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Fig. 8. Experimental results of driving nails. (a) The proposed hitting using 1]
t =t14 andy = tan—" k. (b) A conventional hitting witht = ¢, and~y = 0.

12
be driven slantwise by the friction force on the face of the nalil hea([:i. ]
First, the normal of the board is directed withy = 90° and®,; =
30°, and a nail is tapped perpendicularly on the board. The end3!
effector of the manipulator is positioned as described in Section IV,
and the hammer is swung By, 4 of (33) so that the hitting time can [14]
be ;4. When the hammer hits the head of a nail, the strain signal
vs(t) was similar to the waveform in Fig. 5. The robot could driv
three nails into the board perpendicularly as shown in Fig. 8(a). T
perpendicularity of the three nails shows that the tangential velocity
is negligible. When the hammer hits a nail at a conventional hittind6]
time ¢, the three nails were driven into the board slantwise not
perpendicularly, as shown in Fig. 8(b). The slant is caused by the
tangential velocity at the hitting. Next, the board is rotate@ at=
60° while keeping®, = 30° to verify the nailing in a nonvertical
plane. The obtained strain signal(¢) was similar to Fig. 7 and a
nail could also be driven into the board perpendicularly.
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The experiments prove that the flexible link hammer can hit an A Decomposition of the Manipulator Inertia Matrix

object flatwise without a tangential velocity at the proposed hitting
time #14.

VI. CONCLUSION

Subir Kumar Saha

Abstract—A decomposition of the manipulator inertia matrix is es-

Hitting by a flexible link hammer under gravity has been takefgential, for example, in forward dynamics, where the joint accelerations

into consideration. The motion of the hammer subjected to gravi?]yzE

solved from the dynamical equations of motion. To do this, unlike a

. ) . merical algorithm, an analytical approach is suggested in this paper.
has been analyzed in order that the robot can hit an object from gy, approac?] is based on theysymborl)ig Gaussian egli?nination of thepingrtia
direction in a 3-D space. This paper has derived the hitting conditiomgtrix that reveal recursive relations among the elements of the resulting
that the hammer can strike an object flatwise without a tangentagtrices. As a result, the decomposition can be done with the complexity
velocity to its face. The conditions are realized by adjusting tH 0rder =, O(n)—n being the degrees of freedom of the manipulator—,

. . L as opposed to ar¥(n?) scheme, required in the numerical approach. In
swing-up angle of the link and positioning the base of the hammey O(n) inverse and forward dynamics algorithms can be developed.

It is seen from experiments that the flexible link hammer can drivs an illustration, an ©(n) forward dynamics algorithm is presented.

a nail perpendicularly into a board. i N .
Perp y Index Terms— Articulated-body inertia, Kalman filtering, reverse

Gaussian elimination (RGE), serial manipulator, symbolic decomposition.
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to perform forward dynamics, which is necessary in simulation. e .
In forward dynamics, the joint accelerations are solved from the l il

dynamic equations of motion. To do this, a numerical algorithm, first,
calculates the numerical values of the elements of the GIM. Then, its : ni
decomposition is performed, for example, using the Cholesky decom- 4 @ i
position [1], before the joint accelerations are calculated by forward
and backward substitutions. Hence, foradegrees of freedom fixed- AN
base serial manipulator, complexity of ordet, denoted byO(n?), argocs)l;atied

is inevitable. Besides, no insight is possible due to pure numerical
approach.

Therefore, a different look into the problem was sought, whic
resulted in a forward dynamics scheme based onaiftieulated-
body inertia[2]. This allows one to calculate the joint acceleration®f theith link with respect to its mass centéf;, Fig. 2, i.e.,
with O(n) computations. The concept bears a resemblance to the . o
approach reported in [3] whose complexity is also(®fr), but is M, = {0 m,'1:| )
less efficient than that of [2]. The approach in [2], compared to an . o
efficient O(n?) algorithm, e.g., [4], is not suitable for the forward'" which I; andm; are the 3x 3 inertia tensor about’; and the
dynamics of manipulators with. < 12. This is due to very small mass of thath link, respect_lvely._ .
coefficient of n*, namely,1/6. On the contrary, the solutions of Altérnatively, the GIM,1, is derived in [8] as
the joint accelerations using th@(») algorithms are smoother [5]. I=T/MT,, where M=T;MT, (©)]
Hence, their numerical integrations, as required in simulation to find . .
out the joint velocities and positions, converge faster. As a result, i Ty = diag(pi.---.px). Note from the comparison of (1)
simulation,O(n) algorithms perform better than t@(r*) scheme. and (:_3)'T = TZ’I_‘d [8], which actually allows one to write the

Later, in [6] and his other papers, mary(n) simulation al- analytical expressions for the gler_nents_ of the GIM, (8). Moreover,
gorithms for different robotic systems are provided without anghe symmetricén X 6n matrix, M: is derived as~
complexity count. They are based on Kalman filtering and smoothing M, BZ;Mz e B;11\~/In
techniques, arising in the state estimation theory. The approach gives . M:Ba: M- - BioM,

a deeper insight to the manipulator dynamics, which was possible : : - :
due to the establishment of the eguivalency_ofdim:rete-time state 1\7L,,'Bn1 1\7In.]3ng . M,
space systenmsnd the reportedpatially recursive state space mogdel ) ]

in which thedistancebetween two successive joints plays the role ofhere thet x 6 matrices,B;;, along with the 6-D vectorsp;, for
time intervalof the discrete-time models. i,j =1.---,n, are associated with the relation between tilist of

In this paper, Gaussian elimination (GE) [1] is performed synihe ith link, t; = [“’i[; é{][_wi_a”d ¢ being the 3-D vectors of
bolically to obtain the desired decomposition. That is, instead 8f'gular velocity and linear velocity of the mass center ofithdink,
evaluating the values of the elements of the generalized inertia mafrix réSpectively,—and that of thgh link, t;, i.e.,

(GIM), they are, first, written aanalytical expressionsThis is done t; = Bijt; + pib; (5)
by writing the dynamic equations of motion based on thatural . o ] o o
orthogonal complemerfNOC) [7], and its decoupled form [8]. Next, whered; is the jom.t rate of théth revolute joint, as showr.1 in Fig. 2,
the rules of the GE are applied to obtain the analytical expressidtd the6 x 6 matrix, B;;, and the 6-D vectorp;, are defined by
for the elements of the decomposed matrices, which can be evaluated B = {1 } and b, = { e; } ©)
recursively. Note that the detection of the recursive relations in the GE TG 1 Pi=le x d

is not so obvious in a numerical approach like [4]. Moreover, usinjg and O being the 3x 3 identity and zero matrices, respectively
the present approact(») inverse and forward dynamics algorithms ich, henceforth, should be understood as of béing dimensio,ns
can be developed. In addition, the analytical expressions provide Wﬁci?mpétible with th'e size of the matrix in which they appear. Also
many physical interpretations. Some of them explain the CO”CE‘EES» is the 3 x 3 cross-product tensor associated with the vector,
like the articulated-body inertia[2] and thestate estimation error CY’_]: ¢ —c: of Fig. 2, which is defined a€; ix = ¢, X x, for an '
covariance[6]. v 9 £ A y

. . . . . i -D , wh he 3-D ; d;, h
This paper is organized as follows: Section Il derives the GII\)?rbltrary 3-D vectorx, whereas the 3-D vectors; andd,, are the

whereas its decomposition is shown in Section Ill. As an & Iicaticl)Jr%1it vector parallel to the axis of théh revolute joint and a position
mp ; L pp vector, respectively. For other type of joints, e.g., prismatic, vector

of the decomposition, a forward dynamics algorithm is developed In houl - inal h h ;
Section IV, whose computational complexity is also reported Finall%);’[ should be derived accordingly. Furtheromre, the & matrices,
’ ) i, fori = 1,---,n, as in (4), are the mass matrix of thith

the conclusions are given in Section V. composite body that consists of rigidly connected links, - - -, #n,
with respect toC;. Matrix M; can be obtained recursively as

M; =M, + M 11 where M; ;11 =B/, ;M 1By (7)

Flig. 1. Ann-link n-DOF manipulator.

(4)

Il. GENERALIZED INERTIA MATRIX

Then x n generalized inertia matrix (GIM},, associated with the . .

dynamic equations of motion of anlink n-DOF serial manipulator, @1dM.+1 = O since no(n + 1)st link exists, i.e. M, = M,

as shown in Fig. 1, is derived in [7], which is given as Now, using (6) and the the expression ffiy, as after (3), the
elements of the symmetric manipulator inertia matrix or the GIM,

I=T'MT, where M = diag(M,---,M,,) (1) Liij;, are written as

. _ TN\

andT is the6n x n natural orthogonal complemerfNOC) matrix iij =p. MiBi;p, ®)

[7], whereas the 6 6 matrix elementsM;, fori =1,---,n, ofthe wherei=1,---,j;5=1,---,n. Equation (8) is also derived in [9]

6n x 6n generalized mass matridV of (1), are theextended mass that is based on th8tructurally Recursive Methodt is worthwhile
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TABLE |
CoMPARISON OF COMPUTATIONAL COMPLEXITIES
Algorithm | DOF M A
Proposed n 20ln — 335 193n — 361
2] n 199n — 198 174n — 173
[4] n | n®+11in? lnd 4 7p?
+381n —47 +382n—46

[2]: Algorithm of [2]; [4]: Algorithm of [4].

i+1,---.n, asillustrated in Fig. 1. That i/, ;1 is the result of the
incorporation of the joints into the rigitth composite systemvhose
extended mass M,. Moreover, matrixV; ;. is the articulated-
body inertia of linki, as derived in [2], and thetate estimation
error covariance [6] that satisfies the discrete Riccati equations.

to mention here that, without the analytical expression for(8), the Furthermore, the scalarp;, is the moment of inertia of théth
symbolic Gaussian elimination, as done in Section Il1, is not possibRiticulated body

Fig. 2. A system of coupled links.

Ill. DECOMPOSITION OF THEGIM IV. FORWARD DYNAMICS ALGORITHM

In order to find the desired decomposition, Gaussian eliminationag a4 illustration. a forward dynamics algorithm is presented
(GE) [1] of the GIM is performed that never fails, since the matrix,hose order of complexity is, O(n). Assume that the equations

I of (3), whose elemets are given in (8), is symmetric positivgs motion for then-DOF manipulator, as shown in Fig. 1, are
definite (SPD). Note, however, that a modified GE, as described in the

Appendix, and defined as theverseGaussian elimination (RGE), 10 =r (14)

will be used. The reason is to obtain recursive relations that StWﬁereI is the GIM whose elements are given by (8) b=

from the nth link, similar to (4). The steps to decompose the Gll\/fél, "' is the n-dimensional vector of joint accelerations.
are described below: '

Moreover, T denotes the:-dimensional vector of torques or forces
1) Based on (23) and (24), the RGE Bbfis performed, while due to known external moments and forces, and those, arising
k=mn,---,2, e, from the gravity, centrifugal and Coriolis accelerations. Veetois
EI=L, where E=E,---E, (9) assumed to be computed efficiently from @) inverse dynamics
algorithm, e.g., [4], while@ = 0. Thus, in order to render an
O(n) forward dynamics algorithm, it is necessary to sobdrom
rEl4) with O(n) computations. This can be done using the proposed
d(ecomposition, i.e., by recursively solving the following three sets
of equations, which are obtained from the substitution of (13) into

E and L., respectively, being then x n upper and lower
triangular matrices.

2) An essential property of the elementary upper triangular mat
(EUTM), as defined in (20), is stated here as

E.'=(1- ak)\kT,)_l =1+ ai)i (10) (14), namely
where o, and X, are defined in (21) and (22), respectively. U+=7, D=+ and U é=+. (15)
Using (10), the GIMI of (9), is given as _ o
1= UL,, where U=E . (11) The recurs.lve scrjeme is as follows. ) L
) 1) Solution for7: The components of the vectot,= U™ "7, 7,
In (11), U andL, are then x n upper and lower triangular ma- fori=n—1,---,1, is evaluated as

trices, respectively. Moreover, from the inverse of the EUTM, ) T
(10), it is clear that the diagonal elements@fare unity and =TT P i (16)
the above-diagonal elements are the components of the vector, where7,, = 7., and the 6-D vectors; i+1, iS given as

ay, for k = 2,---,n, that are evaluated in (24). A =BT 5 and P = i __—
. ’ . ,. . . . . 7,1 = 7 ith 1 = 1 7 + ) sl 17
3) Since the factorization given by (11) is not unique [1], a unique 77 i ] ~+l’ s 7]“ ] dj_“ _H iz (17)
decomposition is obtained by normalizing the element¥.of in which 77, n41 = 0, andi41 is given in (25).
as 2) Solution fors: The solution of the equatiol)+ = 7, is simple
L . sinceD is a diagonal matrix. The solutiofy;, fori = 1,-- -, n,
L, =DL where D = diag(viey, -+, 1tn) (12) is given by
D being thern x n diagonal matrix, whose non zero elements 7= i
are those of the matrixl.;, as in (25). Hence, the diagonal . . . B
elements of matrixL are unity. 3) Solution for@: In this stepd = U~ #, is calculated a&* 7,
4) Note, for the SPD matrixI, L = U’ [1]. Thus, the desired ie, fori =2,---,n
decomposition of the manipulator GIM is =7 — Pl i (18)
I=UDU" (13) wheref; = 7,4 is defined in (25), and the 6-D vector,
where the elements of the matricds, and D, are evaluated fi,i—1, is obtained from B
from (24) to (27). pii—t =B and i = pi—ifiot 4 flim1 -2
Note here that the matrixVI, ;;1, associated with the RGE, _ o (19)
as in (26) and others, has the following interpretation: in contrast in which fi10 = 0.
to the definition of M; of composite body(7), matrix M, ;11 IS The computational complexity of the proposed algorithm is com-

the extended mass dfrticulated bodyi, which is defined as the puted in terms of divisions or multiplicatior(si/) and subtractions
system consisting of links#:, - -+, #n that are coupled by joints or additions(A), and compared with those of [2], [4] in Table I.
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The comparison shows that the complexity of the proposed scheme24), matrixB.;, and vectorgp; or p; are defined in (6), whereas
is very similar to that of [2]. the 6-D vectory;;. and the associated terms are given below

Py,
Py,

Mk‘k+1pk’s ’lZJLA = Bfﬂfm, my = P;{J’A (25)

d)k , and d)zk = d)ik

mr M

V. CONCLUSION

Based on the well-known method of decomposing a matrix using (26)

Gaussian elimination (GE), symbolicdecomposition of the manip-
ulator matrix, i.e., the generalized inertia matrix (GIM) of a seriathe 6 x 6 matrix, M.;, of (24) or M, 41 of (25), being evaluated
manipulator is proposed. The approach has the following featurestecursively for,k = n,---,2;i = k,---,1, as
i) Instead of finding the values of the elements of the GIM, as done
in a numerical approach, e.g., in [4], each element is found here N, —
as an analytical expression, (8). k=
i) Since the natural orthogonal complement (NOC) matrix of
[7] does not allow the symbolic representation of the GIMin which M,, .1 = M,,, while k = n.
the representation of the NOC as two decoupled matrices, as
indicated after (3), is used.
iii) The rules of the GE are applied to the symbolic representation
of the elements of the GIM. As a consequence, the recursiv ) ) )
- . 1] G. E. StewartIntroduction to Matrix Computations New York: Aca-
relations between the elements of the decomposed matrices; demic, 1973.
U andD, (24)—(27), are recognizable. This is not possible inf2] R. Featherstone, “The calculation of robot dynamics using articulated-

the numerical decomposition, e.g., in [4]. body inertias,”Int. J. Robot. Resvol. 2, no. 1, pp. 13-30, 1983.
iv) An O(n) simulation algorithm is developed in Section IV.  [3] W. W. Armstrong, “Recursive solution to the equations of motion of

{M,C,M — i if i =k @7

M, + Bl ;M1 xBiy1,; otherwise
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results and interpretations of this paper to those in [2], [6], the present
approach is different, and its originalities are stated in the feature£5,]
iy—iii) above.
(6]
APPENDIX REVERSE GAUSSIAN ELIMINATION
Conventionally, the Gaussian elimination (GE) of a matrix [1][7]
starts with the annihilation of the lagt — 1) elements of the first
column, wheras in the proposed reverse Gaussian elimination (RGI[ZB)]
annihilation starts with the last column, i.e., make fifst — 1)
elements of the last column zero.
To perform the RGE, theelementary upper triangular matrix
(EUTM) [8] is introduced that is similar to thelementary lower

triangular matrix (ELTM) [1] in the GE. An EUTM of ordern and
index k, denoted byE,, is defined as

(9]

Ei.=1-ai); (20)

wherel is then x n identity matrix and the:-dimensional vectors,
ay and A, are defined by

0" (21)

(22)

iz, -, ap_1, 0,---
[07'

(879
Ak 5,0, 1,---,0]".

Now, the RGE of the GIMI, whose elements are given by (8),
is obtained as

L, =E;Lit: (23)

wherek = n,---,2,andL, +1 = I. The elements dE; andL, ok

andz’ff), respectively, are then computed from the following scheme:
e Fork=mn,---,2;Doi=k—-1,---,1;D0oj=14,---,1

aj =pi .  and iﬁf) =p, M.xBi,p; (24)

end doyj; end doi; end for k.



