Lecture 5: Formalising MDPs

Instructor: Raunak Bhattacharyya
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Plan

e Formalising MDPs
e Value functions

e Policy Evaluation



Formalising MDPs

4 Mausam & Kolobov, Chapter 2



MDPs: Definition

Definition 2.1  Finite Discrete-Time Fully Observable Markov Decision Process (MDP). A
finite discrete-time fully observable MDP is a tuple (S, A, D, T, R), where:

* S is the finite set of all possible states of the system, also called the szaze space;
* A is the finite set of all actions an agent can take;

* D is a finite or infinite sequence of the natural numbers of the form (1, 2,3, ..., -
(1,2, 3,...) respectively, denoting the decision epochs, also called #ime steps, at which actions

need to be taken;

*T:8SxAxS xD— [0,1]isa transition function, a mapping specifying the probability
T (s1,a,s2,1) of going to state 52 if action a is executed when the agent is in state 51 at time
step 7;

*R:SxAxS8xD — R is a reward function that gives a finite numeric reward value
R(s1,a, sy, t) obtained when the system goes from state s| to state s, as a result of exe-

cuting action a at time step 7.

T & R: First-order
Markov assumption




MDP solution: Terms

Execution history

History-dependent policy

Markovian policy

Stationary Markovian policy

Value function

Optimal MDP solution



Policy

[ We need a policy, a rule for action selection that works in any state ]

Search problem: path (sequence of actions)

MDP:

% Definition: policy

A policy 7 is a mapping from each state s € States to an action a € Actions(s).

: What information might such a rule use? ]

Definition 2.2  Execution History. An execution history of an MDP up to time step r € D is a

sequence /i; = ((s1,at), ..., (St—1, ar—1), s¢) of pairs of states the agent has visited and actions the
agent has chosen in those states for all time steps t' s.t. 1 < ¢’ <t — 1, plus the state visited at time
step 1.

Adapted from Percy Liang



History-Dependent and Markovian Policy

Definition 2.3  History-Dependent Policy. A probabilistic history-dependent policy for an MDP
is a probability distribution 7 : H x A — [0, 1] that assigns to action a € A a probability 7 (&, a)
of choosing it for execution at the current time step if the execution history up to the current time
step is h € ‘H. A deterministic history-dependent policy is a mapping 7w : H — A that assigns to each
h € H an action a € A to be executed at the current time step if /i the execution history up to the

current time step.

: A history-dep policy must provide a distb over actions for every possible history ]

Representing history-dependent policies ]

Definition 2.4  Markovian Policy. A probabilistic (deterministic) history-dependent policy 7 :
HxA— [0,1](7 : H — A)is Markovian if for any two histories his s and /§ ,, both of which end
in the same state s at the same time step 7, and for any action a, w (hs ¢, a) = 71'(/1;‘,, a)(w(hs:) =a
if and only if 7(h. ) = a).

: For several important types of MDPs and objectives, at least one optimal soln is necessarily Markovian
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Stationary Markovian Policy

: If D is finite, size of policy specification is at most linear in |D| ]

Definition 2.5  Stationary Markovian Policy. A probabilistic (deterministic) Markovian policy
T:8SxDxA— [0,1](w:S8 xD — A) is stationary if for any state s, action @, and two time
steps 1] and fp, (s, t;,a) = (s, tr,a) (w(s,t;) = a if and only if 7 (s, ) = a), i.e., w does not
depend on time.

T:SxA—= [0,1] T8 =5 A

[ Practically interesting MDPs with infinite number of time steps, at least one optimal soln that is stationary

Definition 2.6 Value Function. A history-dependent wvalue function is a mapping V : H —
[—00, 00]. A Markovian value function is a mapping V : S x D — [—00, 00]. A stationary Marko-
vian value function is a mapping V : § — [—o00, 00].




Value function and Optimality

Definition2.7  The Value Function of a Policy. Let /15 ; be a history that terminates at state s and
time 7. Let R:}"” be random variables for the amount of reward obtained in an MDP as a result of
executing policy 7 starting in state s for all time steps t's.t.# <1’ < |D|if the MDP ended up in state
s at time ¢ via history hy ;. The value function V™ : H — [—00, 00] of a history-dependent policy 7 is

7} 7} .

a utility function u of the reward sequence R; Wl Rr +Isl" , . .. that one can accumulate by executing
7T} 7T}

7 at time steps #, 7 + 1, ... after history hy ;. Mathematically, V™ (h ;) = u(R, ™" RHZ“]". )k

[ Exact way of converting a seq of rewards into utility yet to be made concrete ]

V7@, t) =u(R™", R ;:i; J V) =5k ", Rr+l sing)

Definition 2.8 ~ Optimal MDP Solution. An optimal solution to an MDP is a policy 7* s.t.
the value function of 7*, denoted as V* and called #he optimal value function, dominates the value

functions of all other policies for all histories . Mathematically, for all 7 € H and any 7, V* must
satisfy V*(h) > V™ (h).

: Caveats: a) Utility unspecified, b) Comparing value functions ] (R, Rl o) = Zl?l
10




Expected Linear Additive Utility

[ For an arbitrary u, the optimal value function need not exist J

Definition2.9  Expected Linear Additive Utility. An expected linear additive utility function is a

o i P . Dt _+# N 1
function u(Ry, Re1,...) =E[D_,_. v" "Ryl =E[)_,_, ¥" Ry4:] that computes the utility of a
reward sequence as the expected sum of (possibly discounted) rewards in this sequence, where y > 0
is the discount factor.

[ Caveat: Assumes agent to be risk-neutral J




Discounting

[ Episodic ]

12 minutes
S, of training

Source: Youtube

Discount factor: v € [0, 1]

12

[ Infinite horizon ]

Source: Youtube

Infinite horizon: ~ € [0,1)


http://www.youtube.com/watch?v=0I5kl4dns_Q
http://www.youtube.com/watch?v=jymFj7bNsKg
https://www.google.com/url?sa=i&url=https%3A%2F%2Fstock.adobe.com%2Fsearch%3Fk%3Dgroup%2Btyping&psig=AOvVaw1mofIYASLPzpbozVofEfcQ&ust=1719549120332000&source=images&cd=vfe&opi=89978449&ved=0CBUQ3YkBahcKEwiwrvLn-fqGAxUAAAAAHQAAAAAQBA
https://www.youtube.com/shorts/jymFj7bNsKg
https://www.youtube.com/watch?v=0I5kl4dns_Q

Solution Existence

The Optimality Principle. If every policy’s quality can be measured by this policy’s expected linear additive
utility, there exists a policy that is optimal at every time step.

Definition 2.10 Finite-Horizon MDP. A finite-horizon MDP is an MDP as described in

Definition 2.1 with a finite number of time steps, i.e., with |D| = T,4x < 00.

: Real-world scenario: Teacher trying to teach a set of skills to a student over Tmax lessons ]
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Optimality Principle: FH MDP

Theorem 2.11 The Optimality Principle for Finite-Horizon MDPs. For a finite-horizon

MDP with |D| = Tay < 00, define V7 (hs,) = E[Y /7%~ R,*"] for all 1 <t < Tpuax, and
V*(hs.T.

» .+1) = 0. Then the optimal value function V* for this MDP exists, is Markovian, and
satisfies, forall h € H,

f Deterministic, Markovian optimal policies
V*(h) = max V™ (h) _ for finite-horizon MDPs )
™ [
Ve : : : D\
and; Foralls €& and 1 £ £ < Tz, Optimal va!ue fu.nctlon.domlnates all other
value functions, including general
\_history-dependent ones Y
V*(s,t) = ma s,a,s D[R, a,s',t)+ V&', t +1)]]. 9
(s, 1) = max LZ&;T(S a,s', )[R(s,a,s',t) + V*(s', t + )]J (23

Moreover, the optimal policy 7 * corresponding to the optimal value function is deterministic Marko-
vian and satisfies, foralls € Sand 1 <t < Thax,

7*(s, 1) = argmax |:Z T(s,a,5", H[R(s.a,s8, )+ Vi, ¥ l)]i| i (2:3)
acA TeS
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Infinite Horizon

Definition 2.12  Stationary Transition Function. An MDP’s transition function 7T is stationary
if for any states s, 52 € S and action a € A, the value T (s, a, 52, 1) does not depend on 1, i.e.,
T (51,4, 5,8 =T (51, a, so,1) foranyt,t' € D,

Definition 2.13 Stationary Reward Function. An MDP’s reward function R is stationary if
for any states 51,52 € S and action a € A, the value R (s, a, 52, 1) does not depend on 1, i.e.,
R(s1,a,s2,t) = R(s1,a,s,t) foranyt,t’' € D.

T:8SxAx8 = [0,1]and Rz:S x AxS—>R

set y toavalue 0 <y < 1

U(R, Reg1,..) < YR oy"'M = %
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Infinite Horizon

Definition 2.14  Infinite-Horizon Discounted-Reward MDP. An infinite-horizon discounted-
reward MDP is a stationary MDP as described in Definition 2.1, in which the value of a policy
is defined as V7 (hg;) = ]E[ZTO,O:O y’/Rm"”

2 ], where the discount factor y is a model parameter
restricted tobe 0 < y < 1.

16



Infinite Horizon MDP: Optimality Principle

Theorem 2.15 The Optimality Principle for Infinite-Horizon MDPs. For an infinite-

horizon discounted-reward MDP with discount factor y s.t. 0 <y < 1, define V™ (hs;) =

' T i i . . .
EY 7oy R r’rrr ]. Then the optimal value function V* for this MDP exists, is stationary Marko-
vian, and satisfies, for all 1 € H,

V*(h) = max V" (h) (2.4)
and, foralls € S,

[ Optimal policy is Deterministic, Stationary, Markovian J

V*(s) = me ca,s)[R(s,a,s V*(s' . 2.5
(s) %%[E;T(S a, 5 )J[Ris, @, 5 )ty (S)]} (2.5)

Moreover, the optimal policy 7* corresponding to the optimal value function is deterministic sta-
tionary Markovian and satisfies, for all s € S,

=

T*(s) = argmax |:Z T(s;a,5)[R(s; a, s) + ]/V*(s')]:| : (2.6)




Indefinite Horizon MDP

12 minutes
. of training

Source Source
Total expected cost of any optimal policy in an indefinite horizon
MDP should be finite even without a discount factor

18
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http://www.youtube.com/watch?v=LwsHiRREVsI
https://www.youtube.com/watch?v=LwsHiRREVsI

Indef H MDPs: Proper Policy

Definition 2.16  Proper policy. For a given stationary MDP, let G € S be a set of goa/ states
s.t. for each s, € G and alla € A, T (sg,a, sg) = 1 and R(sg, a, sg) = 0. Let hs be an execution
history that terminates at state s. For a given set S’ C S, let P (h;, S’) be the probability that after
execution history A, the agent transitions to some state in S’ within 7 time steps if it follows policy
. A policy 7 is called proper at state s if P]" (hs, G) = 1 for all histories h; € H that terminate at s.

If for some hy, lim;_. oo P (hs, G) < 1, 7 is called improper at state s. A policy 1 is called proper if
it is proper at all states s € S. Otherwise, it is called improper.

[ A proper policy is indefinite-horizon ]
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Stochastic Shortest Path MDPs

Definition2.17  Stochastic Shortest-Path MDP. (Weak definition.) A stochastic shortest-path (SSP)
MDP is a tuple (S, A, T, C, G) where:

* § is the finite set of all possible states of the system,
* A is the finite set of all actions an agent can take,

*T:8SxAxS8— [0,1] is a stationary transition function specifying the probability
T (s1,a, s2) of going to state 5, whenever action a is executed when the system is in state
Sy

e C:SxAXxS — [0,00)is2a stationary cost function that gives a finite strictly positive cost
C(s1,a, s2) > 0 incurred whenever the system goes from state s to state 52 as a result of
executing action a, with the exception of transitions from a goal state, and

* G C S is the set of all goal states s.t. for every s, € G, for all a € A, and for all 5" ¢ G, the
transition and cost functions obey 7 (sg, a, sg) = 1, T (5g, a,s") = 0,and C(sg, a, s¢) = 0,

under the following condition:

* There exists at least one proper policy.




SSP MDPs: Optimality Principle

Theorem 2.18 The Optimality Principle for Stochastic Shortest-Path MDPs. For an SSP

MDP, define V™ (hg ;) = ]E[Zf,ozo R:’_"f}' ]. Then the optimal value function V* for this MDP exists,

is stationary Markovian, and satisfies, for all h € H,

V*(h) = min V™ (h) (2.7)

and, forall s € S, [ Optimal policy is just a mapping from states to actions ]
V*(s) = mi | (& R I V*EHl |- 2.8
(5) m[%ﬂsasn (s,a,5") + (s)]} (2:8)

Moreover, the optimal policy 7* corresponding to the optimal value function is deterministic sta-

tionary R satiSﬁeS’ T S, _

[Z T (s, a,s)CGs, a,s") + v*(s')]] ; (2.9)

s'eS

m*(s) = argmin
acA




SSP MDPs: Optimal Policy

Theorem 2.19  In an SSP MDP, V*(s) is the smallest expected cost of getting from state s to
the goal. Every optimal stationary deterministic Markovian policy in an SSP MDP is proper and

minimizes the expected cost of getting to the goal at every state.

[ Min expected linear additive utility leads to min expected cost from state s to goal J
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SSP MDPs and other MDPs

Theorem 2.21 Denote the set of all finite-horizon MDPs as FH, the set of all infinite-horizon
discounted-reward MDPs as IFH , and the set of all SSP MDPs as SSP. The following statements
hold true [24]:

FH C §SSP

IFH ¢ .SSP
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’J Agent
|
state reward action
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Value Functions (& notation)

24 Sutton & Barto, Chapter 3



Value Functions

o0

vr(s) = Ex[Gi | Si=s] = ET[Z Y*Resrst

k=0

S; =s] , for all s € 8, (3.12)

(> @)
k
E o Rt+k+1

k=0

qW(S,(l) = E;;[Gt | SIZS‘,At :(l] = E;T

;S'tZS,_"lt:(l] . (313)

25



