Tutorial 3 ::: MTL2005 (Algebra)

Let p be a prime. Show that any group of order p is cyclic.

Suppose H < G such that the index of H in G (the number of cosets of H in ) is 2. Show that

H < G.

Let C be a cyclic group of order n. Show the following statements.

(a) IfH < C,then H is cyclic.

(b) If d € N divides n, there is exactly one subgroup of C of order d.

(c) The number of generators of a cyclic group of order d is ¢(d), the number of natural
numbers coprime to n that does not exceed n.

(d) Y1ca<sn@(d) = n.

din
Show that nZ + mZ = dZ where d = gcd(m, n), and mZ N nZ = lZ, where | = lem(im,n). How
many generators are there of the group nZ?
Show that S,,, (n = 3) is not cyclic. Show that
(@) S3=((1 2),(1 2 3))
(b) S, =((1 2), 1 2 3 4))
) S,=(1 2),(1 2 3+ n—1 n)).
Showthat Z(G) := {x € G : xy = yx V y € G}isanormalsubgroup.of G.
(a) What is the centre of an abelian group?
(b) Show that the centre of S, is trivialforn > 3. What is Z(S,)?
(c) Show that the centre of A4,, is trivialforn > 4(WhatisZ(A3)?
(d) Recall the Dihedral group of order 2n is‘given by D,, ={x,y | x> = 1,xyx = y"~1}. Show
thatif n > 3 is odd then Z(Dy).is trivial.
(e) Show that Z(D,) has two elementsif n > 4 is even. Find the elements explicitly.
(f) Show that the centre of SL(2,Z) consists of the identity element and it negative.
Let H<G. Define Ng(H) = {x € G : xHx™' = H}. Show the following statements.
(a) Ng(H) <G.
(b) H < Ng(H).
(c) IfK<G and H <.K;then show that K < N;(H).
(d) If G =S3and H=((1 2)),Find N;(H).
(e) If G =S3and H=4(1 2.3)),Find N;(H).
LetG = Q.
(a) Is G cyclic?
(b) Show that G is not finitely generated. In other words, show that if x4, x,, ..., x, € Q, then
G # (X1, %3, e, X5,)-
(c) Ifxq,x5,...,x, € Q, then is there y € Q such that (x, X3, ..., X)) = (y)? (Hint. If x; = p;/q;

. . . 1
where q;, q5, ..., ,, are pairwise coprime, then (x;, X, ..., X,) < <q o >).
1492"Un

(d) Show that Q and Q? are not isomorphic groups.

Let G be a group. Define G’ = (xyx~1y~1: x,y € G), the smallest subgroup of G containing all
elements of the form xyx~1y~1forx,y € G. Show that

(a) G' < G.

(b) G/G'is abelian.

(c) If N is a normal subgroup of G such that G/N is abelian, then G’ c N.

(d) If K isan abelian group and f: G — K is a group homomorphism, then there is a {\bf unique}

group homomorphism f : % - K, such that f on = f,wheren is the quotient map from G
toG/G' sothatn(x) = G'x.
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Let G be a group and let X be a non-empty set. If there is a group homomorphism f from G to
the group of bijections of X (under composition of maps), then we say that (¢ is acting on X via
f.

(a) Show that G acts on X if and only if there is a map from G X X to X (denote the image of
(g,x) € G X XinXby g * x) such that
1. 1xx=xand
2. 0192 xx = g1 % (g2 * x).

(b) Define, for x € X, the orbit of x by 0, := {g * x : g € G}. Show that orbits partition X into
disjoint parts (i.e., X is the union of orbits and any two orbits are identical of disjoint).

(c) Define, for x € X, the stabilizer of x by Stb(x) := {g € G : g * x =x}. Show that Sth(x) <
G.

(d) The action of G on X is said to be transitive if given any elements x, y. € X, thereexists g €
X, such thaty = g * x. Show that an action of a group on@ nonempty set is transitive if and
only if there is exactly one orbit.

(e) Letx € X.Defineu: G = 0, by u(g) = g » x.

1. Ify € O,andy = hx x for h € G, then showthat Sth(y) = h Sth(x) h™.

G
2. Showthatv: St

3. Show that if G is finite |G| is divisible by |0y for every y € X and their ratio is the order
of the stabilizer of y.
Let G = S, and let X = {1, 2, ..., n}. Consider the natural action of S,, on X. Find, for k € X, the
orbit O and the stabilizer Stbh(k).

Let G = SL(2,Z) and X = C.Ifg= (

- 0, given by v(gStb(x)) =g * xis a bijective map.

‘ Z) € SL(2,7Z) and z € C \ {0}, then define g * z: =

) Showthatx = g x x is an action of G.on X.
b) Find the stabilizer group of i.
)

)

az+b
cz+d’

Is the action transitive?

Let H = {z€ C: Im(z) > 0 } which is called the upper half plane. Show that Im(g * z) =
Im(z)
|cz+d|?

and deduce thatifz €H,theng xz € H.

Let G be a group and X is the underlying set of G. For g € G and x € X, define g x x = gxg~ 1.

Show the following.

(@) Stb(x) = C;(x), the centralizer of x in G (the collection of all elements of G that commute
withx).

(b) 04 = Cl(x), the conjugacy class containing x that consists of all conjugates of x (that is,
the set {gxg~': g € G}).

(c) {x €G : Cl(x) = {x}} = Z(G), the centre of G (that is, the centre of group consists of
precisely those elements of G which commute with every element of ).

(d) x € Z(G) & |Cl(x)| = 1.

(e) Let xq,Xx,,..Xx €G be such that |Cl(x;)|#1, Cl(x;)Nn Cl(xj) =@ for i#j and
U, Cl(x;) = G \ Z(G). Then (deduce the class equation):

k
161 = 126)] + ) [6 + Co(xp)]
i=1

Find all conjugacy classes of (g, the quaternion group and verify the class equation.
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Show thatif G/Z(G) is cyclic, then show that G is abelian. Use this to show the following: If G is

a non-abelian group of order p3 for some prime p, and Z(G) # {1}, then show that |Z(G)| = p.

If the order of G is pq, where p, q are both primes (possibly, equal), then show that 0(Z(G) = 1

orpgq.

Consider the map I: G — Bij(G) (the group of bijections of G onto itself under composition of

maps), given by g = lywhere [, (x) = gx, the left multiplication by g. Show that

(a) lg is a bijection from G onto itself.

(b) lis ahomomorphism of groups.

(c) lisinjective.

(d) Conclude that every group of order n € N is isomorphic to a subgroup of S,,. (This is the
well-known Cayley’s Theorem).

(e) What is the orbit and the stabilizer of an element of G?

Let G be a group having p™ elements where p,n € N, p is ajprime. (We call a group having p™

elements a p-group). Show the following:

(a) Forany g € G, either |Cl(g)|isp*for0 < k <n.

(b) 1Z(G)| = p.

(c) Ifn < 2,then G is abelian. (Hint. Suppose G # Z(G). Let x.€ G\Z(G).Then H = C;(x), the
centralizer of x contains Z(G) properly and H # G.

Exhibit a Sylow 2-subgroup of S,. Describe an isomorphism from this group to D,

If |G| = 36, and G is non-abelian, prove that thereis more than one Sylow 2-subgroup or there

is more than one Sylow 3-subgroup.

How many abelian non-isomorphic groups are there of order 96? (Use structure theorem of

finite abelian groups.)
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