT)| = |4
P@E|cop)| |1 P(3 | HOT) 4

«,(2)=32 ay(2)= 32".12 + .02".1 =.0404
L  PHH'PAH) /N
p(c,H 6*.2
), .
.4‘15 i) g e
N N ot
,QQ al(l) - 02 . ?\\\ ay(1) = 322 -I:IQZ 25 2\9\6\9
I oy 2
N e _® Pcio)*Pac) o
\\~_’1‘ Q$ 0\ 5*5
>
QA
\c)\é{b?:
; 3 1 3
o, 0, 0,

Source: SLP, Dan Jurafsky



https://web.stanford.edu/~jurafsky/slp3/A.pdf

HMM: Three Fundamental Problems

Problem 1 (Likelihood):
Given an HMM A = (7, B) and an observation sequence O, determine the likelihood P(O | A).

Problem 2 (Decoding):
Given an observation sequence O and an HMM X = (T, B), discover the best hidden state

sequence.

Problem 3 (Learning):

Given an observation sequence O and the set of states in the HMM, learn the HMM parameters T

and BB.



Problem 2: Decoding



Problem 2: Decoding

e 2

By

B,

Find the hidden state sequence that was most likely to
have generated the input observation sequence.

0 0 ¢
@00

p(3,1,3)? [ Earlier goal

]

pajco)] [s P(1|HOT) 2
p|cop)| = | 4 pe|HOT)| = |4
p@a|co)| |.1 P(3 | HOT) 4

arg max p(81,82a83 ’ 0] = 3702 — 1a03 — 3)?

51,52,83




Decoding: Equivalent Objective =~ & max plsi sz, safo1=3,00 = 1,05 = 3)7

p(ola 02, 03, S1, S2, 33)
p(017 02, 03)

p(81)82v33 | 01702’03) —

arg max p(81752783 | 01702703) — arg max p(01)02703351782a33)

51,52,83 51,52,53

Wi ot | 101

p(o1:3) = Zv{sm} p(o1:3, 51:3)



Viterbi Algorithm: Building Blocks arg max p(o1, 02, 03, 31, 52, 53)

Define: v(j) = _ max (81,825,584 1,01,09,...,0 8 = J)
199240 « «99t—1

)=t =)
i1

Goal: max p(si, $2, 83,01, 02, 03)

51,582,583
I?as'xp(sla §2,01, 02,03, 83 = C) maxp(sl, §2,01, 02,03, 83 = H)
1,52 51,52
N ;
maixrgla;xp(sl, $2,01, 02,03, 83 = 1)
1= 1,92

Goal obtained by: m]éx vr(7)



Viterbi Algo: Recursion ve(j) = maxp(si-1, 014, ¢ = J)

S1:t-1
P(81:4-1,01:4, 8t = J) = P(S1:4-2,01:4-1, 811, 0t 8t = J)
= p(81:4-2,01:¢-1,8¢-1) * P(0¢, 8t = J | S1:4-2,01:4-1, 5¢-1)
= p(slzt—2, O01:t—1, St—l) 'p(St =3 | 81:t—2,01:t—1, 8t—1) 'p(Ot \ 8t = J, 81:t—2, O1:4—1, St—l)
= p(81:4-2,01:4-1,8t-1) *P(st = J | 81-1) - p(ot | 8t = )

p(81:t-1,01:4, 8t = J) = P(81:4-2,01:t-1,8t-1) - P(st = J | $t-1) - p(0t | 8t = J)



Viterbi Algo: Recursion

DP(81:4-1,01:4, 8t = J) = P(81:4—2,01:4-1,8t-1) - P(8t = J | 8t-1) - (0t | 8t = 7)

Iglaxp(slzt—la O1:ty St = .7)
1:t—1

N

= max max p(si:t-2, 0141, 81 = &) - p(s¢ = J | s¢-1 = 4) - p(or | 8t = j)
— 1:t—2

N

vi(j) = maxv, (@) - i - bj(or)



Viterbi Algorithm

1. Initialization:

Vl(j) = ﬂjbj(Ol) 1€ j<N
btl(j) = i) 1 <3 <N

2. Recursion

v(j) = ml\éf(vr—l(i)aijbj(@); izf=N jce=T
=

bi(j) = argmaxvi—(i)aijbj(o); 1<j<N1<t<T
=

3. Termination:
N

The best score: Px = max vr (i)
=
N
The start of backtrace: ¢gr*x = argmax vy (i)

i=1

Source: SLP, Dan Jurafsky



https://web.stanford.edu/~jurafsky/slp3/A.pdf

Viterbi Algorithm: Pseudocode

create a path probability matrix viterbi[N,T] Vi ( J) = thb j(Ol) 1<j<N
for each state s from 1 to N do ; :
= Lr< N
viterbils, 11415 * by(o1) g = 1
backpointer[s,1]+0

N

for each time step 7 from 2 to 7 do ; recursion step v (J) — mMaxve (,) ajj bj(Or );
for each state s frgm 1 toN do i=1
viterbi[s,t] «— max viterbils',;t — 1] * ay s * bs(or) . N .
T bt;(j) = argmaxv,—i(i)aijbj(o;)
backpointer[s,t] <+ argmax viterbi[s',t — 1] * ay s * bs(o;) =1
¥=1 .
N
N Px = max vr(i)
bestpathprob < max viterbi[s, T] . termination step ’:‘N
e N gr* = argmax vy(i)
bestpathpointer<+— argmax viterbils,T| : termination step i=1

s=1
bestpath +— the path starting at state bestpathpointer, that follows backpointer[] to states back in time

Source: SLP, Dan Jurafsky



https://web.stanford.edu/~jurafsky/slp3/A.pdf

Viterbi Trellis

By B,

pajcop) [s5 P(1| HOT) 2
P |coLp)| =| - p@[HoT) | = |4
P@|cop)| |1 P(3 | HOT) 4

T~ o vp(2)=max(32".12,.02%.10) = .038

vl(2):.32’ R =

-

CH Y = s P(HIH) " P(iIH) e R e o
\\—’, _- (C//y B2 R,
e )‘p(7
,/’ \\ .q‘-S /C‘} S p e
- N \ ) uE
P Q@*\ \ i oa\ v,(1) = max(.32*.20; .02%25) = .064
'/ - S v vl(l):.OQ \\?\\*\\ ' 2 ) 7 et
¢ Vg g’" ® \__ P(CIC)* P(1IC) N ,@
\ ‘\~_,’ A\ N ~ H5*5
A Q Q\g\o hea. B0 L
\ . /
QO
\ é@(\ - /
o 7
/ 3 1 3
7/
-~ L /
0, 0, Og

Source: SLP, Dan Jurafsky



https://web.stanford.edu/~jurafsky/slp3/A.pdf

