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1. Let 𝑝 be a prime. Show that any group of order 𝑝 is cyclic.  
2. Suppose 𝐻 < 𝐺 such that the index of 𝐻 in 𝐺 (the number of cosets of 𝐻 in 𝐺) is 2. Show that 

𝐻 ⊲ 𝐺. 
3. Let 𝐶 be a cyclic group of order 𝑛. Show the following statements. 

(a) If 𝐻 < 𝐶, then 𝐻 is cyclic.  
(b) If 𝑑 ∈ ℕ divides 𝑛, there is exactly one subgroup of 𝐶 of order 𝑑. 
(c) The number of generators of a cyclic group of order 𝑑 is 𝜙(𝑑), the number of natural 

numbers coprime to 𝑛 that does not exceed 𝑛.  
(d) ∑ 𝜙(𝑑) = 𝑛1≤𝑑<≤𝑛

𝑑|𝑛 
.     

4. Show that 𝑛ℤ + 𝑚ℤ = 𝑑ℤ where 𝑑 = gcd(𝑚, 𝑛), and 𝑚ℤ ∩ 𝑛ℤ = 𝑙ℤ, where 𝑙 = lcm(𝑚, 𝑛). How 
many generators are there of the group 𝑛ℤ?  

5.  Show that 𝑆𝑛, (𝑛 ≥ 3) is not cyclic. Show that  
(a) 𝑆3 = ⟨(1   2), (1    2    3)⟩. 
(b) 𝑆4 = ⟨(1   2), (1    2   3    4)⟩ 
(c) 𝑆𝑛 = ⟨(1    2), (1    2    3 ⋯    𝑛 − 1     𝑛)⟩. 

6. Show that 𝑍(𝐺) ≔ {𝑥 ∈ 𝐺 ∶ 𝑥𝑦 = 𝑦𝑥 ∀ 𝑦 ∈ 𝐺} is a normal subgroup of 𝐺.  
(a) What is the centre of an abelian group? 
(b) Show that the centre of 𝑆𝑛 is trivial for 𝑛 ≥ 3. What is 𝑍(𝑆2)? 
(c) Show that the centre of 𝐴𝑛 is trivial for 𝑛 ≥ 4. What is 𝑍(𝐴3)?  
(d) Recall the Dihedral group of order 2𝑛 is given by 𝐷𝑛 = ⟨𝑥, 𝑦 | 𝑥2 = 1, 𝑥𝑦𝑥 = 𝑦𝑛−1}. Show 

that if  𝑛 ≥ 3 is odd then 𝑍(𝐷𝑛) is trivial.  
(e) Show that 𝑍(𝐷𝑛) has two elements if 𝑛 ≥ 4 is even. Find the elements explicitly.  
(f) Show that the centre of 𝑆𝐿(2, ℤ) consists of the identity element and it negative.  

7. Let H<G. Define 𝑁𝐺(𝐻) = {𝑥 ∈ 𝐺 ∶ 𝑥𝐻𝑥−1 = 𝐻}. Show the following statements. 
(a) 𝑁𝐺(𝐻) < 𝐺. 
(b) 𝐻 ⊲ 𝑁𝐺(𝐻).  
(c) 𝐼𝑓K<G and 𝐻 ⊲ 𝐾, 𝑡ℎ𝑒𝑛 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 𝐾 < 𝑁𝐺(𝐻).  
(d) 𝐼𝑓 𝐺 = 𝑆3 𝑎𝑛𝑑 𝐻 = ⟨(1   2)⟩, 𝐹𝑖𝑛𝑑 𝑁𝐺(𝐻).    
(e) 𝐼𝑓 𝐺 = 𝑆3 𝑎𝑛𝑑 𝐻 = ⟨(1   2   3)⟩, 𝐹𝑖𝑛𝑑 𝑁𝐺(𝐻).    

8. Let 𝐺 = ℚ.  
(a) Is 𝐺 cyclic? 
(b) Show that 𝐺 is not finitely generated. In other words, show that if 𝑥1, 𝑥2, … , 𝑥𝑛 ∈ ℚ , then 

𝐺 ≠ ⟨𝑥1, 𝑥2, … , 𝑥𝑛⟩. 
(c) If 𝑥1, 𝑥2, … , 𝑥𝑛 ∈ ℚ , then is there 𝑦 ∈ ℚ such that ⟨𝑥1, 𝑥2, … , 𝑥𝑛⟩ = ⟨𝑦⟩? (Hint. If 𝑥𝑖 = 𝑝𝑖/𝑞𝑖 

where 𝑞1, 𝑞2, … , 𝑞𝑛 are pairwise coprime, then ⟨𝑥1, 𝑥2, … , 𝑥𝑛⟩ < ⟨
1

𝑞1𝑞2⋯𝑞𝑛
⟩).   

(d) Show that ℚ and ℚ2 are not isomorphic groups.  
9. Let 𝐺 be a group. Define 𝐺′ = ⟨𝑥𝑦𝑥−1𝑦−1 ∶ 𝑥, 𝑦 ∈ 𝐺⟩, the smallest subgroup of 𝐺 containing all 

elements of the form 𝑥𝑦𝑥−1𝑦−1 for 𝑥, 𝑦 ∈ 𝐺. Show that 
(a) 𝐺′ ⊲  𝐺. 
(b) 𝐺/𝐺′ is abelian. 
(c) If 𝑁 is a normal subgroup of 𝐺 such that 𝐺/𝑁 is abelian, then 𝐺′ ⊂ 𝑁. 
(d) If 𝐾 is an abelian group and 𝑓: 𝐺 → 𝐾 is a group homomorphism, then there is a {\bf unique} 

group homomorphism 𝑓 ∶
𝐺

𝐺′ → 𝐾, such that  𝑓 ∘ 𝜂 = 𝑓, where 𝜂 is the quotient map from 𝐺 

to 𝐺/𝐺′ so that 𝜂(𝑥) = 𝐺′𝑥.  
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10. Let 𝐺 be a group and let 𝑋 be a non-empty set. If there is a group homomorphism 𝑓 from 𝐺 to 
the group of bijections of 𝑋 (under composition of maps), then we say that 𝐺 is acting on 𝑋 via 
𝑓.   
(a) Show that 𝐺 acts on 𝑋 if and only if there is a map from 𝐺 × 𝑋 to 𝑋 (denote the image of 

(𝑔, 𝑥) ∈ 𝐺 × 𝑋 in X by 𝑔 ⋆ 𝑥) such that   
1.  1 ⋆ 𝑥 = 𝑥 and  
2. 𝑔1𝑔2 ⋆ 𝑥 = 𝑔1 ⋆ (𝑔2 ⋆ 𝑥).  

(b) Define, for 𝑥 ∈ 𝑋, the orbit of 𝑥 by 𝒪𝑥 ≔ {𝑔 ⋆ 𝑥 ∶ 𝑔 ∈ 𝐺}. Show that orbits partition 𝑋 into 
disjoint parts (i.e., 𝑋 is the union of orbits and any two orbits are identical of disjoint).  

(c) Define, for 𝑥 ∈ 𝑋, the stabilizer of 𝑥 by 𝑆𝑡𝑏(𝑥) ≔ {𝑔 ∈ 𝐺 ∶ 𝑔 ⋆ 𝑥 = 𝑥}. Show that 𝑆𝑡𝑏(𝑥) <

𝐺. 
(d) The action of 𝐺 on 𝑋 is said to be transitive if given any elements 𝑥, 𝑦 ∈ 𝑋, there exists 𝑔 ∈

𝑋, such that 𝑦 = 𝑔 ⋆ 𝑥. Show that an action of a group on a nonempty set is transitive if and 
only if there is exactly one orbit. 

(e) Let 𝑥 ∈ 𝑋. Define 𝜇: 𝐺 → 𝒪𝑥 by 𝜇(𝑔) = 𝑔 ⋆ 𝑥. 
1. If 𝑦 ∈ 𝒪𝑥 and 𝑦 = ℎ ⋆ 𝑥 for ℎ ∈ 𝐺, then show that 𝑆𝑡𝑏(𝑦) = ℎ 𝑆𝑡𝑏(𝑥) ℎ−1.  

2. Show that 𝜈: 
𝐺

𝑆𝑡𝑏(𝑥)
→ 𝒪𝑥 given by 𝜈(𝑔𝑆𝑡𝑏(𝑥)) = 𝑔 ⋆ 𝑥 is a bijective map.  

3. Show that if 𝐺 is finite |𝐺| is divisible by |𝒪𝑦| for every 𝑦 ∈ 𝑋 and their ratio is the order 
of the stabilizer of 𝑦. 

11.  Let 𝐺 = 𝑆𝑛 and let 𝑋 = {1, 2, … , 𝑛}. Consider the natural action of 𝑆𝑛 on 𝑋. Find, for 𝑘 ∈ 𝑋, the 
orbit 𝒪𝑘 and the stabilizer 𝑆𝑡𝑏(𝑘).  

12. Let 𝐺 = 𝑆𝐿(2, ℤ) and 𝑋 = ℂ. If 𝑔 = (
𝑎 𝑏
𝑐 𝑑

) ∈ 𝑆𝐿(2, ℤ) and 𝑧 ∈ ℂ ∖ {0}, then define 𝑔 ⋆ 𝑧: =
𝑎𝑧+𝑏

𝑐𝑧+𝑑
.  

(a) Show that 𝑥 ↦ 𝑔 ⋆ 𝑥 is an action of 𝐺 on 𝑋. 
(b) Find the stabilizer group of 𝑖.  
(c) Is the action transitive?  
(d) Let ℋ ≔ {𝑧 ∈ ℂ ∶ 𝐼𝑚(𝑧) > 0 } which is called the upper half plane. Show that 𝐼𝑚(𝑔 ⋆ 𝑧) =

𝐼𝑚(𝑧)

|𝑐𝑧+𝑑|2 and deduce that if 𝑧 ∈ ℋ, then 𝑔 ⋆ 𝑧 ∈ ℋ.   

 
13. Let 𝐺 be a group and 𝑋 is the underlying set of 𝐺. For 𝑔 ∈ 𝐺 and 𝑥 ∈ 𝑋, define 𝑔 ⋆ 𝑥 = 𝑔𝑥𝑔−1. 

Show the following. 
(a) 𝑆𝑡𝑏(𝑥) = 𝐶𝐺(𝑥), the centralizer of 𝑥 in 𝐺 (the collection of all elements of 𝐺 that commute 

with 𝑥). 
(b) 𝒪𝑥 = 𝐶𝑙(𝑥), the conjugacy class containing 𝑥 that consists of all conjugates of 𝑥 (that is, 

the set {𝑔𝑥𝑔−1 ∶ 𝑔 ∈ 𝐺} ).  
(c) {𝑥 ∈ 𝐺 ∶ 𝐶𝑙(𝑥) = {𝑥}} = 𝑍(𝐺), the centre of 𝐺 (that is, the centre of group consists of 

precisely those elements of 𝐺 which commute with every element of 𝐺). 
(d) 𝑥 ∈ 𝑍(𝐺) ⇔ |𝐶𝑙(𝑥)| = 1. 
(e) Let 𝑥1, 𝑥2, … 𝑥𝑘 ∈ 𝐺 be such that |𝐶𝑙(𝑥𝑖)| ≠ 1,  𝐶𝑙(𝑥𝑖) ∩ 𝐶𝑙(𝑥𝑗) = ∅ for 𝑖 ≠ 𝑗 and 

⋃ 𝐶𝑙(𝑥𝑖)𝑘
𝑖=1 = 𝐺 ∖ 𝑍(𝐺). Then (deduce the class equation):  

|𝐺| = |𝑍(𝐺)| + ∑[𝐺 ∶ 𝐶𝐺(𝑥𝑖)

𝑘

𝑖=1 

]  

 

14. Find all conjugacy classes of 𝑄8, the quaternion group and verify the class equation. 
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15. Show that if 𝐺/𝑍(𝐺) is cyclic, then show that 𝐺 is abelian. Use this to show the following: If 𝐺 is 
a non-abelian group of order 𝑝3 for some prime 𝑝, and 𝑍(𝐺) ≠ {1}, then show that |𝑍(𝐺)| = 𝑝.  

16. If the order of 𝐺 is 𝑝𝑞, where 𝑝, 𝑞 are both primes (possibly, equal), then show that 𝑜(𝑍(𝐺) = 1 
or 𝑝𝑞.  

17. Consider the map 𝑙: 𝐺 → 𝐵𝑖𝑗(𝐺) (the group of bijections of 𝐺 onto itself under composition of 
maps), given by 𝑔 ↦ 𝑙𝑔where 𝑙𝑔(𝑥) = 𝑔𝑥, the left multiplication by 𝑔. Show that 
(a) 𝑙𝑔 is a bijection from 𝐺 onto itself. 
(b) 𝑙 is a homomorphism of groups. 
(c) 𝑙 is injective. 
(d) Conclude that every group of order 𝑛 ∈ ℕ is isomorphic to a subgroup of 𝑆𝑛. (This is the 

well-known Cayley’s Theorem). 
(e) What is the orbit and the stabilizer of an element of 𝐺?  

18.  Let 𝐺 be a group having 𝑝𝑛 elements where 𝑝, 𝑛 ∈ ℕ, 𝑝 is a prime. (We call a group having 𝑝𝑛 
elements a 𝑝-group). Show the following: 
(a) For any 𝑔 ∈ 𝐺, either |𝐶𝑙(𝑔)| is 𝑝𝑘 for 0 ≤ 𝑘 < 𝑛 .  
(b) |𝑍(𝐺)| ≥ 𝑝. 
(c) If 𝑛 ≤ 2, then 𝐺 is abelian. (Hint. Suppose 𝐺 ≠ 𝑍(𝐺). Let 𝑥 ∈ 𝐺\𝑍(𝐺). Then 𝐻 = 𝐶𝐺(𝑥), the 

centralizer of 𝑥 contains 𝑍(𝐺) properly and 𝐻 ≠ 𝐺. 
19. Exhibit a Sylow 2-subgroup of 𝑆4. Describe an isomorphism from this group to 𝐷4 
20. If |𝐺| = 36, and 𝐺 is non-abelian, prove that there is more than one Sylow 2-subgroup or there 

is more than one Sylow 3-subgroup.  
21. How many abelian non-isomorphic groups are there of order 96? (Use structure theorem of 

finite abelian groups.) 
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